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PREFACE 


The  first  USAF  Symposium  on  Aerothermoelasticity,  sponsored  by  the  Air  Force 
Systems  Command,  was  held  under  the  auspices  of  the  Aeronautical  Systems  Division 
in  Dayton,  Ohio,  30-31  Ochiber  atid  1  November  1961.  The  purposes  of  the  symposium 
were  to:  (a)  stimulate  thinking  and  technical  discussion  by  presenting  challenging  new 
aerothermoelastic  problems  expected  in  the  design  of  future  aerospace  vehicles;  (b) 
provide  a  platform  for  presenting  bold,  new  research  objectives  essential  to  advancing 
the  aerothermoelastic  state-of-the-art  rapidly  and  effectively;  and  (c)  distribute  symposium 
proceedings  delineating  these  research  goals  and  problem  areas  for  more  effective  utili¬ 
zation  of  total  technical  resources  at  all  levels.  The  program  was  designed  to  aid  those 
individuals  and  groups  who  work  daily  with  the  problems  of  kinetic  heating,  thermodynamics, 
thermoelasticity,  steady  and  unsteady  aerodynamics,  and  contro'  system  djmamics  involved 
in  advanced  flight  vehicle  design  and  development. 

The  proceedings  are  set  forth  in  this  report  in  the  same  order  as  presented  during  the 
symposium.  The  technical  papers  are  grouped  by  subject  into  basic  sessions:  Aerothermo¬ 
elasticity,  Flight  Control,  Aerothermodynamics,  and  Structures.  The  name  of  the  speaker 
and  his  affiliation  are  given  at  the  beginning  of  each  paper. 

Every  effort  has  been  made  to  keep  the  errors  and  omissions  of  this  report  to  a  minimum 
and  still  publish  the  vital  technical  information  for  timely  distribution  to  the  symposium 
attendees.  If  serious  errors  or  omissions  are  noted,  they  should  be  brought  to  the  attention 
of  Mr.  W.  J.  Myl^ow,  ASRMDD,  Aeronatucal  Systems  Division,  Wright- Patterson  Air 
Force  Base,  Ohio.  Necessary  errata  sheets  will  be  prepared  and  distributed. 

The  timely  publication  of  this  report  is  primarily  due  to  the  fine  contributions  of  the 
speakers,  session  chairmen,  and  authors  of  technical  papers.  The  Symposium  Technical 
Committees  gratefully  acloiowledge  these  contributions  and  express  their  appreciation. 
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NOTICES 


When  Government  dravrings,  specifications,  or  other  data  are  used  for  any  purpose 
otner  than  in  connection  \vith  a  definitely  related  Government  procurement  operation,  the 
United  States  Government  thereby  incurs  no  responsibility  nor  any  obligation  whatsoever; 
and  the  fact  that  the  Government  may  have  formulated,  furnished,  or  in  any  way  supplied 
the  said  drawings,  specifications,  or  other  data,  is  not  to  be  regarded  by  implication  or 
otherwise  as  in  any  manner  licensing  the  holder  or  any  other  person  or  corporation,  or 
conveying  any  rights  or  permission  to  manufacture,  use,  or  sell  any  patented  invention 
that  may  in  any  way  be  related  thereto. 


Qualified  requesters  may  obtain  copies  of  this  report  from  the  Armed  Services  Tech' 
nical  Information  Agency,  (A3TIA),  Arlington  Hall  Station,  Arlington  12,  Virginia. 
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of  Commerce,  Washington  25,  D.  C.,  for  sale  to  the  general  public. 


Copies  of  ASD  Technical  Reports  and  Technical  Notes  should  not  be  returned  to  the 
Aeronautical  Systems  Division  unless  return  is  required  by  security  considerations,  con¬ 
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ABSTRACT 


The  Proceedings  of  the  Aeronautical  Sj'stems  Division  Sj  mposiurv*  on  Aerothermo- 
elasticity  are  presented  in  this  report. 

Ilhe  potential  impact  of  aerodynamic  heating  resulting  from  high-speed  flight  on 
flight  vehicle  design  has  been  recognized  for  some  time.  Many  agencies  have  been 
conducting  research  to  determine  the  effects  of  aerodynamic  heating  on  the  various 
separate  disciplines  comprising  the  engineering  and  scientific  aspects  of  modern  and 
future  flight  vehicle  design.  A  more  integi’atcd  approach  has  been  considered  in  the 
field  of  aerothcrmoclasticity  -  -  the  area  tlrnt  includes  thermodynamics,  acr.^dynamics, 
structures,  stability  and  control,  and  dynamics.  A  symposium  on  Aerothcrmoclasticity 
was  held  to  present  the  latest  significant  developments  in  each  scientific  area  and 
engineering  area  that  comprise  the  component  parts  of  this  technolosrTjTo  help  the 
symposium  attendee  evolve  an  integrated  position  of  the  entire  state-of-the-art Jnew 
and  significant  conti'ibutions  were  presented  in  four  technical  areas  consisting  oT djiiami 
aerothcrmoclasticity  (flutter),  stability  and  control,  thermodynamics  and  aerodjTianygs 
(or  aerothermodynamics),aud  structures  including  material  and  construction  concepts  J 
Categories  important  and  sig’.oficant  to  each  technical  area  are  discussed  state-of-the- 
art  wise.  In  addition,  separate  papers  are  given  on  items  of  special  importance. 


PUBLICATION  REVIEW 

The  publication  of  this  report  does  not  constitute  approval  by  the  Air  Force  of  the 
findings  or  conclusions  contained  herein.  It  is  published  only  for  the  exchange  and 
stimulation  of  ideas. 


/n  ^  ^ 

DAVID  M.  JON^^ 


Brigadier  General,  USAF 
Symposium  Chairman 
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INTRODUCTION 


The  technical  field  of  aerothermoelasticity  results  from  the  combination  of  three 
component  sciences:  aerodynamics,  thermodynamics,  and  dynamics.  In  considering 
deformable  structures,  one  tends  to  break  dynamics  down  into  two  characteristics, 
inertia  and  elasticity.  Hence,  aerothermoelasticity  is  generallv  discussed  as  being 
made  up  of  four  parts:  aerodynamic,  thermodynamic,  elastic,  and  inertia  effects. 

The  symposium  symbol  of  four  line-connected  spheres  suggests  the  four  parts  of  aero- 
tburmoelasticity  and  their  interactions.  In  some  cases,  the  interaction  or  coupling 
between  parts  is  strong  and  in  other  cases  it  is  weak.  Aerospace  phenomena  which 
fall  under  tlie  jurisdiction  of  aero-thermo-elasticity  include,  as  Mr.  Garrick  will 
point  out  in  his  paper,  mechanical  vibration,  stability,  aerothv*rmodynamics,  thermo- 
elasticity,  vibration  and  heat,  aeroelasticity,  stability  and  heat,  static  aeroehasticity, 
and  dynamic  aeroelasticity. 

Perhaps  tlie  major  effect  of  the  thermodynamic  aspects  of  high-speed  flight  on  dynamic 
aeroelasticity  is  tlic  reduction  in  stiffness  due  to  increased  temperature  and  thermal 
stresses  caused  by  thermal  gradients.  An  important  part  of  future  efforts,  therefore, 
will  be  to  accurately  compute  the  thermoelastic  properties  of  advanced  structures. 

Methods  for  accurate  prediction  of  the  heat  flux  input  must  be  available,  particularly  for 
positions  away  from  the  stagnation  point.  The  unsteady  aerodynamic  theories  must 
provide  data  for  new  types  of  configurations  having  much  lower  aspect  ratios  and  higher 
leading  sweep  angles.  Methods  must  realistically  account  for  blunt  leading  edges,  strong 
shocks,  high  angles  of  attack,  wing-body  interference,  body  aerodynamics,  etc. 

The  first  session  of  the  symposium  concerns  dynamic  aerothermoelasticity  or  flutter. 
There  are  two  main  purposes  to  this  session.  One  is  to  discuss  the  state-of-the-art  in 
various  areas,  and  the  other  is  to  estimate  potential  problem  areas.  The  first  paper 
does  both  by  delineating  problem  areas  significant  to  various  missions  and  by  indicating 
the  current  design  and  analysis  background.  The  second  paper  makes  an  attempt  to  estimate 
the  state  of  the  aerothermoelastic  art  outside  the  United  States  so  as  to  provide  a  relative 
estimation  of  position.  Potential  problem  areas  are  then  su^ested  based  on  estimated 
vehicle  requirements  and  needed  research  areas  are  indicated.  A  review  and  an  evaluation 
are  also  made  from  the  aerospace  vehicle  designers  viewpoint.  Particular  and  important 
parts  of  the  art  are  then  discussed  in  the  last  three  papers.  The  review  of  the  status  of 
unsteady  aerodynamics  concerns  the  hypervelocity  range.  Since  new  forms  of  structural 
configurations  have  emerged  for  aerospace  vehicles,  the  status  of  thermo-elastic  analysis 
procedures  for  trusses,  multi-stage  cylinders,  and  clustered  cylinders  or  boosters  is 
evaluated.  The  session  concludes  with  a  treatise  on  similarity  requirements  for  reduced- 
scale,  aerothermoelastic  models. 


Manuscript  released  on  15  November  I96I  for  publication  as  an  ASD  Technical  Report. 
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Aerothermoelasticity  affects  flight  control  system  design  and  analysis  in  a  number 
of  complicating  ways.  The  dynamic  characteristics  of  the  controlled  element  (vehicle) 
along  with  tlie  controlling  element  gain  can  be  drastically  altered.  Frequently,  the 
control  data  signal-to-noise  ratio  becomes  critical.  In  the  face  of  degraded  information, 
declining  control  power,  and  adverse  shifts  in  system  dynamic  characteristics,  the 
control  system  designer  frequently  will  have  cause  to  change  the  airframe' s  structural 
design  criteria. 

We  can  usually  build  control  systems  for  stable  aerothermoelastic  systems.  In  a 
limited  number  of  cases,  mild  instabilities  can  be  stabilized;  however,  the  state-of-the- 
art  is  based  on  our  ability  to  analyze  the  problem.  If  the  problem  is  linear,  an  answer 
can  usually  be  found.  Coefficients  for  the  linear  equations  can  also  be  generated  with 
some  confidence.  It  is  the  nonlinear  descriptive  functions  for  aerodynamics,  structures 
and  control  system  components,  and  tlie  overall  analytic  framework  that  form  the 
present  ragged  edge  of  the  state-of-the-art  in  aerothermoelastic  fli^it  control  analysis. 

A  hypersonic  fliglit  condition  will  automatically  place  the  analyst  at  the  edge  of  present 
;apabilities.  It  is  hoped  that  at  tins  symposium  some  of  tlie  borders  of  our  present  tech- 
nieal  capability  will  be  defined  and  some  of  the  possibilities  offered  by  advanced  control 
systems  and  methods  will  be  considered. 

The  first  flight  control  paper  introduces  tlie  subject  of  aerotliermoelastic  flight  control 
analysis  with  a  broad  survey  of  the  current  state-of-the-art  and  the  relationship  of  this  topic 
to  the  otlier  sessions.  This  is  followed  by  a  penetrating  analysis  of  pressure  redistributions 
due  to  distortions.  This  problem  has  been  one  of  the  keys  to  the  success  of  present  day 
linear  supersonic  analyses.  When  speeds  extend  into  the  hypersonic  range,  the  linear 
techniques  on  which  we  have  relied  are  inadequate.  A  nonlinear  repetitive  solution  tech¬ 
nique  is  then  described  that  will  provide  a  method  for  arriving  at  static  aerothermoelastic 
corrections  to  hypersonic  stability  and  control  derivatives. 

The  next  paper  describes  a  system  designed  to  successfully  cope  with  the  variations 
experienced  in  the  re-entry  flight  control  problem  due  to  atmospheric  and  vehicle  charac¬ 
teristic  uncertainties.  Finally,  the  last  paper  considers  the  tre  nendovis  design  potential 
inherent  in  the  new  adaptive  control  system  technique  applied  to  <,  erothermoelastically 
affected  vehicles. 

The  aerothermodynamics  session  has  been  planned  to  present  and  advance  the  state- 
of-the-art  on  all  fronts  of  lifting  entry  —  from  orbit  and  near  space.  Aerodynamic 
heating  estimates  may  be  performed  on  the  more  simple  geometries  with  an  accuracy  of 
15  to  20  percent.  Work  to  date  has  been  confined  generally  to  the  sub-orbital  flight  regime 
with  a  limited  "order  of  magnitude  approach"  in  the  super-orbital  regime.  Analyses  of 
complex  lifting  bodies  and/or  swept  delta  shapes  have  been  confined  to  those  regions  where 
geometric  symmetry  exists.  More  sophisticated  procedures  are  currently  being  devised; 
these  are  not,  however,  generally  amenable  to  design  applications  and  require  tedious 
calculations  for  correct  application.  Particular  papers  have  been  selected  to  discuss  the 
low  density  flows,  boundary  layer  —  shock  wave  interaction  and  super-orbital  entry 
problems.  Two  basic  accomplishments  are  sought  after.  These  are;  (1)  a  technical 


exposition  of  new  work  in  aerothermodynamics  and  (2)  a  timely  discussion  of  aero- 
thermodjniamic  procedures  that  will  enable  tlic  entire  field  of  aerothcrmoelasticity  to 
develop. 

In  the  initiation  of  any  new  vehicle  design,  the  first  iteration  of  the  structure  is  in 
tlie  care  of  tlie  sti-uctures  engineer,  altlicugh  later  structural  iterations  may  be  strongly 
influenced  by  the  clastician,  the  aerodynamicist,  or  the  flight  cotitrol  engineer.  It  is  the 
structures  engineer  who  defines  tlie  structuriil  corf  iguration  within  the  constraints  of 
external  and  internal  volumetric  requirements  and  provides  the  deflection  and  strength 
characteristics.  The  design  objectives  of  providing  a  structure  which  has  integrity 
tlu’oughout  its  life,  an  adequate  life  span,  maximum  reusability  tlirough  the  minimum 
need  for  rcfurbisliing  or  replacing  of  parts,  a  high  structural  weight  cff’ciency,  and  a 
design  cycle  accomplished  in  a  reasonable  time  have  always  existed.  They  have  never 
been  more  challenging  than  they  are  today  when  applied  to  the  design  ot  higli  speed 
vehicles  and  the  attendant  imposition  of  aerodynamic  heating. 

The  need  for  structural  weight  efficiency  was  .  e'  ux*  more  critical  than  that  required 
for  aerospace  systems.  Weight  may  well  be  a  prime  go  or  no-go  feasibility  factor  for 
advanced  systems.  It  may  often  be  the  restricting  element  in  the  selection  of  the  launch 
system  and  in  the  launched  vehicle' s  mission  performance.  Weiglit  will  certainly  liave 
an  impact  on  the  economics  of  putting  payloads  in  space.  Heating  of  structures  is  not 
conducive  to  structural  efficiency.  The  ability  to  gain  improved  weight  efficiency  will 
depend  on  our  capability  to  define  accurately  the  load  and  temperature  environment 
throughout  tlie  vehicle' s  life,  to  accurately  analyze  tlie  structure  and  its  response,  and 
to  devise  means  to  obviate  the  thermal  input  or  its  effects.  Fortunately,  the  development 
of  computer  technology  is  providing  for  analytical  sophistication  and  one  of  the  means  back 
to  structural  efficiency. 

The  effect  of  structural  lieating  on  achieving  these  objectives,  tlie  new  and  complex 
design  problems  tliat  it  has  created,  means  for  alleviating  or  minimizing  its  effect, 
and  the  methodology  used  to  account  for  heating  will  be  covered  in  the  structures 
section. 

The  following,  tlien,  may  be  listed  as  specific  objectives  of  the  Aeronautical  Systems 
Division  Symposium  on  Aornth^rmnelasticity: 

1.  To  suggest  potential  aerothermoelastic  problems  that  may  occur  on  future  aero¬ 
space  vehicles, 

2.  To  stimulate  interest  and  thinking  on  aerothermoelastic  problems, 

3.  To  present  and  evaluate  the  general  state-of-the-art, 

4.  To  describe  research  needed  to  fill  gaps  in  the  state-of-the-art, 

5.  To  foster  exchange  of  technical  information  and  procedures  between  experts  in 
the  specific  technical  areas  comprising  aerothermoelasticity,  and 
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6.  To  encourage  coordination  of  related  technical  efforts  by  interested  groups. 

The  Air  Force  needs  the  whole-hearted  assistance,  participation,  and  support  of  the 
entire  scientific  and  engineering  community  to  accomplish  the  tremendous  progress 
necessary  to  avoid  the  many  severe  problems  that  are  possible. 
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OPENING  REMARKS 


AND 

WELCOME  ADDRESS 
by 


Brigadier  General  David  M.  Jones 
Vice  Commander,  Aeronautical  Systems  Division 


Good  morning,  gentlemen.  I  am  indeed  gratified  to  see  such  a  large  attendance. 
I  notice  that  we  planned  very  well  •  -  we  opened  our  meeting  with  the  first  day  of 
winter.  Those  of  you  who  were  not  here  won’t  believe  it,  but  we  had  a  very  beautiful 
October.  We  don’t  know  if  we  should  accuse  our  visitors  of  bringing  this  weather, 
or  perhaps  our  planning  people  just  wanted  you  to  feel  at  home  as  you  probably 
remember  Dayton.  At  any  rate,  welcome.  I  am  David  M.  Jones,  Vice  Commander 
of  Aeronautical  Systems  Division.  It  is  my  great  pleasure  to  welcome  you  officially 
to  our  Symposium  on  Aerothermoelasticity.  I  have  been  practicing  that  word  for 
only  six  months !  It  is  significant  that  this  symposium  is  being  held  in  Dayton,  of 
course,  for  reasons  that  are  manifold  and  obvious,  and  since  Dayton  is  the  birth¬ 
place  of  aviation,  we  feel  it  is  a  good  one;  we  use  it  every  chance  we  get.  We  at 
Wright  Field  are  proud  of  our  heritage  and  the  work  that  has  been  done  here  in 
the  past,  and  which  we  know  will  continue  in  the  future.  Under  the  present  day 
AFSC  organization,  we  expect  ASD  lo  continue  contributing  to  the  over-all  Air 
Force  posture.  To  do  this,  however,  we  need  help.  We  have  these  meetings  when¬ 
ever  we  can,  and  we  beg,  borrow,  or  try  to  convince  people  they  should  attend 
because  we  need  help  wherever  we  can  get  it.  Certainly  we  in  the  Air  Force  have 
no  monopoly  on  knowledge.  We  are  willing  to  listen  to  anyone  who  can  help  us.  In 
fact,  we  have  even  listened  to  those  who  can’t  help  us  ! 

Th’  difficult  and  tricky  problems  which  have  always  been  our  lot  in  the  past 
appear  >  have  become  almost  hopelessly  complex.  We  use  the  word  “hopelessly” 
guardetM  .  of  course,  because  no  one  really  believes  these  problems  are  hopeless; 
howevei,  ve  certainly  agree  they  are  complex  and  must  be  attacked  in  spite  of 
their  foi'i  dability.  It  is  important  not  only  because  of  the  progress  we’ve  made 
and  will  i  jntinue  to  make  going  further  into  space,  but  from  an  ASD  point  of  view, 
plain  old  safety  of  flight.  We  still  have  people  integrated  into  the  machine  and  we 
are  concerned  about  their  safety. 


Aerothermoelasticity  -  -  and  that’s  the  last  time  I’m  going  to  say  it,  from 
now  on  it  is  ATE  -  -  is  the  more  familiar  aeroelastic  problem  complicated  by 
the  effects  of  aerodynamic  heating.  Aeroelastic  problems  were  born  when  it 
was  realized  that  elastic  deflections  and  the  susceptibility  of  aircraft  structures 
to  various  oscillations  and  vibrations  were  impeding  the  safety  and  effectiveness 
of  military  aircraft. 

Great  progress  has  been  made  on  this  problem  and  over  this  same  span  of 
time,  equal  progress  has  been  made  on  the  contemporary  problems  of  flutter, 
structural  divergence,  dynamic  loads,  and  so  forth. 

Today  these  same  problems  are  present  with  the  added  complication  of  the 
effects  of  kinetic  heating.  This  complicating  factor  together  with  the  new  vehicle 
concepts  will  require  the  development  of  increasingly  accurate  theories  for  pre¬ 
dicting  both  aerodynamic  heating  rates  and  the  resultant  structural  strength 
necessary  for  both  static  and  dynamic  loadings.  The  flight  control  system  must 
help  in  this  regard  by  reducing  loads,  must  be  adaptive  over  a  wide  range  of 
performance  variables,  and  must  cope  with  stability  problems.  Structures  heated 
to  2,000“F  may  reduce  structural  rigidities  by  at  least  30  percent.  These  aspects 
of  aerospace  technology  are  becoming  so  important  that  we  at  ASD  felt  it  valuable 
to  survey  this  total  problem  with  you. 

We  planned  this  symposium  with  three  things  in  mind:  to  stimulate  thinking 
and  to  obtain  technical  discussion  by  presenting  challenging  new  ATE  problems 
expected  in  the  design  of  future  flight  vehicles;  to  provide  a  platform  for  pre¬ 
senting  new,  bold  research  objectives  essential  to  advancing  the  ATE  state-of- 
the-art  rapidly  and  effectively;  and  to  distribute  widely  the  proceedings  of  our 
symposium  to  secure  more  effective  utilization  of  total  technical  resources  at 
all  operating  levels. 

As  you  know,  within  the  past  few  years,  several  technical  meetings  and 
conferences  have  been  held  in  which  various  technical  aspects  of  flight  control, 
structures,  and  aerothermodynamics  have  been  examined  separately.  However, 
to  my  knowledge,  this  is  the  first  time  that  a  select  group  of  experts  has  been 
assembled  from  the  academic,  industrial,  and  government  agencies  to  discuss 
interdisciplinary  aspects  of  these  important  problems.  It  is  by  such  coordinated 
efforts  that  we  can  best  meet  and  overcome  the  challenges  we  face  in  aeronautics 
and  astronautics. 

We  must  be  particularly  aware  of  the  needs  of  basic  and  applied  research.  The 
research  accomplished  will  be  a  vital  prerequisite  not  only  for  aircraft  but  also 
for  aerospace  vehicles.  It  is  essential  that  we  now  determine  to  build  a  firm  tech¬ 
nological  foundation  of  basic  and  applied  research  and  upon  such  a  base  our  future 
weapon  systems  can  be  built  with  confidence. 
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Our  program  here  has  been  designed  to  review  the  requirements  for  this 
technological  foundation,  particularly  in  the  ATE  area.  I  am  particularly  pleased 
to  have  here  such  outstanding  spokesmen  from  both  the  management  and  technical 
sides  of  our  house. 

Before  I  introduce  our  keynote  speaker,  I  would  like  to  make  a  small  point. 

You  will  notice  on  this  wall  a  small  profile.  You  have  probably  determined  that  it 
has  to  do  with  the  profile  of  one  of  our  pet  projects  here  at  ASD  -  -  that  of  Dyna 
Soar.  Since  we  are  all  assembled  here  on  this  problem  -  -  ATE  -  -  most  of  us 
probably  know  that  things  get  a  little  warm  when  you  re-enter  the  earth’s  atmos¬ 
phere  from  space.  It  turns  out  that  as  of  this  morning,  this  profile  is  classified; 
therefore,  we  have  not  displayed  the  Dyna  Soar  models  which  might  show  graphically 
the  effects  of  this  heating.  We  hope  before  the  symposium  is  over  that  we  can  con¬ 
vince  somebody  that  this  profile  is  not  classified  and  can  display  this  very  pretty 
picture. 

At  any  rate  with  this  brief  and  heartfelt  welcome,  I  would  like  to  introduce 
r  .r  keynote  speaker  for  the  symposium.  He  is  the  Vice  Commander  of  the  Ballistic 
Systems  Division  of  the  Air  Force  Systems  Command,  a  post  which  he  assumed  a 
month  ago.  Prior  to  this  assignment,  he  was  Director  of  Launch  Vehicles  for  the 
National  Aeronautics  and  Space  Administration,  in  charge  of  NASA  booster  devel¬ 
opment  and  rocket  launching  operations. 

A  long,  long  time  before  that,  as  a  1937  graduate  of  West  Point,  he  served 
at  Fort  Bliss,  Texas,  where  he  was  a  horse  artillery  man  and  I  was  a  cavalryman. 
He  still  is  an  artillery  man  but  the  size  and  range  of  his  weapons  are  a  far  cry 
from  the  37-millimeter  howitzer  he  dealt  with  in  those  days !  He  is  a  graduate  of 
the  Command  General  Staff  School  at  Fort  Leavenworth  and  the  Industrial  College 
of  the  Armed  Forces  at  Washington,  D.  C. 

In  19^7  he  was  assigned  to  the  Air  Material  Command,  now  the  Air  Force 
Logistics  Command,  at  Wright-Patterson.  He  was  also  Commander  of  the  Holloman 
Air  Development  Center;  Director  of  Development  at  Headquarters  ARDC,  now 
AFSC;  and  Assistant  for  Guided  Missiles  Production  with  the  NATO  Assistant 
Secretary  General  in  Paris,  F ranee. 

I  take  great  pleasure  in  introducing  Major  General  Don  R.  Ostraiider. 


KEYNOTE  ADDRESS 


by 

Major  General  Don  R.  Ostrander 
Vice  Commander,  Ballistic  Systems  Division 

General  Jones,  gentlemen,  I  am  particularly  delighted  to  be  able  to  open  this  symposium, 
not  because  I  pretend  to  be  an  expert  in  this  field  but  because  I  have  had  some  fairly  direct, 
and  I  might  add  not  particularly  welcome,  experience  with  some  of  the  problems  in  this 
field,  both  in  my  present  assignment  and  in  my  last  one  in  NASA.  I  though  I  would  take  a 
very  few  minutes  this  morning  to  sort  of  recap  a  little  of  the  history  of  some  of  our  past 
headaches  in  this  field,  and  then  to  say  just  a  few  words  about  the  vital  importance  of 
this  work,  not  only  to  you  as  symposium  guests,  but  I  think  to  the  entire  aerospace  com¬ 
munity. 

Incidentally,  I  am  delighted  to  notice  the  degree  to  which  this  symposium  integrates  a 
number  of  technical  disciplines  as  already  mentioned  by  General  Jones.  I  think  that  this 
approach  is  extremely  important  and  I  think  it  is  vital  to  the  overall  evolution  of  our  aero¬ 
space  systems.  I  believe  this  kind  of  coordination  among  specialists  in  different  technical 
disciplines  will  improve  our  ability  to  evaluate  and  to  integrate  the  separate  research 
results  both  in  this  country  and  in  other  countries,  vhose  combined  products  are  necessary 
for  any  real  "breakthrough"  in  this  area. 

Now  historically,  as  you  gentlemen  know  much  better  than  I,  our  present  knowledge  in 
this  field  can  be  traced  I  think  into  two  separate  disciplines.  Aerothermoelasticity  is,  of 
course,  the  name  given  to  the  technical  area  that  involves  both  kinetic  heating  and  aero- 
elasticity.  You  will  probably  remember  that  we  first  encountered  the  effects  of  flexibility 
on  static  structural  loads  somewhere  around  1952  on  the  F-89.  On  this  airplane,  flexible 
wing  effects  caused  a  bending  moment  at  the  wing  root  which  was  some  35  percent  higher 
than  we  had  expected.  Today  these  aeroelastic  effects  are,  of  course,  very  carefully  and 
very  routinely  accounted  for  in  a  structural  design,  and  the  predicted  effects  are  quite 
systematically  checked  by  a  flight-load  survey  program,  wiiich  is  an  integral  part  of  the 
overall  structural  integrity  program  for  all  hi^  performance  aircraft. 

Aeroelastic  effects  on  stability  and  control  occurred  with  the  introduction  of  high  aspect 
ratio  swept  wing  aircraft.  You  will  probably  remember  that  the  B-47  encountered  aileron 
reversal  in  1948.  Thereafter,  ailerons  on  swept  aircraft  were  moved  inboard  to  correct  this 
condition.  Coupling  of  interactions  between  control  system  equipment  and  low  frequency 
vibration  modes  of  the  structure  occurred  on  the  B-36 ,  on  the  B-52,  and  on  the  Snark. 

More  complex  control  systems,  such  as  adaptive  control,  even  further  complicate  this 
general  problem  area.  This  same  phenomenon  is,  of  course,  an  extremely  important 
aspect  of  ballistic  missile  and  space  launch  vehicle  design,  which  is  where  I  have  most 
recently  been  involved  in  the  problem. 
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Prior  to  about  1950,  the  flutter  engineers*  major  problem  was  with  control  surface 
and  tab  flutter  and  the  solution  was  relatively  simple  and  straightforward,  enou^  properly 
located  wei^t  was  usually  sufficient  to  lick  the  problem.  However,  since  1950  there  ob¬ 
viously  have  been  such  major  aero^amic  and  propulsive  advances  that  the  dynamic 
pressures  to  which  aircraft  and,  of  course,  ballistic  missiles  are  exposed  have  increased 
tremendously.  As  a  consequence,  sufficient  stiffness  has  had  to  be  incorporated  as  a 
fundamental  design  feature  to  insure  prevention  of  flutter. 

Thus,  you  might  say  that  the  dynamics  and  the  aeroelastic  problems  began  to  focus 
somewhere  around  1948  to  1950.  However,  at  about  the  same  time  another  bugaboo  began 
to  emerge.  This  was  the  kinetic  or  the  aerothermodynamic  heating  problem.  Fundamental 
laws  of  thermo(fynamics  were  obviously  well  known  back  before  1900,  and  hypersonic 
theories  were  developed  before  1945.  Then  by  1950  or  thereabouts,  supersonic  flights  had 
occurred  and  recognition  of  the  "thermal  barrier"  —  as  we  knew  it  then  -  -  caused  the 
evolution  of  what  we  know  today  as  aerothermodynamics. 

By  1955,  the  magnitude  and  importance  of  the  heating  problem  had  become  pretty  widely 
recognized.  It  lent  impetus  to  the  development  of  new  materials,  new  theories,  and  new 
design  construction  procedures,  led  to  the  blunt  nose  ablation  technique,  and  finally 
culminated  in  the  first  successful  re-entry  in  1958. 

I  know  that  most  of  you  are  more  familiar  than  I  am  with  this  capsule  history  of  the 
subject,  but  I  thought  it  might  be  worthwhile  to  summarize  the  background  against  which 
we  can  view  the  purpose  of  this  meeting. 

We  meet  here  for  the  next  three  days  to  discuss  the  variety  of  problems  that  occur  in 
today’s  hypersonic  speed  regime  as  a  result  of  the  impact  of  kinetic  heating  on  aerodynamics, 
on  structural  design,  on  stability  and  control,  and  on  flutter.  Futime  aircraft  and  spacecraft 
are  going  to  encounter  increasingly  severe  conditions,  and  the  allowable  weight  is  going  to 
have  to  be  more  stringently  held  to  a  minimum.  In  view  of  these  unavoidable  structural 
flexibilities  and  the  severe  environments  that  we  are  going  to  encounter,  design  conditions 
are  going  to  be  significantly  more  severe  and  more  exacting. 

II  ib  claimed  Lu  be  a’uKolutely  ebseniial  for  us  to  recognize  new  problems  well  in  advance 
in  a  weapons  system  and  to  define  them  quantitatively  as  well  as  qualitatively.  It  is  for  this 
reason  that  we  feel  that  it  is  necessary  at  this  time  to  have  met  together  and  to  evaluate 
the  state-of-the-art  and  try  to  arrive  at  some  creative  new  research  objectives.  This,  of 
course,  is  the  fundamental  purpose  of  this  sjTnposium. 

The  Air  Force  is  committed  to  contribute  to  this  aerothermoelastic  state-of-the-art  on  a 
high  priority  basis.  New  methods  of  obtaining  data  are  going  to  be  required.  For  example, 
increased  free  flight  experiments  with  rocket  boosted  models  are  going  to  be  essential  to 
overcome  the  limitations  of  ground  facilities.  We  hope  to  obtain  significant  Information  by 
testing  hypersonic  glide  vehicles  \4i  ich  will  be  boosted  to  high  speeds  and  altitudes  by  the 
Blue  Scout. 


We  have  established  what  is  known  as  Project  Asset,  and  I  am  a  little  bit  like  General 
Jones  in  that  I  can  understand  why  this  one  has  been  abbreviated,  because  it  stands  for 
aerothermod3niamic/  elastic,  structural  systems  environment  test.  This  program,  we  hope, 
will  provide  us  with  information  on  materials,  on  structural  construction  methods,  on  static 
and  dynamic  loads,  and  on  aerothermodynamics  for  future  aerospace  designs.  The  speed 
range  involved  in  Mach  Number  4  to  Mach  Number  22  with  corresponding  velocities  of 
4, 200  feet  per  second  at  110,000  feet  altitude  to  20,000  feet  per  second  at  245,000  feet. 

The  need  to  extend  the  state-of-the-art  in  this  field  is  critical  and  the  teamwork  of  the 
entire  aerospace  community  is  going  to  be  required  if  we  are  going  to  obtain  the  information 
we  need  on  a  timely  basis.  It  is  quite  obvious  that  the  Air  Force  alone  cannot  solve  the 
really  thorny  problems  that  have  been  facing  us.  Industry,  universities,  NASA,  and  re¬ 
search  institutes,  all  are  going  to  have  to  give  their  participation  and  support  if  we  are  to 
develop  the  aerospace  vehicles  that  are  so  necessary  for  our  military  superiority  as  well 
as  for  our  national  prestige.  We  in  the  Air  Force  need  your  help  and  your  cooperation 
and  we  know  that  we  can  count  on  it  just  as  we  have  so  many  times  in  the  past.  Thank  you. 
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ABSTRACT 


The  paper  aims  first  to  delineate  problem  areas  signi¬ 
ficant  to  varioiis  flight  vehicles  and  missions,  and  to  in¬ 
dicate  the  current  technological  background  of  significance 
for  design  and  analysis.  It  is  noted  that  both  designing 
to  live  with  thermal  stresses  and  designing  to  avoid  thermal 
stresses  may  lead  to  types  of  d3mamic  problems  to  be  over¬ 
come.  The  second  part  consists  of  a  selection  of  recent 
results  and  findings,  both  experimental  and  analytical, 
which  show  effects  of  high  temperatures  and  of  transient 
heating  rates  on  vibration  and  flutter  characteristics  of 
lifting  surfaces  and  nanel  coverings.  Also  included  is 
mention  of  some  useful  experimental  facilities. 


*  Chief,  Eynamic  Loads  Division,  NAbA-Langley  Research 
Center 

*'*'Aerospace  Technologist,  NASA-lane,ley  Research  Center 
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PROBLEMS  AND  DEVELOPMENTS  IN  AEROTHERMOEUSTICITY 


INTRODUCTION 

This  paper  aims  to  discuss  briefly  and  selectively  the  "state  of 
the  union"  of  several  technologies  which  combine  to  m£d:e  up  aerothermo- 
elasticity  -  a  field  of  ever  emerging  significance  for  high  velocity 
flight  vehicles,  from  supersonic  aircraft  to  reentry  vehicles.  It  is 
proposed  to  deal  first  with  this  hybrid  field  in  a  general  way,  to 
indicate  the  technological  disciplines  involved  and  the  types  of  vehicles 
of  concern.  Following  this  general  discussion,  which  it  is  hoped  will 
also  serve  partly  as  a  background  for  subsequent  papers  of  this  symposium, 
there  will  be  given  more  specific  illustrations  or  applications  taken 
mainly  from  recent  work  of  NASA. 

As  win  be  discussed,  we  are  basically  concerned  herein  with  the 
field  of  aero  elasticity,  as  modified,  extended,  and  influenced  by 
aerodynamic  thermal  effects.  These  thermal  effects  are  associated  with 
the  friction  and  compression  of  air  molecules  being  slowed  down  from 
hypersonic  and  from  supersonic  speeds  in  the  neighborhood  of  stagnation 
points,  along  boundary  layers,  and  near  shock  fronts.  Aeroelasticity 
itself,  the  consequences  of  static  and  dynamic  deformations  of  com¬ 
ponents  of  flight  vehicles,  interacting  with  sources  of  flow  energy, 
or  with  sources  of  internal  energy,  has  reached  in  the  past  decade  a 
prime  position  in  the  aircraft  design  office.  Its  prime  role  in  design 
for  space  vehicle  flight  is  often  hidden  in  the  systems  analysis 
approaches.  One  may  take  it  as  an  axiom  that,  as  the  performance  goals 
of  preliminary  design  are  attempted  to  be  realized  in  practice  and  as 
space  flight  vehicles  develop  further,  the  aeroelastic  hard  facts-of- 
life  will  present  themselves  at  subsequent  more  mature  stages  of  design. 
If  the  les^ns  of  experience  of  aircraft  are  valid  indications,  the 
solution  of  some  of  these  problems  will  require  every  means  at  our 
disposal  including  tim  use  of  prototypes  in  flight. 

It  would  be  unrealistic  and  presumptuous  to  attempt  the  task  of 
providing  an  adequate  survey  without  allowing  the  selected  general 
references  as  well  as  the  separate  contributed  papers  of  this  symposium 
to  ease  and  to  take  over  the  task.  This  is  the  purpose  of  many  of  the 


13 


I 


«■’ 


rererences  provided.  The  Wright  Brothers  lecture  of  Bispliiighoff 
(ref.  1)  of  some  five  years  ago,  for  example,  has  already  set  a  classic 
stage  for  the  subject  to  which  the  present  paper  can  only  add  in  a 
Minor  way. 

General  disciplines  involved.-  Some  l5  years  ago,  with  a  view 
^ng^T^^y  +.nwnrds  transonic  and  lower  supersonic  speed  prctolems  of  air¬ 
craft,  A.  R.  Collar  prophetically  described  the  expanding  domain  of 
aeroelasticity  with  the  aid  of  his  well-known  aeroelastic  triangle. 

It  will  help  in  a  general  way  to  suirvey  the  disciplines  of  aerothermo- 
elasticity  with  a  topological  extension  to  the  triangle.  Professor 
Bisplinghoff  (ref.  2)  has  already  done  this  in  an  illuminating  way 
with  the  use  of  a  rectangular  diagram.  (See  figure  1(a).)  Rogers 
(ref.  3)  has  utilized  a  descriptive  intersection  of  three  circles 
(figure  1(b));  however,  a  more  descriptive  diagram  makes  use  of  four 
circles  as  in  figure  1(c);  interrelationships  represented  by  the  over¬ 
lapping  regions  are  indicated.  Still  another  diagram  of  interest  is 
that  shown  in  figxure  2. 

In  his  triangle-,  shown  shaded  as  one  face  of  the  tetrahedron  in 
figure  2,  Collar  sought  to  indicate  the  separate  and  conbined  fields 
of  aeroelasticity.  Thus,  he  considered,  for  example,  the  whole  field 
of  mechanical  vibrations  as  represented  by  the  link  (e)(^.  The 
link  @  ^  includes  nost  of  the  aircraft  stability  and  control 
field,  of  (I)  (s)  the  field  of  static  aeroelasticity  due  to 

deformations  and  a^loads.  Within  the  shaded  triangle  there  are 
placed  those  areas  involving  interaebions  of  the  separate  disciplines, 
for  example,  dynamic  aeroelasticity  or  flutter,  buffeting,  and  dynamic 
response. 

The  base  triangle  (^(D®  would  herein  represent,  for  example, 
the  mechanical  vibration  field  modified  by  the  added  dimension  of  heat 
or  elevated  temperatures.  In  an  expanded  sense  the  base  triangle  must 
rest  on  or  be  associated  with  engineering  materials  and  their  physical 
properties,  not  only  in  the  sense  of  the  determination  of  these  pro¬ 
perties  for  given  materials,  but  also  in  the  more  fundamental ^sense  of 
developing  materials  of  desired  strength  and  elastic  properties.  The 
role  of  the  solid  state  physicist  and  of  advanced  materials  research, 
and  of  other  technologies,  e.g.  those  of  high  temperature  engines  and 
nuclear  reactors,  is  evident.  One  need  only  mention  the  words  fatigue 
and  fatigue  at  elevated  temperatures  (thermo elasticity  on  a  molecular 
or  crystalline  scale)  to  recognize  how  vast  an  area  is  erbraced  in  the 
base  triangle  and  how  far  we  have  yet  to  go  in  its  mastery. 
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6  Thermal  molecular  processes 

NASA 
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The  link  @  (E)  by  itself  May  be  considered  to  represent  the 
fundamental  technology  of  thenooelasticity;  some  of  the  basic  equations 
of  this  area  go  back  to  the  Nineteenth  Century  and  are  associated  with 
the  classical  work  of  Dohamel,  Lord  Kelvin,  and  others;  more  recently 
it  has  again  been  the  subject  of  much  active  work,  notably  by  Biot, 
and  many  others.  (See  list  of  references  in  ref.  U. )  This  area  in¬ 
cludes  the  determination  of  thermal  stresses,  thermoelastic  damping, 
and  heat  transfer  in  the  material;  the  phenomena  of  buckling  and 
behavior  during  post  buckling  exhibit  the  overriding  importance  of 
considerations  of  nonlinearities.  It  is  also  pertinent  to  note  that 
the  link  (l)  in  a  macroscopic  sense  is  weak,  although  for  molecular 
processes  it  can  be  strong. 

The  link  (H)(^  represents  the  entire  domain  of  aerothermodynamics. 
lleraents  of  this  domain  are  the  effects  of  shock  waves,  the  determination 
of  the  atmospheric  heat  inputs  arising  from  the  conversion  of  transla¬ 
tional  energy  into  internal  degrees  of  freedom,  the  chemical  effects  of 
dissociation  and  ionization  at  high  temperatures,  the  estimation  of  heat 
transfer  to  the  vehicle  for  laminar  or  turbulent  flows,  and  considering 
air  as  a  continuum,  as  dissociated,  or  in  free  Molecular  flow,  and 
whether  in  a  state  of  eqxiilibriura  or  nonequilibrium.  Within  the  triangular 

face  (5)  (D  ®  are  such  subjects  as  ablation,  surface  reactions,  static 
aerothermoelartlcity,  e.g.,  warping  and  associated  loads.  Within  the 
tetrahedron  itself  lies  the  domain  of  dynamic  aerothermoelasticity. 

It  appears  on  the  basis  of  the  various  time  factors  in  this  domain,  as 
discussed  by  Bisplinghoff,  that  problems  which  arise  can  generally  be 
treated  sequentially,  since  the  time  constants  of  the  thermoelastic 
processes  are  usually  considerably  greater  than  those  for  the  aero- 
thermal  and  aeroelastic  processes.  Indeed,  the  designer  has  strong 
motivation  to  design  the  structure  to  separate  as  far  as  possible  the 
severest  regions  of  these  three  precesses;  those  responsible  for 
selection  of  flight  missions,  and  operators  who  fly  vehicles,  must 
also  aim  at  alleviation  and  not  compounding  of  effects.  It  should  be 
pointed  out  that  not  enough  experience  has  been  accumulated  in  this 
regard,  and  problems  that  would  involve  true  Interaction  effects  can 
be  visualized  and  expected.  Illustrations  of  these  are  the  interaction 
of  heating  and  stability  in  reentry,  or  that  of  heating  and  aerodynamic 
effects  of  warping,  certain  regions  of  fl\itter,  and  adverse  combinations 
of  elevated  temperature,  high  structural  ioads  and  unsteady  environment. 

In  a  later  section  of  the  paper  on  aerothermoelastic  research 
facilities  the  capabilities  of  some  of  these  facilities  and  possible 
procedures  for  exploring  the  various  domains  indicated  by  the  tetra¬ 
hedron  are  discussed. 


FLIGHT  CORRIDORS  FOR  VARIOUS  VEHICLES 


Some  of  the  operating  conditions  for  which  aerothermoelastic  prob¬ 
lems  are  of  practical  concern  for  various  classes  of  vehicles  are 
illustrated  in  figure  3.  Contours  of  constant  dynamic  pressure  q  and 
radiation  equilibrium  temperature  Tg  for  a  point  one  fo^t  behind  the 

leading  edge  are  shown  as  functions  of  altitude  and  speed.  Operating 
regions  of  interest  for  several  types  of  vehicles  are  indicated  in  an 
approximate  way  by  thp  various  shaded  portions.  Our  supersonic  military 
airplanes  are  pushing  into  these  new  problem  areas,  and  aerothermo¬ 
elastic  considerations  will  play  an  important  role  in  the  development 
of  commercial  supersonic  transports.  The  X-l5  research  airplane  has 
pioneered  in  flight  measurements  in  the  aerothermal  field  and  much  has 
been  learned  about  associated  aeroelastic  effects  of  direct  application 
to  both  supersonic  aircraft  and  reentry  vehicles;  a  few  brief  items  of 
interest  are  mentioned  in  the  section  of  the  paper  which  follows.  The 
anti-missiles  and  TCBM  reentry  bodies  must  function  under  extreme  com¬ 
binations  of  dynamic  pressure  and  temperature.  The  small  dark  area 
indicated  in  the  transonic  region  represents,  as  is  known,  a  potentially 
troiiblesome  design  area  for  all  these  vehicles.  The  combinations  of 
thermal  environment  and  dynamic  pressure  for  winged  or  manned  reentry 
vehicles  are  not  as  extreme  for  their  normal  reentry  conditions  depicted 
here,  as  they  could  be  for  on  abort  condition. 

Thus,  normal  reentry  trajectories  do  not  always  represent  the  most 
critical  design  conditions  as  Indicated  in  figure  U,  where  the  design 
curves  of  dynamic  pressure  versus  Me 'h  nuiriber  for  the  Mercury  vohicle 
are  shown.  Early  in  the  development  of  Mercury  it  was  realized  that 
normal  reentry  from  orbit  did  not  produce  as  severe  an  aerothermo¬ 
elastic  environment  as  did  the  abort  conditions.  The  figure  indicates 
that  the  dynamic  pressures  reached  during  escape  from  an  aborted  Daunch 
are  nearly  three  times  as  high  as  those  encountered  during  normal  re¬ 
entry.  The  temperatures  and  accelerations  associated  with  abort  also 
are  much  higher.  A  similar  situation  has  evolved  in  the  development 
of  the  Dyna-Soar  winged  reentry  vehicle.  In  addition  to  conditions 
produced  by  the  abort  action,  designing  to  take  advantage  of  the  winged 
vehicle »s  maneuverability  brings  additional  severity  to  the  aerothermo¬ 
elastic  environment. 

SOME  FLUTTER  MD  LOADS  CONSIDERATIONS  FOR  THE  X-l5  AIRPLANE 

The  X-l5  airplane,  as  refeired  to  earlier,  was  designed  as  a 
research  aircraft  to  explore  and  pioneer  in  flight  regions  wherein 
aerothermal  effects  were  becoming  important.  It  is  of  interest  to 
indicate  herein  one  or  two  highlights  of  the  aeroelastic  regime, 
latailed  technical  Information  is  naturally  to  be  fotuid  in  classified 
documents  or  special  conference  repoits. 
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Figure  $  shows  shaded  parts  of  the  aircraft  that  have  been  affected 
and  modified  by  considerations  of  flutter.  Large  parts  of  the  fuselage 
and  tail  surfaces  consist  of  various  types  of  corrugated  paxiels  aimed 
at  providing  proper  stiffness  and  thermal  stress  alleviation.  It  was 
found,  as  higher  dynamic  pressures  were  explored  in  flight,  that  many 
of  these  panels  had  to  be  reinforced.  Panels  with  corrvigations  normal 
to  the  flow  were  especially  prone  to  flutter.  The  figure  shows  a  typical 
corrugated  panel  which  was  later  stiffened  by  a  center  strip,  and  also 
shown  are  n.ight  meastnrements  of  the  relative  amplitude  of  panel  vibra¬ 
tions.  Rather  high  frequencies  wore  Involved  in  these  vibrations.  The 
stiffened  panels  eliminated  the  indications  of  panel  flutter  and  reduced 
the  level  of  vibratory  response  to  the  background  level  of  aerodynamic 
noise.  It  is  of  interest  to  note  that  the  problem  was  compounded  by 
thermal  stresses  that  were  induced  on  some  of  the  panels  by  their 
proximity  to  the  liquid  oxygen  tank.  A  further  discussion  of  panel 
flutter  in  given  in  a  later  section  of  this  paper. 

The  horizontal  stabilizer,  an  all-moving  control  STirface,  presents 
several  instructive  points  arising  from  its  design  to  be  free  of  flutter. 
We  will  let  the  project  report  speak  for  itself  (ref.  5). 

"A  rather  extensive  program  was  conducted  both  experimentally 
and  analytically  to  demonstrate  the  freedom  of  this  surface  from 
flutter.  Several  conditions  of  stiffness  as  affected  by  tempera¬ 
ture  were  considered  although  particular  attention  was  directed 
toward  the  maximum-temperature,  buckled-skin  configuration. 

'•Originally  the  horizontal  stabilizer  weighed  179  lbs.  with 
0.035“in.  Inconel-X  skins  and  a  heavy  I-beam  running  along  the 
57  percent  chord  and  two  smaller  channel  beams  near  the  leading 
edge  and  at  the  trailing  edge.  The  ribs  were  0.050-in.  titanium 
oriented  perpendicular  to  the  main  beam.  As  the  design  progressed, 
it  was  noted  that  the  structural  torsional  stiffness  deteriorated 
more  rapidly  with  temperature  than  had  been  anticipated.  For  this 
reason,  the  internal  structure  of  the  stabilizer  was  modified  twice. 
First,  the  main  beam  was  beefed  up  and  the  rib  spacing  was  reduced 
to  produce  a  lesser  depth  of  skin  buckle  and  yield  what  was  thought 
at  the  time  to  be  a  sufficiently  high  stiffness  in  the  1200°  F 
buckled-skin  condition.  This  modification  resulted  in  a  197.35-lb. 
surface.  Subsequent  studies  indicated  this  was  not  sufficient  for 
a  partially  loaded  surface  at  temperature  where  the  skin  buckles 
were  neither  compression  (from  temperature)  or  diagonal  tension 
(from  load),  but  effectively  floating  from  one  to  the  other  buckle 
condition.  The  final  structure  was  a  result  of  increasing  the 
skin  gage  from  0.037-in.  to  0.050-in.  Inconel-X  and  replacing  the 
0.050-ln,  titanium  ribs  forward  of  the  main  beam  with  O.OUO-in. 
Inconel-X  ribs  yielding  a  227.5-lb.  surface." 
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Similarly  the  all-movable  control  stirface  generally,  which  is  a 
basic  component  of  roost  guided  missiles  and  of  nearly  all  high-speed 
aircraft,  can  present  very  troublesome  design  problems  in  order  to  be 
free  of  flutter  in  a  high  temperature  environment.  It  is  of  additional 
interest  to  note  that  proposed  lifting  and  maneuverable  configurations 
(see,  e.g.,  ref.  6)  for  reentry  from  space  will  depend  on  control  sur¬ 
faces  of  various  types,  and  hence  present  similar  problem  areas. 

The  highly  transient  conditions  along  the  trajectories  for  a 
typical  X-15  flight  lead  to  considerable  lag  In  thermal  equilibrium. 

The  thermal  stresses  that  arise  and  the  time  varying  environments 
pose  added  dimensions  to  the  basic  design  envelopes  which  usually 
make  use  of  V-n  (speed-load  factor)  diagrams.  The  following  per¬ 
tinent  observations  are  made  in  reference  7 : 

"Familiar  velocity-load  factor  (V-n)  diagrams,  which 
define  the  allowable  maneuver  load  factor  versus  speed  at  a 
given  altitude,  do  not  appear  to  lend  themselves  to  a 
modification  which  includes  the  effects  of  temperature  on 
the  structure.  These  temperature  effects  on  the  X-l5  type 
structure  are  two -fold.  One,  the  temperature  differences 
that  exist  from  one  part  of  the  structure  to  another  can 
induce  stresses  which  may  add  or  subtract  fi^Dm  the  stresses 
due  to  air  loads.  Second,  extremely  high  temperatures  have 
the  effect  of  reducing  the  ultimate  load  carrying  ability 
of  the  structure.  The  real  complication  arises  from  the 
fact  that  neither  the  temperature  levels  nor  the  differences 
can  be  directly  associated  with  a  specified  velocity,  altitude, 
and  load  condition.  The  history  of  the  portion  of  the  flight 
preceding  this  condition  can  strongly  affect  the  temperatures." 

PARAMETEEiS  OF  AEROTHERMOELASTICITY 

The  basic  partial  differential  equations  of  thermoelasticity  were 
formulated  many  years  ago.  Very  few  explicit  solutions  of  the  numerous 
equations  were  feasible,  however,  except  for  the  simplest  structural 
elements  and  for  special  boundary  conditions.  The  large-scale  high¬ 
speed  computing  of  the  past  decade  has  entirely  changed  the  outlook. 
With  the  aid  of  methods  of  idealizing  structures  into  component  ele¬ 
ments  and  utilizing  influence  coefficients  and  matrix  methods,  it  has 
been  possible  to  develop  practical  numerical  schemes  and  programs  for 
deflection  and  stress  analysis  of  heated  structures.  Variational 
methods  employing  direct  energy  or  complementary  energy  relations  in 
combination  with  iteration  procedures  have  also  foTuid  considerable 
application.  Some  discussion  of  these  methods  is  to  be  found  in 
reference  8  by  Turner  and  others  at  Boeing,  in  reference  9  by  Gallagher 
and  others  at  Bell  Aerosystems,  in  reference  10  by  Agyris,  in 
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reference  11  by  Lansing  and  others  at  Gmntraan,  and  in  reference  12  by 
Mar,  Pian,  and  Dugnndji  at  H.I.T.  Ifenbolt  (ref.  13)  has  indicated  the  • 

practical  nse  of  difference-equation  methods  which  also  permit  the 
convenient  handling  of  boxtndary  conditions.  It  is  of  interest  to  men¬ 
tion  that  the  comprehensive  and  elegant  methods  of  analysis  of  heat  '  • 

flow,  therrooelasticity,  and  viscoelasticity  of  Biot  (see,  for  example,  v' 

reference  lU  and  the  bibliography  therein)  of  the  past  few  years  are 
being  stoninarized  by  him  in  a  monograph  being  prepared  for  the  Air  Force  • 

Office  of  Scientific  Research. 

The  field  of  aeroelasticity  in  the  past  half  dozen  years  has  seen 
the  addition  of  the  valuable  books  by  Fung  and  by  ^isplinghoff,  Ashley, 
and  Halfman  (refs.  15  and  16).  Being  prepared  for  publication  is  the 
comprehensive  six-volume  collection,  the  AGARD  "Manual  on  Aeroelasticity, “  • 

under  the  editorship  of  W.  P.  Jones.  In  the  aerodynamics  of  high-speed 
flight,  the  material  on  unsteady  supersonic  and  hypersonic  flow  by 
Miles  (refs.  17  and  18),  that  of  Probstein  and  Hayes  on  hypersonic  flow 
(ref.  19),  and  the  recent  article,  reference  20,  may  be  singled  out  for 
mention.  Of  special  interest  for  high-speed  aeroelasticity  is  the  use 
of  quasi-steady  flow  considerations,  for  example,  those  of  piston  theory  • 

to  allow  for  thickness  effects,  in  conbination  with  Newtonian  theory  to 
allow  for  bluntness  effects.  The  evaluation  of  proper  bounds  of  appli-  [ 
cation,  however,  remains  a  problem. 

It  is  the  purpose  here,  after  some  general  remarks  on  nondimens ional 
parameters,  to  do  little  more  than  list  some  of  these  nondimens ional  • 

parameters  of  importance  in  the  various  areas  and  to  indicate  their 
relevance  for  the  manifold  scaling  problems  that  need  to  be  looked  at. 

It  is  well  to  recall  that  in  the  final  analysis  it  is  the  physical 
phenomena  that  determine  the  nondimensional  parameters  of  significance.  - 

Insofar  as  systems  of  mathematical  equations  have  been  developed  in  a  *  •  ' 

given  area  and  have  withstood  the  te^  of  time  as  to  their  relevance 
for  prediction,  they  can  be  directly  ’jaed.  Caution  must  be  employed 
in  extending  their  use  to  new  phenomena  or  for  conbined  effects. 

Navier-Stokes  equations  in  aerodynamics,  for  example,  are  not  valid  ! _ 

in  free  molecular  flow  nor  are  equations  of  elasticity  of  LamI  in 
plastic  flow.  The  Buckingham  pi  theorem,  another  way  of  developing  • 

nondimensional  parameters,  enables  only  good  guesses  to  be  made  after 
proper  choice  of  physical,  parameters.  Engineering  criteria,  which  \ 

develop  by  accumulated  observation  and  experience  in  application,  play 
an  important  role  in  simplifying  parameters  still  further,  for  often 
criteria  can  be  fortuitously  simple  despite  the  complicated  physical 
behavior  that  can  take  place.  • 
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It  is  well  known  that,  even  disregarding  heat  Inptcbs,  it  is  no 
simple  or  ready  matter  to  scale  models  for  aeroelastic  effects; 
already  compromises  are  reqtiired  which  can  he  based  on  a  separation 
of  problem  areas.  Fbr  any  given  prototype,  different  kinds  of  models 
may  be  reqtdred  for  transonic-  and  supersonic -speed  testing,  for 
early  or  late  design  stages,  and  which  must  be  tailored  to  the  capabil¬ 
ities  and  characteristics  of  the  available  wind  tunnels.  For  classical 
flutter  of  an  all-movable  control,  for  example,  the  proper  range  of 
dynamic  pressure  is  significant,  and  the  advantages  of  variable  dynamic 
pressure  or  variable  density  testing  are  well  known  in  that  trend  data 
can  be  provided  instead  of  Isolated  point  data.  For  stall  fltctter  or 
buffeting,  the  Reynolds  number  and  flow  separation  strongly  enter  the 
picture,  and  detailed  flow  correlation  as  well  as  detailed  damping 
considerations  can  be  significant  for  analysis  of  stresses. 

The  compromises  and  trade-offs  with  regard  to  thermal,  duplication 
or  heat  simulation  provide  major  study  areas  in  themselves.  Should 
heat  effects  be  calculated  in  advance  and  a  cold  model  employed  with  a 
reduced  stiffness  range  to  allow  for  it?  This  is  one  recognised  pro¬ 
cedure  and,  in  fact,  hypersonic  wind  tunnels  with  helium  as  a  medium 
have  been  justified  as  one  type  of  major  attack  on  entry  speed  aero¬ 
elastic  problems.  There  are  additional  coB?>romlses  involved  in  the 
use  of  helium  in  wind  tunnels,  since  the  flow  near  blunt  stagnation 
regions  of  the  body  and  for  the  streamwise  regions  are  affected  differ¬ 
ently  by  the  change  in  the  adiabatic  index.  These  questions  will  not 
be  pursued  here,  although  additional  remarks  on  the  use  of  facilities 
are  given  in  the  last  section  of  the  paper. 

Discussion  of  aerothermoelastic  scaling  has  been  given  in  several 
places;  a  conqDrehensive  one  has  been  given  by  Calligeros  and  Dugundji 
(ref.  21).  The  point  of  view  taken  for  development  of  the  nondimen- 
sional  parameters  is  that  based  on  the  general  aerodynamic  equations 
for  the  subsonic  and  supersonic  speed  areas  and  separately  for  the 
hypersonic  areas.  Also,  use  is  made  of  the  equations  of  elasticity, 
governing  the  stresses  and  deflections  of  a  heated  elastic  isotropic 
body,  and  allowing  for  large  structural  deflections.  Conduction  of 
heat  in  the  body  is  considered  to  be  governed  by  Fourier *s  classical 
heat-conduction  equation.  Similarity  of  boundary  conditions  for  the 
flow  and  for  the  elastic  restraints  is  also  imposed.  A  prime  conclu¬ 
sion,  which  had  been  arrived  at  also  by  others,  ds  that  correct  scaling 
between  a  model  and  a  prototype  for  all  these  areas  is  possible  only 
for  a  scale  ratio  of  unity.  MolynetK  (ref.  22)  uses  the  method  of 
selecting  pertinent  variables  in  advance  and  arrives  at  a  similar 
conclusion.  This  result  is  rather  discouraging  for  the  scaling  of 
prototypes  in  small-scale  facilities;  even  compromises  utilizing 
different  materials  and  media  do  not  permit  much  deviation  from  the 
scale  ratio  of  unity. 


R>r  descriptive  purposes,  a  list  of  nondimcnsional  quantities  (as 
in  reference  21),  which  is  essentially  applicable  to  the  flow  about  an 
elastic  body  of  a  nondissociated  gas  considered  as  a  continuum,  is 
given; 

1.  M  *  V/a  Mach  nunber 

2.  Re  «*  pVl/lA  Reynold *s  number 


3.  q/% 

h.  Pg/Pto 

Vt^/L 

6.  /Kq 


■7*  Vo 


V^oo 
9.  Vl/^^ 

10.  \1q/L 

11. 

12-  pA 

13.  e^oT«^L/K« 

u  0  0 

lii.  Y//iL 


ratio  of  dynamic  pressure  pV‘^/2  to  reference 
elastic  modulus 

ratio  of  body  density  to  free-stream  density 
unsteady  flow  parameter  (reduced  wavelength) 


ratio  of  heat  conductivity  of  gas  to  that  of 
body 

body  thermal  expansion 


ratio  of  reference  temperature  to  free-stream 
temperature 

thermal  diffusivity  time  constant 


reference  measure  of  deflection 


reference  measure  of  stress 


nonaero dynamic  force  distribution 


surface  emissivity  or  radiation 


Froude  number  (gravitational  effects) 


15.  Pr  °  [xCp/^  Frandtl  number  (heat  transfer  effects) 


16.  Y  =  c  /c_ 


adiabatic  index,  ratio  of  specific  heats 


In  addition  there  are  several  quantity  ratios  which  are  unity,  if  the 
sane  model  and  prototype  materials  are  tested  at  the  same  temperature 
in  the  same  gas,  and  these  can  be  listed  as :  modulus  of  elasticity 
IEJ/Eq,  Poisson  ratio  v/Vq»  tliermal  expansion  a/a^,  body  heat  conduct¬ 
ivity  K/Kq,  body  specific  heat  C/Cq,  body  emissivity  cAq,  gas 
specific  heat  c^/c  ,  gas  heat  conductivity  and  gas  viscos¬ 

ity  fi/pQ. 

Conib inations  of  these  quantities  can,  of  course,  bring  in  many 
other  well-known  nondimensional  quantities.  The  significant  parameters 
for  classical  flutter  without  consideration  of  heat  are  usually  the 
first  five  of  the  above  list,  except  for  disregard  of  any  quantitative 
satisfying  of  the  Reynolds  number.  It  is  the  satisfying  of  the  Reynolds 
nunber,  arising  through  the  thermal  requirements  that  greatly  increases 
the  severity  of  the  scaling  problem.  There  are  naturally  many  special 
cases  involving,  for  example,  assumed  restricted  flow  conditions  and 
structural  representations  that  greatly  reduce  the  number  of  parameters 
to  be  satisfied.  Some  of  the  cases  to  be  discussed  in  siibsequent 
sections  represent  such  applications. 

INDICATED  MAOUTUDE  OP  THE  REENTRY  HEAT  PROBLEM 

Methods  of  calculation  of  heat  inputs  are  in  the  general  litera¬ 
ture,  e.g.  references  23  and  2k,  and  are  the  subject  of  several  papers 
to  be  presented;  they  will  not  be  described  herein.  In  general,  these 
methods  for  the  determination  of  the  convective  heat  transfer  rates 
have  been  well  established  for  moderate  heating  reentry  conditions. 

An  interesting  and  useful  correlation  of  teraperatuores  at  an  index 
point  (a  reference  location)  of  the  X-1^  with  the  total  energy  (kinetic 
plus  potential)  of  the  vehicle  at  its  flight  apogee  has  been  given  in 
reference  ?•  (See  figxure  8,  therein.)  For  the  higher  speed  conditions, 
a  good  deal  of  further  work  is  necessary  and  desirable  as  very  complex 
aerothermochemical  processes  exist.  An  indication  of  the  increasing 
importance  of  radiation  from  the  glowing  gas  and  of  radiative  heat 
transfer  to  the  structure  for  vehicles  entering  at  very  high  speeds 
is  given  in  the  following  significant  calculations  made  by  L.  Roberts 
(ref.  25),  in  which  the  concept  of  total  entiy  energy  is  a  basic  con¬ 
sideration.  The  table  indicates  relative  convective  and  radiative 
heating  quantities  Q^.  and  for  a  nonlifting  vehicle  of  about  the 

size  of  the  Mercury  capsule  (^  =  ^0  Ib/sq.fb.,  R  =  10  ft.,  =  10) 

for  reentry  fsrom  a  circular,  lunar,  and  a  Mars  orbit,  respectively. 


TABLE 


VJhile  Op  is  negligible  for  a  circular  orbit,  and  is  only  about  1$  per¬ 
cent  of  Qq  for  a  return  from  a  lunar  orbit,  it  can  be  the  overwhelm¬ 
ingly  overriding  quantity  for  a  return  from  a  Mars  orbit.  For  a  partly 
lifting  vehicle  these  quantities,  particularly  Q^,  can  be  considerably 

increased. 

STRUCTI]RAL  CONCEPTS  FOR  WINGED  REENTRY  YMICLES 

One  means  of  alleviating  problems  arising  from  the  aerothermo- 
elastic  interactions  is  to  evolve  structural  concepts  which  separate 
the  effects  of  the  environment.  An  example  of  this  approach  is  the 
so-called  “cold"  or  protected  primary  structure,  i.e.,  a  design  where¬ 
in  the  main  load  carrying  structure  is  maintained  at  relatively  low 
temperatures  by  an  insulating  outer  shield.  The  weight  and  availability 
of  suitable  insulating  materials  and  the  requirement  for  active  cooling 
systems  in  regions  of  high  heat  input  are  serious  problems  associated 
with  this  approach.  A  discussion  of  design  factors  for  protected 
structures  is  given  by  Heldenfels  in  reference  26. 

Another  concept  which  is  being  considered  in  the  design  of  the 
Rma-Soar  vehicle  is  the  radiation  cooled  "hot"  structure  where  the 
primary  load  carrying  members  are  designed  to  function  at  relatively 
high  temperatures.  In  this  approach,  thermal  stresses  are  minimized 
by  the  use  of  pin-jointed  determinate  trusses  for  the  primary  struc¬ 
ture.  The  air  loads  are  transmitted  to  the  trusses  by  outer  panels 
which  are  attached  to  each  otiier  by  sui’oable  joints  to  permit  thermal 
expansion.  Although  this  arrangement  greatly  alleviates  thermal 
problems  for  the  primary  structure,  the  aerothermoelastic  environment 
Imposed  on  the  lightly  loaded  outer  panels  is  very  severe  and,  in 
fact,  stiffness  requirements  for  the  prevention  of  panel  flutter 
are  dictating,  to  a  large  extent,  the  design  of  these  panels.  An 
extended  proposed  concept,  a  multiple  layer  heat  shield,  combines 
features  of  the  "hot"  and  "cold"  structure.  It  Involves  a  sandwich- 
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typa  construction  of  multiple  layers  of  waffled  or  diii?)led  sheets  at¬ 
tached  to  each  other,  wherein  each  layer  wotad  restrict  radiative  and 
convective  passage  of  heat.  For  any  given  concept,  the  nunber  of 
detail  designs  to  yield  efficient  structures  and  to  he  studied  with 
available  and  advanced  materials  is  appallingly  large.  There  are 
many  other  requirements  Imposed  on  these  panels  including  resistance 
to  acoustic  fatigue  and  alleviation  of  thermally  Induced  stresses. 
Efficient  designs  which  will  meet  all  requirements  will  require  a 
great  deal  of  ingenuity  and  inventiveness  on  the  part  of  the  designer. 


Boost-glide  heat-shield  temperature  time-history  study.-  In 
figure  6  therein  shown  for  a  particxOar  reentry  study  a  calctilated 
temperature -time  history  curve  for  a  point  on  the  underside  and  some 
5  feet  from  the  nose  of  a  boost-glide  vehicle.  The  temperature  time- 
history  was  produced  in  the  structures  laboratory  at  the  Langley 
Research  Center  by  program-controlled  aiurays  of  quartz  lamps,  rad¬ 
iating  to  a  heat  shield  about  2  feet  square.  The  shield  weighed  about 
1  lb/ft2;  its  panel  cover  was  a  refractory  corrugated  metal  attached 
with  U-clips  to  the  protected  structure,  and  the  interspace  was  filled 
with  a  layer  of  O.U  in.  of  quartz-fibre  dnsulation.  Shown  in  the 
figure  also  are  the  temperatures  on  the  protected  side  of  the  struc¬ 
ture  j  temperature  differences  of  about  1000®  F  are  noted  to  exist. 

It  is  considered  that  the  technique  for  producing  the  desired  heating 
program  is  well  in  hand.  It  may  be  observed  that  the  temperature  of 
the  protected  structure  develops  very  gradually  (except  for  the 
power-failure  interval  Indicated).  Heat  shields  of  comparable  design, 
as  a  matter  of  interest,  have  successfully  withstood  airflow  at 
M  «  3  having  a  dynamic  pr-essure  of  3000  Ibs/sq.ft.,  and  stagnation 
temperatures  up  to  ar-ound  660°  F.  These  radiative  heating  techniques 
provide  a  feasible  way  of  simulating  aerodynamic  heating  environments 
for  stiffness  and  vibration  testing  of  structures, 

EFFECT  OF  HIGH  TEMPERATURE  ON  THE  STATIC  AND  DIKAMIC 
MODULUS  OF  ELASTICm  OF  METALS 

Tlie  structural  concepts  discussed  in  the  previous  section  imply 
all  sorts  of  new  structural  materials  to  cope  with  high  teraperatxires. 
Furthermore,  a  much  wider  range  of  the  physical  and  even  the  chemical 
properties  of  the  materials  has  become  important.  Only  a  few  years 
ago  the  emissivity,  resistance  to  meteoritic  impact,  and  behavior  in 
the  presence  of  a  white-hot  ionized  atmosphere,  as  examples,  were  of 
little  or  no  concern.  Today,  these  and  many  other  material  properties 
(see,  for  example,  ref.  27)  are  being  studied  intensively. 
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Figvire  6.-  Heat-shield  temperatvire  time  history. 


The  present  ptirpose  is  to  discnss  a  partictOar  physical  property 
that  is  always  important  and  is  perhaps  of  the  most  direct  concern  in 
the  field  of  acrothermoelasticity;  namely,  the  modulns  of  elasticity, 
and  the  effect  of  heat  upon  it.  As  a  metal  is  heated  above  room 
temperatures,  its  modulus  begins  to  decrease  gradually,  then  more 
rapidly  as  higher  temperatures  are  reached.  Furthermore,  the  measured 
modulus  differs  in  value  according  to  the  method  of  measurement, 
whether  static  or  dynamic. 

Figure  7  (from  ref.  28)  shows  the  variation  of  the  modulus  E 
with  temperature  found  experimentally  for  steel,  a  titanium  alloy,  an 
aluminum  alloy,  and  a  magnesium  alloy  over  a  range  of  temperature. 

The  statically  meastn*ed  E  are  shown  by  the  dashed  lines  faired 
through  the  square  symbols.  The  dynamically  measxtred  E  are  given 
for  two  sets  of  experiments  by  the  solid  lines  and  the  circular  synbols. 
The  more  rapid  increase  of  downward  slope  of  the  static  measurements 
as  compared  to  the  dynamic  measurements  is  obviotis  for  the  magnesium, 
aluminum,  and  titanium  alloys.  There  is  little  difference  of  slope 
for  the  steel  up  to  1000°  F.  In  explaining  the  differences  between 
dynamic  and  static  moduli,  it  is  concluded  in  reference  28  that  these 
differences  are  due  to  various  intemal~friction  mechanisms,  of  which 
anelastic  effects  appear  to  be  predominant,  and  cannot  be  attributed 
to  the  influence  of  creep  on  static  stress-strain  measurements. 

The  analogy  between  the  static  and  dynamic  moduli  in  the  field  of 
thermoelasticity,  and  the  static  and  dynamic  slope  of  the  lift-curve 
slope  in  the  field  of  aerodynamics  may  be  of  some  interest.  As  is 
well  known,  the  dynamic  is  usually  greater  than  the  static  value 

and  its  effect  superimposed  on  the  static  loading  level  can  lead  to 
complex  unsteady-flow  phenomena  such  as  stall  flutter  and  buffeting. 
Similarly,  in  therraoelasticity  one  might  expect  complex  vibrational 
characteristics  of  structTires  that  are  subjected  to  combined  high 
temperatures  and  large  static  loadings.  However,  an  important  allev¬ 
iating  factor  seems  to  be  that  in  meeting  static  strength  requirements 
at  high  temperatures,  additional  structure  would  be  available  for 
satisfying  stiffness  as  well. 

Figure  7  gives  resxO-ts  for  four  metals  and  extends  only  to  1000°  F. 
Additional  imonuation,  mostly  on  dynamic  modulus,  is  to  be  found  in 
various  references.  Reference  29,  for  example,  presents  elevated- 
temperatura  dynamic  moduli  of  elasticity  of  Uo  commercial  metals  and 
alloys  at  temperatures  up  to  1800°  F  obtained  by  a  longitudinal  reson¬ 
ance  technique.  Reference  30  consists  of  five  reports  which  discuss 
several  techniques  of  measuring  both  static  and  dynamic  moduli  and 
include  some  data.  An  ultrasonic  pulse-echo  technique  for  measurement 
of  the  dynamic  elastic  modulus  is  described  in  reference  31,  and  gives 
some  measured  values  for  temperatures  up  to  2000°  F.  The  necessity 
for  data  from  many  more  materials,  and  extending  to  much  higher  temper¬ 
atures  is  obvio-us. 
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Figure  7*-  Variation  of  dynamic  and  static  modultis  with  ten^jeratxire 


EFFKJT  OF  TRANSIENT  HEATING  ON  VIBRATION  FREQTJENGIES 


In  addition  to  the  undesirable  effects  of  high  temperatures  on  the 
modulus  of  elasticity  discussed  above,  there  is  another  effect  of  heat 
which  can  be  very  iit5>ortant  even  at  moderate  temperatures,  the  effect 
of  internal  thermal  stresses.  Thermal  stresses  can  arise  from  rapidly 
changing  conditions  of  heat  input  where  time  lags  are  involved  or  also 
from  equilibrium  conditions  where  thermal  gradients  occur,  as  for 
example,  between  the  leading  edge  and  points  farther  aft  on  a  wing. 
Thermal  gradients  result  in  incremental  tension  and  compression  stresses 
in  the  different  regions  of  a  structure.  Commonly,  but  by  no  means 
inevitably,  the  thermally  stressed  structure  has  a  lessened  net  stiff¬ 
ness  avail^le  to  resist  both  static  loads  and  the  inertia  loadings 
associated  with  vibrations.  The  latter  condition  is  manifested  by 
lowering  of  natural  fraquencies  and  considerdale  attention  has  been 
given  to  determining  s-ach  effects. 

The  analysis  of  these  thermal  effects  based  on  small-deflection 
theory  has  been  recognized  for  some  time  to  be  inadequate  when  initial 
deflections  are  present,  especially  near  buckling  conditions.  Consider¬ 
able  improvement  is  obtained  with  the  large-deflection  theory  which  i.s 
nonlinear  and  which  couples  the  deflections  and  the  midplane  stresses. 
Some  comparisons  of  theimal  gradient  effects  on  torsional,  stiffness  as 
obtained  by  experiment  and  by  theoretical  analysis  are  presented  in 
reference  32,  and  may  be  used  as  a  basis  for  discussion.  The  sketch 
on  figure  8  represents  the  uniformly  thick  rectangular  cantilever  plate 
with  heat  input  at  the  two  edgas.  The  analysis  involved  an  approximate 
solution  of  the  von  Karraan  large-deflection  differential  equations 
modified  to  include  effects  of  initial  deflections  or  imperfections 
and  of  nonuniform  temperature  distributions.  Figure  8  shows  at  the  top 
the  temperature  time -history  of  the  plate  centerline  and  of  the  edges; 
as  indicated,  the  plate  was  heated  for  about  16  seconds,  then  the  heat 
supply  was  shut  off.  The  lower  part  of  the  figure  shows  the  time- 
history  of  the  first  torsion  frequency  «>  divided  by  its  initial 
value  0^.  The  solid  line  shows  the  experimentally  measured  frequency 
and  the  line  of  short  dashes  the  result  calculated  from  large-deflection 
theory  tising  the  small  measured  initial  twist  of  0.3^°  at  the  tip  of 
the  plate.  Also  shown  are  the  results  calculated  from  small-deflection 
theory  (if  the  plate  were  exactly  flat,  large-deflection  theory  would 
give  the  same  result  for  the  prebuckling  state).  The  intersection  with 
the  zero-firequency  line  means  that  a  theoretically  perfect  flat  plate 
would  have  reached  a  marginal  condition  of  torsional  buckling  due  to 
thermal  stresses.  The  large -deflection  theory  provides  a  good  compari¬ 
son  with  the  measured  result,  whereas  it  is  obvious  from  the  figure  that 
in  this  case  small-deflection  theory  is  not  adequate  when  even  very 
small  initial  deflections  exist  in  the  presence  of  an  appreciable 
thermal  stress  loading. 
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Figure  8.-  Effect  of  transient  heating  on  torsional  fraqiiency 


Some  recent  unpublished  work  done  at  Purdue  University  by  C.  Bailey 
is  of  interest  in  that  it  supplements  the  rectangular  flat-plate  work  to 
include  effects  of  taper.  The  effect  on  the  torsional  frequency  of 
heating  a  plate  rapidly  at  its  edges  was  studied  both  theoretically  and 
experimentally  for  plates  having  an  aspect  ratio  A  •=  5/3  and  four 
different  taper  ratios  X  =  1.0  (rectangular),  X  *»  0.6,  0.2  and  0 
(triangular).  The  theoretical  results  were  obtained  on  the  basis  of 
large-deflection  theory.  The  ratios  ca/a^  of  the  torsion  frequencies 

to  their  unheated  values  are  plotted  as  functions  of  time  in  figure  9. 
The  four  clustered  theoretical  curves  which  slope  down  to  intersect  the 
horizontal  axis  are  for  assumed  perfect  flat  plates  which  experience 
the  respective  beating  rates  tised  in  the  experiments.  Fbr  the  present 
purpose,  the  exoerimental  results  for  the  triangular  plate  only  are 
presented  as  the  circles.  The  theoretical  curve  that  closely*'  follows 
the  experiments  was  obtained  using  a  chosen  initial  deflection  of  the 
triangular  plate,  and  the  uppermost  curve  was  calculated  using  foxu* 
times  that  initial  deflection.  The  two  higher  curves  on  figure  9  which 
show  effects  of  initial  deflection  (<p^)  again  make  clear  that  such 

effects  can  be  important  even  though  the  deflection  is  physically  small 
and,  fortunately,  the  results  are  beneficial  in  comparison  ■with  those  of 
small-deflection  theory. 

The  effect  of  thermal  gradients  on  natural  frequencies,  in  particu¬ 
lar  torsional  as  jixst  discussed,  has  been  illustrated  by  results  on 
solid  metal  plates.  On  wings  of  the  more  normal  btiilt-up  type  of  con¬ 
struction  effects  of  thermal  gradients  on  stiffness,  and  therefore  on 
natural  frequencies,  are  less  pronounced  but  harder  to  calculate.  Some 
■wing  vibration  modes  can  even  experience  a  modest  increase  as  the  wing 
is  heated  rapidly.  See,  for  example,  reference  33 • 

FLUTTER  OF  A  RAPIDLY  HEATED  SOLID  WING 

An  interesting  case  history  study  of  the  effect  of  aerodynamic 
heating  on  the  bending -torsion  flutter  of  a  rectangular  wing  at  a 
Mach  number  of  2  has  been  made  by  Runyan  (ref.  314-)  •  The  wing  was  of 
solid  alumin'um-alloy  construction  and  had  a  thin  biconvex-like  section. 
When  exposed  ■bo  air  at  300°  in  a  blowdown  jet  at  M  =  2  it  did  not 
flutter,  whereas  exposed  to  air  heated  to  800°,  it  experienced  severe 
flutter  for  about  two  seconds  and  then  stopped.  The  calculated  loss  in 
■oorsional  stiffness  as  a  function  of  time,  corresponding  ■to  the  cal¬ 
culated  temperature  distributions,  is  shown  in  figure  10.  This  calcu¬ 
lation  was  made  in  accordance  ■with  the  small -deflection  analysis  (which 
turns  out  to  be  adequate  for  the  purpose)  given  by  Budiansky  and  Mayers 
(ref.  35),  and  based  on  the  equation 
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where  the  integral  term  accounts  for  the  loss  in  torsional  stiffness 
associated  with  the  thermal  stresses  (cy  is  negative  for  compression) 

and  is  associated  with  the  induced  compression  effect  along  the  hotter 
leading  and  trailing  edges.  Fignre  11  shows  the  flutter  results  plotted 
as  a  flutter  speed  coefficient  against  the  bending -torsion  frequency- 
ratio.  The  calculated  flutter  boundary  and  the  operational  tlme- 
his-bory  curves  are  shown  and  indicate  reasonable  correspondence  with 
the  flutter  phenomena  that  did  occur.  The  thermal-stress  effects  on 
the  solid  wing  are  greater  than  those  that  would  occur  on  a  built-up 
wing  of  more  normal  construction.  Hawever,  fins  of  many  guided  missiles 
are  frequently  made  solid,  and  may  be  exposed  to  high  dynamic  pressures 
and  rapid  heating  simultaneously.  The  case  is  also  illustrative  of 
prediction  techniques  in  research,  for  it  is  important  -bo  recognize, 
as  discussed  briefly  in  the  next  item,  that  many  of  o'ar  research  -bools 
may  also  be  subject  to  the  coloring  of  their  da-ta  results  by  aerothermo- 
elastic  effects. 

EFFECT  OF  THERMAL  CEADIENT  ON  FEDTTER  OF  A 
THIN  lOW-ASPECT-RATIO  PLATE 

During  the  course  of  a  study  of  flutter  trends  for  supereonic 
speeds  for  a  series  of  low-aspect-ratio  wings  (ref.  36),  a  marked  sensi¬ 
tivity  of  low-aspect-ratio  thin  plates  to  small  thermal  gradients  was 
encoimtered.  Although  these  data  were  not  included  in  reference  36 
because  the  thermal  effects  were  not  analyzed,  they  are  presented  here 
as  an  illustration  of  transient  thermal  effects  possible  on  certain 
models.  The  small  blowdown-type  wind  tunnel  used  for  this  investigation 
operates  with  an  anbient  temperature  air  storage  tank,  but  due  -to  transient 
heat  transfer  effects  the  stagnation  temperature  in  the  test  section  is 
sometimes  as  much  as  1(X)°  F  above  anbient  temperature.  Since  the  tun¬ 
nel  runs  are  of  only  a  few  seconds  duration,  the  model  does  not  have 
sufficient  time  -bo  reach  an  equilibrium  temperature  and  there  usually 
is  a  small  temperature  difference  between  -the  leading  edge  and  trailing 
edge  ef  the  model.  The  effect  of  this  thermal  gradient  on  the  flutter 
characteristics  of  a  thin  low-aspect-ratio  constant-thickness  plate  is 
illustrated  in  figure  12  -where  the  flutter  velocity  index  is  plotted 
as  a  function  of  the  time  from  the  start  of  the  various  tunnel  runs 
until  flutter  occurred.  Actually,  the  temperature  difference  between 
the  leading  edge  and  trailing  edge  of  the  model  might  have  been  a  more 
significant  parametei*  for  plotting  the  data;  however,  this  quantity 
was  not  determined  for  all  the  points.  A  typical  variation  of  the 
flutter  index  with  time  is  shown  by  the  dashed  lines  where  the  arrows 
indicate  the  manner  in  which  the  flutter  point  was  approached.  (V  is 
speed,  b  is  reference  half -chord,  is  -borsional  frequency,  p  is 

plate/air  density  parameter.)  At  a  given  Mach  number  and  stagnation 
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Figure  11.-  Effect  of  aerodynamic  heating  on  flutter  of  solid  wing  at  M  =  2.0. 


Figure  12.-  Effect  of  thermal  gradient  on  flutter  of  thin  low-aspect-ratio  plate 


tewperat\ire  the  a±r  density  could  be  increased  rapidly  or  slowly,  and 
the  flutter  occurs  at  a  value  of  the  flutter  index  depending  on  the 
effect  of  the  thermal  gradient  on  the  effective  stiffness  of  the  plate. 
Typical  temperatures  measured  on  the  model  for  one  of  the  runs  are 
shown  on  the  figure  and  indicate  that  at  a  stagnation  temperatxu:*e  of 
111°  F  a  temperature  difference  of  only  2U°  F  existed  between  the  leading 
and  trailing  edge.  The  flutter  data  indicate  that  for  even  such  small 
temperature  differences,  large  flutter  speed  variations  are  possible. 
These  large  effects  are  believed  to  be  associated  with  the  increased 
importance  for  this  low-aspect-ratio  stjructure  of  the  clamped  root 
restraint  on  the  thermally  induced  stresses.  Tests  on  models  of  some¬ 
what  higher  aspect  ratio  indicated  greatly  reduced  sensitivity  to 
these  thermal  effects.  It  is  possible  that  the  effect  of  the  mass  ratio 
parameter  is  also  intertwined  in  the  results  since  this  has  not  been 
analyzed  herein. 


CAMBER  FLUTTER 

The  increased  importance  of  camber  modes  (sometimes  inappropriate¬ 
ly  termed  chordwise  modes)  as  additional  factors  to  the  beam-type 
inodes  in  tiie  flutter  analysis  of  low-aspect-ratio  wings  has  been  known 
for  some  time.  One  current  way  of  taking  the  canber  flexibility  into 
account  is  by  use  of  flexibility  influence  coefficients  for  the  whole 
siirface.  A  significant  contribution  to  the  analysis  of  twisting  and 
bending  of  heated  lifting  surfaces  involving  camber  flexibility  is 
given  by  Bisplinghoff  in  reference  37*  A  series  of  experimental  studies 
with  ribless  mnltiweb  wings  was  conducted  several  years  ago  in  the 
heated  supersonic  preflight  jet  at  ^ftCLlops  Station,  and  also  more 
recently  in  the  Langley  9  •  by  6-foot  thermal  structures  tunnel.  The 
range  of  stagnation  temperature  was  from  about  300°  F  to  670°  F. 

When  flutter  was  obtained,  it  clearly  involved  large  relative  amounts 
of  "flag-waving"  or  camber-bending  motion  and  was  usually  destructive 
to  the  model. 

Analysis  which  did  not  take  into  account  the  details  of  the  canber 
deformations  was  not  successful  in  predicting  the  experimental  results. 
Recent  work  of  Kruszewski  and  Thomson  (as  yet  unpublished)  at  Langley 
RcGGaroh  Center  hac  improved  the  determination  of  the  camber  modes  and 
has  resulted  in  improved  correlation  with  expeidment.  Figure  13  shows 
at  the  top  the  diagramnatic  representation  of  the  wing  cross-section, 
employed  in  a  representative-section  analysis.  The  wing  section  was 
analyzed  as  two  bent  beams  (or  plates)  which  are  joined  at  leading  and 
trailing  edges  at  a  fixed  angle.  When  the  section  deforms  the  chord- 
wise  distribution  of  thickness  of  the  airfoil  is  assumed  to  be  main¬ 
tained  unchanged  by  the  presence  of  the  multiwebs.  The  external  spring 
supports  at  leading  and  trailing  edges  are  proportioned  in  accordance 
with  the  measured  first-torsion  frequency  of  a  given  test  wing.  The 
modes  shown  are;  mode  1,  rigid  vertical  translation;  mode  2,  first 
torsion  with  appreciable  camber;  mode  3,  a  symmetric  camber;  mode  \x, 
an  antisymmetric  camber. 
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Figure  13  shDWS  the  results  of  a  Galerkir  modal  analysis  which  em¬ 
ployed  these  four  inodes  and  aerodynamic  forces  from  a  modified  piston 
theory  (modified  by  use  of  pressures  proportional  to  l/p  rather  than 

to  where  p  =  v/m^-I  ).  The  ordinate  is  an  often  used  panel  flutter 

parameter  involving  skin  thickness  t,  chord  length  c,  modultis  of 
elasticity  E,  Mach  nuntier  qtiantity  p,  and  dynamic  pressure  q.  The 
abscissa  is  the  ratio  of  the  frequencies  of  mode  2  and  mode  3.  The 
flutter  region  is  below  the  solid  curve.  A  nuaiber  of  test  points  is 
shown,  the  open  circles  denoting  no  flutter  and  the  solid  circles  the 
flutter  points  obtained  on  multiweb  wings  of  aspect  ratio  1.0  at  Mach 
numbers  2  and  3.  Good  agreement  of  analysis  and  experinent  is  apparent. 
One  can  in  retrospect  view  this  type  of  flutter  as  a  combination  of 
classical  wing  flutter  and  panel  flutter. 

PANEL  FLUTTER 

Panels  are  natural  structural  elements  for  both  aircraft  and  space 
vehicles.  It  would  appear  that  the  problem  of  saving  weight  would 
dictate  that  large  parts  of  space  vehicles  will  utilize  panels  and 
therefore  may  be  designed  by  panel  flutter  considerations.  Some  panel 
flutter  expeirlence  of  the  X-l5  airplane  was  discussed  in  an  earlier 
section.  There  is  a  large  ntutber  of  parameters  and  factors  which 
affects  panel  flutter,  such  as,  thickness,  aspect  ratio,  material 
properties,  curvature,  edge  supports  and  restraints,  operating  environ¬ 
ment,  pressure  differences,  etc.  Both  the  experimental  and  analytical 
phases  of  the  subject  have  to  be  pursued  much  further.  A  timely  review 
of  the  analytical  work  and  of  the  available  experimental  work  was 
given  by  Fung  early  in  I960  (ref.  38).  Some  additional  experimental 
data  are  given  in  references  39»  UO,  and  Ul.  It  is  the  purpose  here 
to  indicate  some  engineering  criteria  which  include  flutter  data  for 
corrugated  panels  designed  to  alleviate  thermal  stresses,  and  to 
present  some  information  on  effects  of  transient  heating  obtained 
analytically  and  experimentally. 

Figure  li|  (from  reference  39)  gives  a  summary  of  experimental  re- 
sxilts  for  a  variety  of  panels,  including  some  corrugated  panels. 

Despite  the  many  factors  and  parameters  affecting  flutter  which  are 
not  shown  explicitly,  this  rather  simple  plot  suggested  by  theoretical 
consideration  has  proven  to  be  useful  for  engineering  design  pvirposes. 

The  ordinate  is  a  commonly  txsed  panel  flutter  parameter  which  is 
directly  proportional  to  the  thickness  required  to  prevent  flutter. 

(It  is  the  same  as  the  ordinate  used  in  figure  13,  and  involves  the 
Mach  number  M,  modulus  of  elasticity  E,  dynamic  pressure  q,  thick¬ 
ness  t,  and  length  I  of  the  panel.)  The  abscissa  is  the  length  to 
width  ratio  of  the  panel.  This  summary  plot  contains  results  for 
panels  of  different  sizes  and  materials,  for  Mach  mmbers  from  1.6  to 
6,  at  different  temperatures,  and  with  different  midplane  compressive 


Figure  l4.-  Experimental  svnmnary  for  flutter  of  rectangrilar  panels 


loadings  and  amotints  of  buckldng.  The  panels  were  restrained  on  all 
low  edges  to  a  degree  that  was  inteiwsdiate  between  tightly  clamped 
and  simply  supported.  The  shaded  bands  are  results  obtained  from  un¬ 
stiffened  panels.  The  dark  bands  were  obtained  from  corrugation- 
stiffened  panels  for  which  the  corrugations  of  the  stiffening  under¬ 
surface  were  oriented  normal  to  flow  direction,  fbr  the  corrugation- 
stiffened  panels  the  determination  of  an  effective  thickness  and  width 
(effective  in  a  structural  sense  as  explained  in  reference  39)  permits 
a  logical  inclusion  of  both  types  of  panels  on  one  plot.  The  upper 
envelope  boundary  specifies  the  thickness  required  to  prevent  flutter 
under  the  severest  combination  of  test  conditions  for  a  given  ratio 
of  l/v.  It  is  to  be  noted,  however,  that  swept  or  yawed  panels  appear 
to  recpiire  farther  study  (ref.  Hi).  Although  the  criterion  type  of 
plot  is  very  useful  for  initial  design  studies,  many  refinements  In 
the  data  will  be  required  to  assure  allowable  weight  savings. 

The  condition  under  which  panels  seem  to  be  generally  most  sus¬ 
ceptible  to  a  flutter  instability  is  for  the  panel  to  be  nearly  or 
marginally  buckled  by  a  compressive  edge  loading.  A  common  way  for  a 
panel  to  become  buckled  is  by  thermal  expansion  induced  by  aerodynamic 
heating.  Some  of  the  recent  work  in  the  Langley  thermal  structures 
tunnel  has  investigated  the  effect  of  transient  heating  on  panel  flut¬ 
ter.  The  interesting  phenomenon  has  been  observed  that  not  only  can 
a  panel  start  fluttering  as  it  is  gradually  heated  by  the  airflow, 
but  it  can  also  stop  and  become  stable  again  in  a  buckled  condition, 
though  the  dynamic  pressure  and  stagnation  temperature  of  the  airflow 
are  held  constant.  Some  experimental  results  of  ’’start-stop"  flutter 
are  presented  in  references  39  and  Ho,  and  some  of  the  data  from  the 
latter  are  shown  in  figure  1$. 

The  figure  shows  results  obtained  on  a  flat  aluminum-alloy  panel 
which  was  divided  by  heavy  stringers  into  bays,  each  of  which  had  a 
length -to -width  ratio  of  10,  The  ordinate  is  the  same  as  that  of  the 
previous  figure.  The  abscissa  is  a  measure  of  thermal  stress  and  in¬ 
volves  the  coeffic-*eirt  a  of  thermal  expansion,  the  amount  of  tem¬ 
perature  increase  AT  of  the  center  of  a  panel  bay  measured  from  the 
beginning  of  the  test  run,  and  the  thickness  to  width  ratio  t/w. 

The  plot  shows  for  a  large  nunijer  of  experimental  tests,  the  start  of 
flutter  by  the  open  circles  and  the  cessation  of  flutter  by  the  solid 
circles.  A  line  has  been  faired  through  the  experiments.  A  test 
time  history  that  would  exemplify  many  of  the  tests  woxild  be  a 
straight  horizontal  line  across  the  plot  passing  from  the  stable, 
flat-panel  region,  through  the  flutter  region,  and  emerging  into  the 
stable  buckled-panel  region. 
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nil  seeking  a  theoretical  explanation  of  the  start-stop  flutter 
phenomenon  involving  buckling,  it  is  of  interest  to  examine  the  stabil¬ 
ity  of  buckled  panels.  For  two-dimensional  panels  such  a  theoretical 
analysis  was  made  by  Fung  in  reference  kZ  for  simply  supported  panels, 
and  by  Eisley  in  reference  U3  for  clamped-edge  panels  which  are  buckled 
by  midplane  compression  loading.  (Also,  see  discnssion  in  reference  iUi. ) 

Some  theoretical  results  are  shown  in  figure  16  for  isotropic 
square  panels  which  are  flat  when  unstressed.  ( These  results  are  from 
yet  unpublished  work  by  R.  W.  Frali.ch  of  Langley  Research  Center  for 
rectangular  panels.)  The  edges  of  the  panel  are  simply  supported  but 
are  rigidly  restrained  from  expanding  outward  as  the  panel  heats  up. 

The  heating  is  assumed  to  yield  a  ttniformly  distributed  temperature 
increase  AT?  the  assumed  edge  restraint  is  associated  with  the  compres¬ 
sive  edge  loadings  and  P^.  The  ordinate  Q,  found  convenient  by 

several  previous  investigators,  is  proportional  to  the  cube  of  the 
inverse  of  the  or  linate  of  the  previous  figure,  but  also  includes  the 
Poisson-ratio  function  (1  -'*?^).  For  the  abscissa  Fralich  has  used  a 
parameter  that  is  proportional  to  the  amount  by  which  the  panel  would 
expand  due  to  AT,  if  it  were  free  to  do  so  (rather  than  the  buckle 
height  used  by  some  previous  investigators). 

The  figure  applies  to  an  initially  unstressed  panel,  that  is, 

P^  =  P_  »  0  when  AT  =  0.  The  dashed  cinrve  rising  from  the  horizontal 
X  y 

axis  separates  the  region  on  the  left  where  the  panel  is  flat  and  stable, 
from  the  region  on  the  right  where  the  panel  is  stable  in  its  primary 
buckling  mode.  Above  the  solid  curves  is  the  flutter  region.  The 
right-hand  portion  of  the  solid-line  boundary  was  obtained  on  the  basis 
of  the  von  Karm&i  large -deflection  plate  theory  and  linearized  static 
aerodynamic  strip  theory.  A  Galerkin  modal  solution  was  employed  which 
made  use  of  the  first  ti»o  static  buckled  modes.  The  left-hand  solid¬ 
line  boundary  was  obtained  on  the  basis  of  small-deflection  theory  and 
using  the  first  two  vibration  inodes  of  the  flat  panel  in  a  prebuckling 
condition. 

Tlie  flutter  boundaries  on  figui'e  16  nay  provide  an  explanation  of 
the  "start-stop"  flutter  phenomenon  that  has  been  found  experimentally. 

A  possible  panel  time-history  for  which  the  dynamic  pressure  q  is 
constant  and  for  which  AT  increases  is  shown  by  the  horizontal  dotted 
line  ABCD.  Between  points  A  and  B  the  plate  is  unbuckled  and 
dynamically  stable.  From  B  to  C  it  flutters.  At  C  the  plate 
stops  fluttering  and  becomes  stable  In  its  first  buckling  mode,  and 
the  depth  of  the  buckle  continues  to  increase  toward  D.  It  is  also 
of  interest  that  Fralich  has  found  uhat  the  slope  of  the  right-hand 
portion  of  the  flutter  boundary  can  be  increased  or  decreased  by  varying 
the  initial  edge  compressive  loadings  and  P  independently. 
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Figure  l6.-  Flutter  boundary  for  a  simply  supported  sqxxare  plate  with  a  uniform 

temperature  increase. 


The  indications  are  that  panel  flatter  will  continne  to  be  an  im¬ 
portant  area  for  theoretical  and  experimental  work,  and  one  in  which 
the  thermal  effects  need  careful  resolution.  Moreover,  the  closely 
associated  phenomena  of  structural  response  to  aerodynamic  noise  and 
buffeting  for  lightly  damped  panels  or  shells  are  also  in  the  picture 
and  need  additional  resolution. 


AfROTHERMOEUSTIC  RESEARCH  FACILITIES 


There  are  few  facilities  that  are  suitable  for  experimental  re¬ 
search  on  combined  dynamic  aerothermoelastic  problems.  The  requirements 
are  very  severe  for  a  facility  that  will  produce  the  correct  aerodynamic 
forces,  aerotherraal  input,  and  provide  sufficient  range  in  dynamic 
pressxires  with  adequate  running  times.  It  was  laentioned  earlier  that 
correct  scaling  of  model  tests  for  all  the  significant  parameters  is 
possible  only  at  a  scale  factor  of  1.0.  Thus,  a  full-scale  test  is 
generally  desirable  but  obviously  requires  a  very  large  wind  tunnel, 
even  for  component  testing.  For  most  wind  tunnels  scale  factors  stxb- 
stantially  different  from  1.0  must  be  used,  and  it  is  necessary  that 
the  scaling  laws  for  one  or  more  of  the  significant  parameters  be  com¬ 
promised.  judicious  selection  of  parameters  and  test  procedures  combined 
with  analytical  approaches,  however,  permit  extrapolation  to  full-scale 
values  with  some  degree  of  confidence. 


With  such  a  combined  approach  in  mind,  it  is  evident  that  a  facil¬ 
ity  is  tiseful  even  if  it  is  capable  of  successfully  isolating  the  effect 
of  only  a  few  parameters.  For  example,  the  heat  input,  can  be  evaluated 
with  a  rigid  model  in  a  facility  wMch  achieves  only  the  correct  heat 
transfer  characteristics;  that  is,  with  reference  to  figure  2  the  aero- 
thermal  interaction  line  is  sttidied.  With  the  correct  heat  load 

determined,  the  change  in  structural  properties  can  be  evaluated  by 
analysis  or  by  a  static  heat  test  on  a  full-scale  component  or  scaled 
model.  Thus,  the  thermoelastic  interaction  line  (H)  @  of  figure  2  is 
considered.  Finally,  a  wind-txumel  facility  can  be  employed  which  cor¬ 
rectly  simulates  only  the  aerod3mamic  inputs  for  testing  a  nunfoer  of 
dynamic  models  scaled  structur^ly  to  represent  different  critical 
conditions  of  temperature  and  dynamic  pressure.  In  tills  way,  th«  aeru- 
thermoelastic  tetrahedron  of  figure  2  can  be  brought  into  the  doiaain 
of  the  aeroelastic  triangle  @ (1) (I) . 


Several  facilities  will  be  briefly  mentioned  that  have  contributed 
to  the  solution  of  dynamic  aerothermoelastic  problems.  The  dynamic 
pressure-Mach  number  range  of  wind  tunnels  frequently  used  for  aero- 
elastie  testing  at  Langley  are  shown  on  figure  17.  It  is  emphasized 
that  this  list  is  not  complete,  as  no  attempt  has  been  made  to  include 
herein  other  available  wind  tunnels  or  shock  tube  facilities.  Also 
shown  here  are  nominal  boundaries  for  several  launch  vehicles.  The 
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Figvire  17*-  I^Tiamic  pressure  Macn  number  ranges  for  "chree  NASA- Langley 
wind  tunnels  -useful  for  aerothermoelastic  research. 


9-  by  l8-inch  supersonic  aeroelasticity  tunnel  (SAT)  operates  at  ambient 
stagnation  temperature  and  is  used  for  evaluating  aerodynamic  inputs  and 
for  testing  aeroelastic  models.  Althoxigh  ambient  stagnation  temperatures 
are  used,  some  effects  of  transient  heating  have  been  obtained  in  this 
facility.  The  xmitary  plan  wind  tunnel  (bPWT)  indicated  on  figure  17 
is  basically  an  ambient  temperature  facility  and  is  used  to  evaluate 
aerodynamic  ir^puts  and  aeroelastic  interactions.  However,  it  has  also 
been  used  to  simulate  temperature  effects  in  the  case  of  panel  flutter. 
Figure  18  illustrates  a  panel  flutter  installation.  The  panel  for  the 
test  shown  is  mounted  on  a  splitter  plate  which  removes  the  panel  from 
the  thick  wall  boundary  layer.  For  tests  wherein  temperature  effects 
are  sdmiulated,  the  splitter  plate  assembly  is  reversed,  and  the  panel 
is  heated  by  a  bank  of  quartz  radiative  heat  lamps.  Thus,  certain  tera- 
peratxu*e  effects  are  simulated  without  large  stagnation  temperatures  in 
the  test  medium.  The  thermal  structures  tTinnel  (TST)  indicated  in 
figure  17  attains  stagnation  temperatures  to  660°  F.  The  large  (9-  by 
6-foot)  test  section,  large  dynamiic -pressure  range,  and  manning  times 
of  over  one-half  minute  permit  simtalation  of  aerothermoelastic  effects. 
The  facility  correctly  simulates  the  aerodynamic  and  temperature  con¬ 
ditions  for  M  =  3  flight,  and  is  frequently  used  for  testing  a  wide 
variety  of  full-scale  components.  Figure  19  shows  a  full-scale  vertical 
tail  of  the  X-l5  airplane  installed  in  the  test  section  of  the  thermal 
structures  tunnel.  This  wind  toinnel  is  thus  seen  to  be  an  impo  tant 
research  tool  in  the  field  of  aero  thermo  elasticity,  and  it  plays  a 
special  role  for  supersonic  aircraft  research. 

In  figure  20  are  shown  several  hypersonic  facilities  in  operation 
and  under  construction.  Shock  tunnels,  low-dynamic-pressure  facilities 
and  wind  tomnels  with  very  short  running  times  are  not  included  on  this 
figure,  although  these  facilities  are  required  to  study  aerothermal 
aspects.  The  solid  bars  indicate  facilities  in  operation  that  are  tised 
for  aeroelastic ity  tests  while  the  open  bars  represent  facilities  under 
construction  that  will  contribute  to  the  solution  of  aerothermoelastic 
problems.  The  wind  tunnels  shown  fall  into  two  classes,  those  for 
study  of  aeroelastic ity  problems  and  those  for  conduct  of  aerothermal 
research.  Also  shown  are  approximate  boundaries  for  an  anti-missile 
and  for  a  lunar  reenbry  vehicle.  The  facilities  are  seen  to  provide 
a  good  degree  of  coverage  of  dynamic  pressure  and  Mach  numbers  for  the 
trajectories  shown. 

There  are  other  facilities,  notably  the  wind  tunnels  at  Tullahoma 
that  simulate  high  temperatures  and  Mach  numbers  and  are  large  enough 
to  conduct  tests  of  full-scale  components.  A  flight  test  bed  has  also 
been  proposed  whereby  a  missile  reentry  nose  cone  of  a  large  booster 
will  be  fitted  with  models  to  study  aerodynamic  forces,  heat  transfer, 
and  aerothermoelastic  ity  phenomena  at  reentry  Mach  nunbers  and  tender 
very  high  heating  rates.  Scaled  models  must  be  used,  hence  complete 
aerothermoelastic  simulation  is  not  achieved.  Such  tests  are  very 
expensive. 
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Figure  20.-  Characteristic:;  of  several  NASA-Langley  hypersonic  facilities,  in  operation  and 
under  construction,  usefxil  for  aerothermoelastic  research.  HAD  -  hypersonic  aerothermal 
dynamics  facility;  HAT  ~  hypersonic  aeroelasticity  tunnel;  HTST  -  high-temperature  structures 
tunnel;  CFHT  -  continuo'rs-flow  hypersonic  tunnel. 


It  is  th\is  seen  that  facilities  are  available  for  aeroelastic  re¬ 
search  over  the  Mach  number  range  of  significance,  but  the  combined 
test  facilities  which  include  thermal  effects  are  restricted  to  the 
wediuM  supersonic  range.  At  higher  Mach  nunbers  the  aeroelastic  and 
themoelastic  contributions  are  generally  studied  separately  although 
some  partial  simulation  is  possible. 

CONCUIDIMQ  REMARKS 

The  foregoing  brief  survey  of  developments  in  aerothermoelasticity 
has  intentionally  been  partly  general  and  also  partly  specific.  The 
interrelationship  of  the  various  technological  disciplines  has  been 
stressed  and  ilJLustrated  by  several  applications.  There  are  both  purely 
scientific  aspects  aimed  at  prediction  and  understanding,  and  engineer¬ 
ing  or  technological  aspects  aimed  at  simplified  criteria,  reliability, 
safety,  and  structural  efficiency  and  integrity.  Doth  aspects  naturally 
interact  and  in  research  there  is  the  need  to  pursue  them  both^  on  the 
one  hand,  with  simple  laboratory  models,  with  analysis,  and  controlled 
experiments;  on  the  other  hand,  with  specific  component  testing,  with 
environmental  studies  and  with  large-scale  facilities.  The  aero thermo¬ 
elastic  field  will  clearly  continue  to  offer  problems  and  challenges 
for  many  years  to  come  for  both  science  and  technology. 

In  closing,  the  kind  assistance  of  A.  G.  Rainey,  D.  J.  Martin,  and 
of  Miss  Vera  Huckel  in  the  preparation  of  material  and  figures  for  some 
of  the  sections  is  acknowledged. 
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ABSTRACT 


A  synthesis  of  the  foreign  unclassified  literature  in  Aerothermo- 
elasticity  is  presented.  The  field  of  Aerothermoelasticity  is  classified 
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PROCaiESS  IN  AEROTHERl^jELASTICITY  OUTSIDE  THE  UNITED  STATES 


INTRODUCTION 

Aerothermoelasticity  is  a  young  science.  As  such,  the  interpreta¬ 
tion  of  its  content  and  purpose  and  of  its  subdivisionil  branches 
varies  somewhat  from  country  to  country. 

To  achieve  a  uniform  understanding,  or,  as  the  mathematicians 
would  say  "to  normalize  the  meaning",  a  brief  review  and  a  statement 
of  definitions  is  important. 

Consider  a  solid  body  moving  in  a  uniform  con^ressible  fluid.  If 
this  body  be  considered  rigid,  the  study  of  the  interaction  between 
the  fluid  and  the  solid  constitutes  the  science  of  classical  Aerodynamics. 

This  science,  which  yielded  satisfactory  results  in  the  early  days 
of  aircraft  design,  is  based  upon  an  assumption  which  is  only  partially 
valid.  As  in  all  things  scientific,  design  predictions  are  based  upon 
a  "model"  or  "models"  which  the  scientist  attempts  to  cast  as  closely 
as  possible  in  "dlierence  to  nature.  Soon  after  the  establishment  of 
any  model,  the  state  of  the  art  pushes  onward  and  one  finds  that  the 
model  becomes  progressively  less  adequate.  Thus  the  model  is  successively 
refined  and  each  major  refinement  leads  to  a  more  comprehensive  re¬ 
formulation  of  the  science  employing  a  new  model  which  encompasses 
the  last  one  as  a  special  case.  This  evolutionary  process  stems 
basically  from  the  inability  of  the  humen  mind  to  visualize  at  once 
all  the  variables  and  their  potential  relationships.  This  process  is 
typical  of  the  evolution  of  early  aerodynamics  into  aerothermoelasticity. 
The  first  step  in  the  evolution  came  about  with  the  discovery  of  the 
phenomena  of  divergence  and  later  flutter.  This  led  to  the  realization 
that,  in  practice,  solid  bodies,  and  particularly  airframes,  cannot  be 
considered  rigid  but  rather  must  be  viewed  as  elastic,  meaning  that 
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they  are  endowed  with  the  property  o£  deforming  under  the  loads  caused 
by  the  fluid.  More  generally,  elasticity  in^jlies  capability  of  storing 
energy.  The  interaction  of  a  solid  body  considered  elastic,  with  a 
fluid  forms  the  domain  of  Static  Aeroelasticity;  which  deals  with  the 
deformations  and  induced  stresses  in  elastic  structures  interacting 
with  a  moving  fluid. 

As  the  speed  of  aircraft  has  increased,  aeroelastic  considerations 
have  assumed  increasing  importance  in  the  design  of  airframes.  In  fact, 
today  they  impose  very  significant  design  bounds  on  the  structural 
analyst. 

In  addition  to  elasticity,  real  bodies  in  motion  possess  the 
property  of  inertia,  wliich  provides  another  form  of  energy  storage. 

The  interaction  between  inertia  and  elasticity  gives  rise  to  a  class 
of  phenomena  which  forma  the  realm  of  a  rather  specialized  branch  of 
technology  dealing  with  vibrations. 

The  interaction  between  a  structure  possessing  elasticity  ajid 
inertia  and  a  moving  fluid  constitutes  the  domain  of  Dynamic  Aero¬ 
elasticity.  which  includes;  the  transient  response  of  structures 
to  gusts  and  other  non-uniform  perturbations  in  the  fluid  (buffeting) ; 
the  response  of  the  structure  to  the  unsteady  motion  of  the  fluid 
(flutter) .  In  some  ways,  dynamic  aeroelasticity  is  analogous  to  the 
transient  response  of  circuits,  familiar  to  the  electrical  engineer. 

The  models  corresponding  to  the  definitions  above  have  proven 
adequate  for  xhe  design  of  high-performance  structures  up  to  speeds 
in  the  moderate  supersonic  region.  As  speeds  increase  beyond  Mach  3 
or  5,  the  passage  of  the  structure  through  the  fluid  causes  an 
appreciable  temperature  increase  within  the  fluid  due  to  molecular 
impact  and  viscous  friction  effects.  This  temperature  increase 
in  the  gas  stream  transfers  heat  to  the  structure  and  causes  a 
new  series  of  phenomena,  to  wit; 

I*  Deformation  of  the  structure,  caused  either  by  uniform 
temperature  increases  acting  on  restrained  structures, 
dissimilar  materials,  or  by  temperature  gradients 
across  the  structure. 

Changes  in  the  elastic  moduli  of  the  materials 
con^irising  the  structure.  These  affect  the  vibrational, 
deflectional^ and  stress-strain  characteristics  of  the 
structure. 
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3»  Changes  in  the  stress  characteristics.  These  affect 
the  yield  point  and  therefore  the  integrity  of  the 
structure. 

h-  Changes  in  the  properties  of  the  fluid  itself.  Up  to 
the  lower  hypersonic  velocities,  these  changes  occur 
primarily  in  the  parameters  of  density,  viscosity,  and 
thermodynamical  properties  of  the  fluid. 

The  study  of  the  behavior  of  an  elastic  structure  under  the 
i’..fluence  of  heat  constitutes  the  domain  of  Thermoelasticity.  The 
motion  of  an  elastic,  inertial  structure  through  a  fluid  at  sufficiently 
high  speeds  to  generate  important  thermal  effects  forms  the  domain  of 
Aerothermoelasticity.  As  aeroelastic  considerations  have  been  a 
dominant  factor  in  the  design  of  modern  high  speed  airframes,,  it  is 
likely  that  aerothermoelastic  considerations  may  assume  increasing 
importance  as  we  enter  the  hypersonic  era. 


As  speeds  increase  towards  the  Mach  25  region  (Aerospace  plane  et 
similia)  the  tenperature  rises  to  a  point  where  substantial  ionization 
of  tne  fluid  may  occur.  A  mixture  of  fluid  and  plasma  may  surround 
the  moving  structure.  When  the  plasma  effects  become  appreciable  or 
can  be  utilized  for  specific  purposes,  can  a  new  branch  of  the  science 
be  expected  to  arise:  Aerothermomagnetoelasticity? 

The  research  effort  in  Aerothermoelasticity  has  concerned  itself 
with  fluids  closely  resembling  the  conposition  of  the  earth’s 
atmosphere.  The  advent  of  planetary  exploration  in  depth  will 
require  extending  our  model  to  fluids  of  radically  different  composition 
such  as  can  be  anticipated  for  Venus  and  eventually  for  the  giant 
planets.  These  investigations  will  probably  give  rise  to  anotner 
branch  of  the  science;  Planetary  Atmothermo (magneto) elasticity,  which 
can  be  expected  to  acquire  significant  importance  when  the  go-and-return 
interplanetary  vehicle  becomes  reality.  This  vehicle  will  have  to 
withstand  the  environment  of  different  atmospheres  and  must  be 
designed  accordingly.  Table  I  recapitulates  these  definitions. 

Aerothermoelasticity  is  fundamental  to  the  design  of  all  high 
performance  vehicles,  whether  US  or  foreign,  which  move  through  the 
atmosphere,  from  supersonic  transports  to  glide  re-entry  vehicles. 

It  should  be  noted  in  passing,  that  the  full  exploitation  of  this 
branch  of  science  is  iiifjortant  only  if  advanced,  efficient  designs 
are  sought.  Because  of  present  propulsive  power  limitations, 
efficient  structural  designs  are  essential  eind  thus  an  appreciable 
period  of  growth  can  be  forecast  for  this  science. 


TABLE  I 


DEFINiriOl'TB  AI'JD  MODELS  IN  ALRCTHERMOLLASTICITY 


DISCIPUNE 

MODEL 

FLUID 

STRUCTURE 

AERODYNAMICS 

Cold  (air) 

Rigid 

STATIC  AEROEIASTICITY 

Cold  (air) 

Elastic 

dynamic  AEROEIASTICITY 

Cold  (air) 

Elastic- 

inertial 

aerothehviodynamics 

Hot  (air) 

Rigid 

THEH-IOEIASTICITY 

- 

Elastic-hot 

AEROTHERMOEUSTIC ITY 

Hot  (air) 

Elastic-hot 

inertial 

AEROTHERMOMAGNETOElASTICITY 

Plasma-air 

Elastic-hot 

inertial 

ATMCTHEH»IO(MAGNETO)ElASTICrfY 

Plasma-planetary 

atmosphere 

Elastic-hot 

inertial 

For  purposes  of  orientation^  the  principal  trends  in  the  United 
States  which  today  underlie  aerothermoelastic  design  and  experimenta¬ 
tion  ore  briefly  revie\red.  The  dominant  theme  in  the  field,  as 
far  as  design  is  concerned,  is  to  divide  the  total  analysis  into 
separate  investigations  of  the  aeroelastic  and  the  aerothermal 
behavior  of  the  structure.  The  results  achieved  by  the  two  concurrent 
methods  are  then  matched  by  successively  converging  approximations 
until  the  total  design  results. 

Modern  advanced  research  efforts  consist  of  attempting  to 
recognize  when  the  aeroelastic  and  the  aerothermal  problems  can 
be  vincoupr  ad  and  when  the  uncoupling  is  not  sufficiently  realistic 
for  the  purpose  at  hand. 

In  general,  the  approaches  used  in  the  US  today  are  primarily 
semi -empirical  in  nature,  meaning  that  they  serve  as  design  confiimia- 
tion.  No  comprehensive  synthesis  approach,  from  which  the  structure 
can  be  designed  directly  from  knowledge  of  the  problem,  is  as  yet 
available. 


ELEl-IENTS  OF  AEROTHERl-DELASTICITy 

The  principal  subdivisions  of  Aerotherraoelasticity  and  the 
desifin  tools  currently  empl  yed  in  each  ore: 

A.  Tiieoretical  Tods 


1.  Aeroelasticity 


a.  Static  aeroelasticity 

(l)  Structural  divergence 


Concerns  itself  with  the  determination  of 
elastic  structural  deflections  caused  by  the 
fluid  flow.  Its  purpose  is  '•/ne  elimination 
deflections,  such  as  may  cause  control  reversal 
or  structural  failure. 

(2)  Stress  analysis 


Concerns  itself  vrith  the  determination  of 
safety  limits.  Its  purpose  is  to  ensure  the 
structural  integrity  of  the  vehicle. 

Tne  principal  theoretical  and  design  tools 
employed  in  static  aeroelasticity  are: 
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(a)  Tabulation  schemes  employing  numerical 
computation . 

(b)  Methods  based  upon  structural  influence 
coefficients,  employing  numerical  computation. 
The  influence  coefficients  are  either  measured 
experimentally  or  calculated. 

(c)  Methods  based  upon  aerodynamic  influence 
coefficients,  either  measured  or  calculated. 
These  methods  are  applied  via  numerical 
computations . 

(d)  Modal  methods  which  are  partially  numerical 
and  partially  analj^tical. 

(e)  Closed  form  mathematical  analysis. 

(3)  Static  stability  and  control 

Concerns  itself  with  the  interaction  between  the 
airstream  and  the  vehicle  considered  as  a  system. 
The  principal  tools  employed  here,  in  addition 
to  static  ae  oelasticity,  are  those  of  aerodynamic 
equilibrium  of  forces  and  moments. 

Of  these,  preferred  today  in  the  United  States  arc 
the  numerical  methods  in  which  the  structure  is 
subdivided  into  boxes  or  volume  quanta,  with 
the  inputs  also  quantized,  and  with  the  computation 
performed  on  computing  machines. 

b.  Dynamic  aeroelasticity 


(1)  Steady  state  stability  (flutter) 

Concerns  itself  with  the  determi  nnt.i  on  of  the 
critical  speed  and/or  critical  structural 
parameters  which  give  rise  to  a  djaiamic  aeroelastic 
condition  vrherein  the  flexible  airframe  interacts 
vrith  the  airstream  to  cause  a  sustained  oscilla¬ 
tion  which  may  grow  to  destructive  amplitude. 

At  present,  no  attempt  is  made  to  control  this. 

Its  effects  are  avoided  by  placing  the  speed  at 
which  flutter  occurs  above  the  maximum  design 
speed  of  the  vehicle. 
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Concerns  itself  with  determining  transient  loads 
and  stresses  resulting  from  the  application  of 
forces  such  as  \d.nd  gusts^  or  from  accelerations 
of  the  vehicle. 

Both  peak  and  fatigue  stresses  are  of  interest. 

As  discussed  before,  flutter  analysis  can  be 
considered  a  special  case  of  the  total  transient 
behavior,  although  for  practical  reasons  it  is 
emphasized  separately. 

Tlie  basic  theoretical  design  tools  employed  in 
dynamic  aeroelasticity  are  the  following: 

(a)  Flutter  analysis,  which  employs  analj-tical 
vibration  theory  in  conjunction  with 
aerodynamic  theory. 

(b)  Modal  methods,  employing  time -dependent  forcing 
functions . 

(c)  Numerical  tabulation  schemes.  Paramount  under 
these  is  the  total  unified  approach  in  which 
the  influence  coefficients  and  tabulation 
schemes  of  static  aeroelasticity  are  used  ^rilth 
the  addition  of  inertial  terras. 

(3)  D^Tiamic  stability  and  control  including  autopilot 

Concerns  itself  with  the  djTiaraic  control  problem 
of  the  vehicle.  Principal  theoretical  tools  are 
servo  analysis  and  linear  and  non  linear  control 
system  synthesis. 

2 .  Aerothermodynamics 

a .  Fluid  d5'namics 

Investigates  the  energy  content  in  the  fluid  stream  under 
dynamic  conditions.  For  our  problem,  the  energy  content 
in  the  fluid  layers  adjacent  to  the  body  is  controlling. 
For  flows  without  such  an  adjacent  layer  (e.g.  free- 
molecule  flow),  the  direct  transfer  of  energy  to  the 
structure  due  to  molecular  motion  may  be  used. 
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The  principal  theoretical  tools  are: 


(l)  Tne  Navier-Stokes  equations  and  various 
corollaries  and  siiaplifi cations  thereof. 

{2)  Tlie  momentum  transfer  equations,  and 
co3J.aries  and  simplifications  thereof. 

(3)  Numerical  methods  derived  from  the  analj'tical 
tools  above. 

Heat  transfer 

Is  concerned  with  the  transfer  of  heat  from  the  fluid 
to  the  structure  and  with  the  flow  of  heat  and  the 
distribution  of  temperature  ^athin  the  structure. 

The  principal  theoretical  tool  is  heat  transfer  theory 
and  various  numerical  methods  derived  therefrom. 

Aerothermochemistry 


Is  concerned  with  the  chemical  changes  in  the  fluid 
caused  by  temperature  and  their  effects  upon  the 
properties  of  the  fluid.  Included  in  this  category 
are  also  investigations  of  the  changes  in  physico¬ 
chemical  properties  of  the  material  composing  the 
structure,  xrhich  cause  such  phenomena  as  sputtering, 
oxidation  and  ablation. 

The  basic  tool  of  this  science  is  physical  chemistry. 

Thermoela  sti city 

a .  Effect  of  heat  upon  properties  of  materials 


Concerns  the  changes  in  elastic  properties  of 
i:iu uex'luls ,  such  as  ucgradaticn  of  Young's  moduli 
change  of  yield  point,  etc.  caused  by  heat. 

b.  Tliermostress  analysis 


Investigates  the  behavior  of  structures  under  the 
simultaneous  occurrence  of  thermal  loads  and 
structural  loads. 
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The  principal  tools  employed  to  study  the  effects  of 
elevated  temperatures  upon  the  properties  of  materials  are 
yet  experimental.  With  additaonal  progress  in  the  science 
of  solid  state  physics,  analytical  tools  for  accurate 
prediction  of  thermoelastic  changes  should  come  to  the 
foreground , 

4.  Aerothermoela  sticity 

Is  concerned  with  the  total  interaction  of  the  environment 
and  the  structure.  11b  object  is  the  design  prediction  of 
structural  performance  under  the  simultaneous  application  of 
airloads  and  thermal  loads.  Its  theoretical  and  design  tools 
are  as  yet  confined  to  the  verification  by  successive 
approximations  of  the  results  achieved  by  the  aeroelastic, 
aerothermodynamic,  and  thermoelastic  analyses. 

The  theoretical  design  tools  ore  recapitxilated  in  Table  II. 

B.  Experimental  Tools 


Experimental  tools  are  of  major  importance  in  the  substantiation 
of  design  criteria  and  in  the  verification  of  structures  in  the 
aeroelastic  and  aerothermoela stic  regime. 

These  are: 

1.  Ground  tests 


a .  Ground  vibration  resonance  survey 

Performed  upon  the  full-scale  vehicle,  suspended  in 
simulated  flight  conditions,  by  means  of  special 
vibrating  units  and  special  transducers. 

b.  Static  tests 

Performed  by  applying  static  forces  to  the  full-scale 
structure,  and  measuring  corresponding  deflections. 
Thermal  effects  are  produced  by  means  of  heat  lamps, 
heat  blankets,  etc. 

2.  In-flight  tests 


a . 


Stick-bang,  rudder-kick,  e^p>losive  charge  techniques 


TABLE  II 


THEORETICAL  DESIGN  TOOIS  IN  AEROTffiJRMOElASTICITY 


DISCIPLINE  THEORETICAL  DESIGN  TOOIS 

STATIC  AEROEIASTICITY  Tabulation  schemes 

Structural  influence  coefficients 
Aerodynamic  influence  coefficients 
Modal  methods 
Closed  form  analysis 

DYNAMIC  AFBOEIASTICrrY  Flutter  analysis 

Modal  methods 

Unified  numerical  approach 
Serve  analysis 

AEROTHERMODYNAMICS 

Fluid  Dynamics  Navier-Stokes  equations  and  corollaries 

Momentum  transfer  equations  and 

corollaries 
Numerical  methods 

Heat  Transfer  Thermodynamic  theory 

Aerothermochemistry  Physical  chemistry 

THERMOEIASTICITY  Experimental 

Solid  state  physics 
Statics 

AER0THERf40EIASl ICITY  Successive  checks  from  aeroelastic, 

thermcelastic ,  and  aerothermodynamic 
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/irtificial  perturbations  to  the  control  surfaces 
applied  by  man  or  by  mechanical  programmers.  They 
ore  generally  useful  only  if  a  previous  theoretical 
analysis  has  been  performed. 

b.  Steady-state  excitation  techniques 

Performed  either  by  causing  periodic  control 
modulation  or  by  vibrating  the  entire  structure 
by  means  of  a  vibration  exciter. 

Tile  measurement  technqiue  consists  of  noting  the 
decay  rates  and  frequency  changes. 

c.  Liipulsive  testing 

\7ith  impulsive  testing,  the  structure  is  excited  by 
ballistic  devices  (such  os  rotating  rockets  on  the 
wing  tips).  Measurement  is  performed  by  noting 
characteristic  frequency  changes  and  mode  decoys. 

In-flight  testing  is  inherently  dangerous  and  safety 
measures  such  as  controllable  mass  changes  during  flight 
ore  sought  to  assure  safety. 

2 •  Model  testing 

2 •  Wind  tunnels 

Useful  for  correlations  between  models  and  full-size 
structures. 

b .  Free-fall  model  testing 

c.  Rocket-power  model  testing 


Can  be  applied  in  two  distinct  modes: 

(1)  With  ground  sleds 

(2)  V/ith  rocket  boosters. 


Tne  e:roerimental  tools  currently  employed  are  recapitulated 
in  Table  III. 


TABLE  III 


EXPERH-CiNrAL  TOOLS  IN  AEROTHEEMOELASTICITY 


GROUND  TESIS 

Vibration  resonance  survey 
Static  testa 
flight  TESTS 

Stick-bang  technique 
Steady-state  excitation 
Impulsive  testing 

MODEL  TESTS 

Wind  txinnel 
Free  fall 

Rocket  power,  by  ground  sled  or  by  rocket  boost 
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PHASES  OF  TECHNOLOGICAL  ACTIVITY 

At  tills  point  it  is  well  to  regain  our  perspective.  In  the 
remainder  of  this  paper  an  attempt  lall  be  made  to  estxmate  the 
adequacy  of  the  current  understanding  of,  and  applications  of, 
Aerothermoelasticity  to  the  design  of  efficient,  high-performance 
airframes j  either  on  the  board  today  or  projected  for  the  foreseeable 
future. 

From  tne  perspective  of  practical  engineering  design  of  a 
structure,  the  state-of-the-art  in  the  U.S.  and  the  Free  World 
vis-a  vis  that  of  the  U.S.S.R.  and  of  the  Communist  World  will  be 
compared.  Possible  gaps  in  our  state-of-the-rrt  will  be  indicated 
and  methods  hopefully  will  be  suggested  for  swinging  the  balance  of 
technology  in  our  favor. 

It  is  difficult  at  best  to  assess  the  state-of-the-art  in 
structural  design  as  it  is  actually  practiced  by  only  reviewing  and 
analyzing  published  literature.  The  reasons  for  this  are  to  be 
found  in  the  manner  in  which  practical  structural  design  is 
performed. 

Following  are  the  basic  steps  which  bridge  the  gap  from  initial 
conception  to  final  embodiment  of  any  high-performance  structure. 

1.  Establishment,  of  the  Mathematical  Model 

The  first  step  after  the  structure  has  been  visualized  is 
the  construction  of  a  .implified  mathematical  model,  which 
is  generally  a  degenerated  form  of  the  equations  of  classical 
mathematical  physics  so  chosen  as  to  include  no  more  and  no 
less  than  the  phenomena  of  importance  in  tne  problem  under 
consideration. 

2.  Experimental  Lata 

These  may  be  required  before  the  model  can  be  convicted.  In 
particular,  experimental  data  supply  necessary  information  on 
properties  of  materials  and  constitute  useful  guides  in 
deciding  wnat  to  include  and  what  to  exclude  in  the  categories 
of  magnitude  of  deformation,  shape,  motion,  and  loading. 

3.  Solution  of  Mathematical  Equations 

Next,  the  attempt  is  made  to  solve  the  degenerate  equations 
wliich  govern  the  selected  model.  These  are  carried  out  if 
possible  with  sufficient  generality  and  also  sufficient 
detail  to  make  possible  an  understanding  of  the  essential 
action  of  the  mathematical  model  and  to  permit  experimental 
testing  of  the  resvlts.  This  phase  often  requires  the 
de-velopment  of  new  mathematical  techniques. 
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Next,  certeiin  critical  experiments  are  performed  to  test 
the  full  adequacy  of  the  mathematical  model  and  the  validity 
of  any  approximations  made  in  the  course  of  the  mathematical 
solution. 


Development  of 


Methods 


In  several  cases  the  problem  cannot  be  handled  by  familiar 
mathematical  methods  but  answers  are  nevertheless  required 
without  delay.  Such  problems  can  often  be  resolved  by 
devising  new  experimental  methods.  A  typical  example  is  the 
extension  of  the  field  of  photo-elasticity  to  three  dimensions, 
and  various  metiiods  of  determining  residual  stresses. 


The  above  five  steps,  which  can  broadly  be  considered  as 
research,  cannot  advance  the  practical  side  of  the  state 
of  the  art  until  their  results  have  been  interpreted  in 
terms  useful  to  the  design  engineer.  This  role  devolves 
upon  the  so-called  methods  engineer  who  absorbs,  digests  and 
integrates  the  results  of  the  research,  and  then  con^iles 
and  promulages  the  "Design  Manual"  which  becomes  the  "Bible" 
to  be  used  by  the  design  engineer. 


7.  Design 


This  is  performed  by  the  "pick  and  shovel"  analysts  via  day-by¬ 
day  detailed  analysis  of  each  and  every  structural  coii5)onent 
of  an  assembly  using  the  design  manual  as  a  guide. 


Empirical  Testing 


Experiments  are  performed  with  the  primary  objective  of  obtaining 
confirmatory  answers  with  highly  valuable  results  for  specific 
-elopment  projects. 


The  op  -'oature  furnishes  information  only  upon  the  first  five 

phases  ..csoeci  above.  Nothing  is  ever  said,  not  even  in  the  U.S., 
about  the  real  key  to  the  structural  design,  namely  the  "design 
manual".  Nay,  even  in  a  free  society  such  as  o’jrs,  design  manuals 
constitute  jealously  guarded  information  proprietary  to  each  industrial 
complex.  Thus,  truly,  it  is  the  methods  engineers  which  are  the 
final  artificers  of  the  state-of-the-art  and  who  constitute,  in  one 
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of  Khrushschev • s  flowery  phrases,  part  of  the  corps  of  "ursung  heroes" 
of  the  State. 

It  appears  clearly  that  evaluating  the  true  practical  state-of- 
the-art  from  the  open  literature  exclusively  is  therefore  like  trying 
to  evaluate  the  size  of  an  iceberg  from  only  visual  observation  of 
that  portion  protruding  above  water. 

Nevertheless,  certain  strategic  indicators  can  be  used.  First  we 
observe  that  by  necessity  research  paces  technological  achievements. 
The  transfer  from  the  results  of  research  to  the  final  embodiment  is 
subject  to  a  delay  which  depends  upon  the  technological  flexibility 
of  the  industrial  machine  and  upon  the  interest  on  the  part  of  the 
end  user. 

For  example,  in  the  U.S.  a  task  force  approach  was  used  in  the 
development  of  the  ballistic  missile.  To  achieve  the  end  result 
quickly,  stringent  restraints  were  in^josed  upon  deviations  from  the 
main  gogil  by  the  scientific  and  technological  community;  so  that, 
for  example,  the  topic  of  aero thermoelasticity,  which  is  possibly  of 
crucial  importance  to  lifting  hypersonic  vehicles,  was  essentially 
ignored,  by  direction,  by  the  technologists  working  on  the  ballistic 
missile.  It  is  interesting  to  note  that  the  task  force  approach 
as  used  by  the  US  in  the  development  of  the  ballistic  missile  is 
closely  anailogous  to  the  method  used  by  the  USSR  in  picking  a  techno¬ 
logical  problem  to  exploit,  and  concentrating  upon  it.  Thus,  it  can 
be  conjectured  that  although  the  USSR  is  very  active  in  fields  such 
as  thermal  stress,  vibrations,  theory  of  thin  shells,  etc.,  they 
may  be  essentially  unprepared  technologically  to  take  advantage 
of  the  potential  benefits  from  these  studies  in  other  fields  of 
hardware  development  which  deviate  from  the  manufacturing  and  develop¬ 
ment  requirements  of  their  current  main  fields. 

One  of  the  strengths  which  arises  from  the  so-called  inefficiency 
of  the  U.  S.  system  is  the  fact  that  many  of  the  "out"  companies  not 
directly  pai-ticipating  at  any  one  moment  in  major  programs  spend 
considerable  in-house  effort  to  devise  ways  and  means  of  providing 
alternate  answers  to  National  technological  problems,  which  in  many 
cases  bring  into  reality  the  results  of  research  not  used  in  programs 
under  way.  Thus,  inherent  in  the  U.S.  system  is  a  healthy  flexi¬ 
bility  which  ultimately  results  in  the  ability  to  take  advantage 
technologically  of  research  results  and  thereby  to  move  rapidly, 
efficiently,  and  surely  into  new  and  effective  military  hardware. 

In  the  USSR  there  exist  no  "out"  companies  or  groups  able  to 
operate  freely.  The  Soviet  emphasis  on  a  completely  planned, 
"wasteless"  environment,  has  within  it  an  inflexibility  which  can 
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cause  long  delays  in  the  embodiment  of  new  technologies,  since  tie 
working  levels  may  not  have  had  occasion  to  acquire  the  know-hcw 
to  fully  exploit  the  new  technology. 

The  research-embodiment  gap  is  recognized  in  the  USSR.  In  this 
context  a  quote  by  the  Russiaji  editor,  I.  M.  Rabinovich,  in  the  intro¬ 
duction  to  a  recent  survey  on  "Structural  Mechanics  in  the  U,  S.  S.R.  - 

1917  to  1957"  is  enlightening: . "An  analysis  of  the  contents . 

will  allow  the  reader  to  observe  the  existence  of  a  reciprocal  influence 

of . technology  (of  the  USSR)  and  structural  mechanics,  the  aid 

which . science  provides  to  technology  as  well  as  the  significance 

. in  formulating  aind  solving  with  success  engineering  problems 

in  our  Country.  In  certain  areas,  structural  mechanics  in  the  USSR 
is  ahead  of  structural  practice .  At  the  same  time,  the  devel¬ 

opment  of  structural  mechanics  lags  in  certain  areas  behind  the 
requirements  of  construction.  . . , , .  This  lag  of  course  is  not  a 
result  of  stagnation  in  science.  On  the  contrary,  in  all  these  areas 

. in  the  USSR  there  is . considerable  and  sometimes  outstanding 

progress. " 

Research^ which  can  thus  be  considered  only  as  a  necessary  but 
not  sufficient  indicator  of  technological  achievement,  is  nevertheless 
a  powerful  index  of  the  relative  strength  of  nations  in  specific  techno¬ 
logical  areas. 

It  should  be  pointed  out  on  the  other  hand  that  once  the  theoretical 
result  is  published,  the  state  of  the  art  for  that  particular  item  is  sub¬ 
stantially  equalized  throughout  the  world,  countering  to  a  great  extent 
any  advantage  in  potential  a  Nation  m.ay  have  acquired  through  its  re¬ 
search  accomplishments. 

Because  research  is  the  root  of  the  technological  tree,  and  since 
it  is  the  most  readily  available  indicator  of  state  of  the  art,  this  paper 
will  concentrate  on  analyzing  the  7‘elative  strengths  of  the  US  and  USSR 
through  the  medium  of  the  published  research,  keeping  in  mind  the 
ability  to  apply  such  knowledge,  as  gleaned  from  the  meager  references 
on  the  state  of  the  art  in  practice. 

WORLD  PROGRESS  IN  AEROTHERMOELASTICITY 

The  principal  national  centers  of  activity  in  Aerothermoeiasticity 
are  shown  in  Table IV,  Since  very  few  papers  directly  concerned  with 


TABLE  IV 


NATIOI'IAL  RANK  IN  AEROTHERMDELASTICITY 
BASED  ON  INTEGRATED  OUTPUT  OF  SCIENTIFIC  PAPERS 

US 

USSR 

UK 

EUROPE:  West  Germany,  France,  Italy,  Sweden,  Austria,  Benelux, 
Spain,  Portugal,  Switzerland 

JAPAN 

EUROPEAN  COMMUNIST  STATES;  Poland,  Hungary,  Rumania,  Czechoslovakia 
OTHERS:  India,  South  America,  China,  Israel 
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Aerotliermoelasticity  could  be  found  in  the  open  literature,  it  was 
decided  to  concentrate  on  looking  into  that  literature  dealing  with 
closely  contributing  outfields,  such  as  aeroelasticity,  viscoelasticity, 
plasticity,  aerothermodynamics,  plate  and  shell  theory,  thernaal 
stresses,  etc. ,  to  form  subjective  opinions  as  to  the  potential 
capabilities  and  interest  of  the  various  nations  in  the  problem. 

The  countries  mentioned  individually  in  Table  IV  are  those  found  to 
be  most  active  in  the  field,  or  in  closely  related  subfields.  The 
group  labeled  "Others"  encompasses  nations  which  publish  sub- 
stamtially  less  than  those  of  the  other  groups. 

If  one  attempts  to  rate  these  national  groups,  the  ranking  order 
shown  in  Table  IV  appears  to  be  approximately  correct.  The  criteria 
used  in  rating  were  output  and  depth  and  originality  of  the  material 
with  weight  given  to  the  surmised  applicability  of  the  published  mater¬ 
ial  to  practical  pending  national  aerospace  problems. 

Several  interesting  differences  appear  in  the  output  of  the  various 
national  groups.  The  published  literature  of  the  USSR  and  r^f  the 
European  Communist  States  deals  almost  exclusively  with  meoretical 
studies  without  mention  of  applications.  For  instance,  in  the  area  of 
hypersonics,  aerodynamics,  and  aerothermodynamics,  these  groups 
concentrate  on  the  theoretical  analysis  of  the  interaction  of  a  fluid 
with  a  large  variety  of  geometrical  shapes,  with  nary  a  word  as  to  the 
ultimate  or  possible  utility  of  these  studies.  By  contrast,  the  U.S. 
and  free  world  literature  is  replete  with  allusions  to  particular  appli¬ 
cations  and  even  with  articles  entirely  devoted  to  applications.  While 
in  the  U.S.  literature  one  reads  frequent  discussions  of  specific  appli¬ 
cations  to  vehicles  such  as  Dyna  Soar,  X-15,  etc.,  and  in  the  Western 
European  literature  one  frequently  finds  discussions  of  thermoelastic 
problems  applied  to  specific  classes  of  airplanes,  this  content  is  almost 
totally  lacking  in  the  Communist  literature.  A  notable  exception  exists 
in  the  case  of  flutter,  in  which  the  Communist  literature  occasionally 
concedes  that  the  theoretical  results  have  applications  to  airplanes 
and  hypersonic  vehicles;  even  here,  however,  no  mention  is  ever  made 
of  specific  vehicles. 

In  attempting  to  understand  the  meaning  of  this  lack  of  practical 
implications  in  the  published  USSR  literature,  and  the  almost  over¬ 
emphasis  on  application  in  the  US  literature,  one  major  difference  be¬ 
tween  the  US  and  the  USSR  methods  of  supporting  and  reporting  research 
must  be  considered.  In  the  USSR,  a  practical  objective  is  dictated 
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somewhere  in  the  highest  echelons  of  planning;  research  to  accomplish 
this  objective  is  then  directed.  Thus,  in  reporting  his  research,  the 
Soviet  scientist  is  under  no  compulsion  (in  fact,  quite  the  contrary)  to 
indicate  the  application  or  implication  of  the  research  in  his  published 
papers. 

In  the  US  on  the  other  hand,  the  research  scientist,  to  get  sup¬ 
port  for  his  ideas,  has  to  appeal  through  the  medium  of  only  published 
literature  to  a  rather  vast  pragmatically  inclined  audience  which  is 
unprepared  for  his  activity:  above  all,  the  Americcin  audience  is  moti¬ 
vated  by  the  desire  to  know  the  end  application  of  the  idea  before 
investing  in  its  support.  Moreover,  since  research  is  a  continuing 
activity,  published  papers  often  reflect  only  a  stepping  stone  to  further 
work  and  implicit  in  these  papers  is  the  plea  for  continued  support 
which  again  is  based  on  pointing  out  possible  and  useful  applications 
of  the  research.  Some  of  our  papers  in  fact  prepare  the  ground  for 
the  support  of  research  by  discussing  only  the  applications  of  specific 
proposed  research  work. 

From  a  practical  viewpoint,  the  objective  of  Aerothermoelasticity 
is  to  predict  with  reasonable  certainty  the  conditions  under  which 
structural  failure  in  a  high  temperature  environment  will  occur.  The 
means  of  prediction  are  mathematical  or  empirical,  and  rest  ultimately 
upon  experiment,  since  we  are  dealing  with  new  forces  and  new  en¬ 
vironments  where  we  cannot  even  bs  sure  of  the  parameters  of  impor¬ 
tance.  For  reasons  of  economy  in  the  long  run,  progress  in  the  field 
of  Aerothermoelasticity  depends  essentially  on  bringing  an  ever-larger 
body  of  physical  phenomena  within  the  range  of  mathematical  treatment. 

The  USSR  and  European  trend  appears  to  be  aimed  at  gaining  a 
basic  understanding  of  the  phenomena  by  means  of  the  more  sophis¬ 
ticated  analytical  tools.  In  the  US,  although  analytical  articles  are 
not  lacking,  the  general  spirit  seems  to  be  aimed  at  achieving  quick 
results,  by  whatever  means  are  available,  towards  hardware  embodi¬ 
ments  satisfying  practical  needs.  One  gets  the  general  impression 
that  Russians  and  Europeans  would  like  to  understand  first,  and  con¬ 
struct  next,  with  maximum  economy;  while  Americans  would  prefer 
to  build  first,  if  at  all  possible,  with  understanding  as  a  secondary 
issue,  almost  in  the  category  of  a  necessary  but  not-too-welcome 
stumbling  block. 


COMPAEISON  BETWEEN  US  AND  USSR 


A  comparison  of  three  typical  fields  contributing  to  Aerothemo- 
elasticity  yields  the  results  in  Table  V, 

From  these  comparisons,  the  following  general  conclusions  caji 
be  drawn: 

1.  The  US  and  USSR  are  about  even  in  state-of-the-art  in  this 
discipline.  However,  the  US  has  the  edge  at  the  moment  if 
it  chooses  to  use  it  because  of  its  more  intensive  use  of 
experimental  research  and  its  greater  flexibility  and 
technological  case  in  application. 

2.  To  fully  exploit  this  labile  edge  requires  substantial  addi¬ 
tional  investment  in  advanced  large  experimental  tools. 

More  specifically.  Table  V  shows  that: 

1.  The  US  is  ahead  in  the  area  of  thermal  response  of  flight 
structures, 

2.  That  although  the  USSR  is  ahead  in  the  theoretical  devel¬ 
opment  of  vibration  theory  and  dynamic  response  of  struc¬ 
tures,  the  US  is  well  ahead  in  applications.  This  can  be 
attributed  in  part  to  our  knowledge  of  Soviet  theory,  coupled 
with  our  practical  interest  in  the  field  and  with  our  resources 
and  skills  in  experimental  facilities. 

3.  The  USSR  is  well  ahead  in  the  theory,  and  probably  in  the 
application  of  thin  wall  structures  since  both  nations  have 
developed  large  aeroballistic  boosters,  with  the  Soviets 
developing  the  capability  of  launching  larger  payloads. 

The  preference  of  the  Soviets  for  analytical  solutions  is  exempli¬ 
fied  in  their  excellent  schools  of  applied  mathematics,  particularly  in 
the  area  of  functional  analysis  (Kantorovich,  Krassoveki),  which  is  a 
compact,  modern  conceptual  tool  for  formulating  mathematico  -physical 
models  in  a  unified  mathematical  framework.  The  pioneering  work  of 
Muskhelishvili  and  his  school  in  continuum  mechanics  as  well  as  the 
excellence  of  men  like  Hovozhilov  (shell  theory  and  non-linear  elasticity). 
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TABLE  V 

COMPARISON  OF  OUTPUT  BETWEEN  US  AND  USSR 
IN  THREE  SUBFIELDS  OF  AEROTHERMDEUS^TICITY 


VIBRATIONS  AND  DYNAMIC  RESPONSE 
OF  STRUCrURES 

1.  Stability  of  motion 

2.  Nonlinear  vibrations 

3.  Experimental  research 

4.  Applications  to  flight  structures 
THERMS  RESPONSE  OF  FLIGHT  STRUCTURES 

1.  Thermal  stress 

2.  Thermal  shock 

3.  Ultrahigh  thermal,  effects 

4.  Creep  and  strength  at  high  temperatures 
'fHIN-WALLED  ST^RUCTURAL  ELEI-EIffS 

1.  Mathematical  foundation 

2.  Thermal  problems 

3.  Layered  shells 

4.  Experimental  research 

5.  Nonlinear  theories  and  effects 

6.  Thin-walled  shafts 

7.  Recent  books  and  monographs 


US 


++ 


++ 


++ 

+ 

++ 


++ 


USSR 

++ 

++ 
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Keldish  (aerodynamics),  Sedov  (similarity  laws),  Ilyushin  (plasticity), 
etc. ,  evidences  the  basic  theoretical  strength  of  the  USSR  for  the  advanced 
design  of  structures  at  elevated  temperatures. 

As  regards  aeroelastic  analysis,  particularly  flutter,  the  trend 
is  projected  in  the  book  by  Zubov:  "The  Methods  of  A.  M.  Liapunov  and 
their  Applications",  ncimely  the  use  of  Liapunovas  Direct  Method  in  the 
framework  of  functional  analysis  for  study  of  the  stability  of  solutions 
of  partial  differential  equations.  It  should  be  noted,  however,  that  the 
direct  stability  theory  is  merely  a  part  of  the  more  general  subject  of 
topological  dynamics.  Recently  U.  S,  scientists  have  obtained  results 
concerning  stability  in  aerodynamics  and  magneto-hydrodynamics  by 
Liapunov's  Direct  Method  aind  have  suggested  consequently  that  the  com¬ 
bination  of  topological  dynamics  and  functional  analysis  would  provide  a 
more  powerful  mathematical  machinery  for  the  solution  of  aerothermo- 
elastic  problems. 

Let  us  mention  in  passing  the  outstanding  work  in  the  Navier- 
Stokes  equations  performed  by  Ladyzhenskaya  and  Kiselev,  and  in 
thermoelastic  equilibrium  theory  by  Lur'e. 

As  an  assist  in  assessing  the  true  aims  of  Soviet  research  re¬ 
gardless  of  official  statements,  the  following  conjecture  is  offered: 
namely,  that  Soviet  scientists  are  under  strong  motivation  to  publish, 
for  reasons  of  scientific  self-expression  and  for  career  advancement. 
However,  work  on  certain  problems  cannot  be  published  as  such; 
therefore,  it  must  be  published  as  either  purely  theoretical  research 
or,  when  the  problem  is  too  applied,  camouflaged  under  the  guise  of 
some  other  practical  problem,  having  no  military  implication,  that  also 
fits  the  conceptual  theoretical  model.  Thus,  for  example,  work  on  the 
aeroelastic  behavior  of  chimneys  could  well  conceal  an  underlying 
problem  of  the  interaction  between  winds  and  slender  cylindrical  bodies, 
suggestive  of  missiles  or  rocket  boosters  on  the  launch  pad. 

With  reference  to  the  theoretical  design  tools  employed,  it  is  clear 
that  the  USSR  takes  advantage  of  its  analytical  excellence;  however,  no 
evidence  exists  that  as  yet  their  analytical  toois  are  directly  applicable 
to  the  synthesis  of  specific  structures.  It  is  conjectured  that  their 
ultimate  design  tool  still  consists  of  numerical  methods,  although 
greatly  aided  by  cinalytical  insight. 
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Numerica.1  tools  in.  aerothermoelastic  design  depend  heavily  upon 
the  mathematical  tool  of  numerical  analysis,  and  upon  the  practical 
tool  of  computer  technology.  In  the  theoretical  aspects  of  numeric?  1 
analysis,  the  Soviets  do  not  appear  to  be  ahead  of  the  US,  notwith¬ 
standing  their  rich  tradition  in  this  field.  Computer  technology  is 
composed  of  two  distinct  segments,  which  could  be  called  the  "soft¬ 
ware"  and  the  "hardware"  segment^  respectively.  The  software  aspect 
concerns  itself  with  the  formulation  of  algorithms  and  the  coding  of 
the  machine.  From  a  practical  standpoint,  it  is  not  as  important  to 
create  sophisticated  algorithms  and  codes  as  it  is  to  generate  algorithms 
and  codes  adequate  ioT  the  machines  on  hand.  In  this  regard,  the 
difference  in  outlook  between  Soviet,  European  and  US  mathematicians 
is  evident:  thus  while  the  younger  American  mathematician  appears 
concerned  with  the  search  for  workable  machine  algorithms  with 
adequate  codes,  the  European  or  Soviet  mathematicians  generally 
attempt  to  devise  ingenious  algorithms  without  too  much  regard  for 
whether  or  not  they  can  solve  practical  problems.  However,  it  is 
interesting  to  note  when  using  machines  for  analysis,  the  Soviet 
scientist  tends  to  be  more  brute  force  m  his  approach  than  his  American 
counterpart. 

As  regards  Soviet  computer  technology,  the  evidence  points  to 
great  concentration  upon  the  development  of  large,  fast,  and  reliable 
digital  machines.  Since  1956,  a  number  of  Soviet  digital  computers 
have  appeared  such  as  the  BESM,  the  STRELA,  the  URAL,  the  POGODA, 
the  KRISTALL,  Although  it  appears  that  these  machines  are  not  avail¬ 
able  in  the  large  quantities  that  are  found  in  the  US,  indications  are 
strong  that  their  use  is  rapidly  becoming  more  widespread. 

The  Soviets  are  concentrating  considerable  effort  in  the  areas 
intermediate  between  science  and  engineering  such  as  control  theory 
thermoelasticity  and  so  forth.  This  concentration  upon  the  more  ab¬ 
stract  aspects  of  engineering  is  usually  attributed  in  this  country  to 
the  generally  higher  mathematical  training  of  the  Soviet  engineer  in 
comparison  to  his  US  colleague. . .  However,  it  may  be  well  due  to  a 
great  extent  to  necessity,  caused  by  the  scarcity  of  experimental  tools, 
such  as  was  and  is  still  to  a  lesser  degree  the  case  in  Europe.  Also, 
it  is  interesting  to  note  that  the  theoretical  engineer,  when  faced  with 
tackling  a  practical  problem  being  aware  of  the  assumptions  and 
idealizations  made  in  his  derivations,  is  generally  psychologically 
uneasy  ,  t  tlie  thought  of  experimentation,  which  may  prove  him  wrong. 
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In  an  engineering  science  such  as  Aerothermoelasticity,  theory 
and  experiment  go  hand  in  hand,  each  providing  balance  and  support 
to  the  other.  As  in  a  world  of  all  males  or  all  females,  an  engineering 
science  which  is  either  all  experiment  or  all  theory  is  essentially 
sterile,  soon  losing  touch  with  reality  cind  dooming  itself  to  extinction. 

EXPERIMENTAL  STATE  OF  THE  ART 

It  is  therefore  important  also  to  look  at  Soviet  experimental 
methods,  procedures  and  facilities:  unfortunately,  the  open  literature 
is  not  rich  in  this  field.  However,  the  following  conclusions  csui  be 
drawn  from  what  material  is  available: 

1.  The  Soviets  appear  active  in  wind-tunnel  research  in 
flutter.  Particularly,  there  seems  to  be  evidence  of 
considerable  experimental  work  in  panel  flutter. 

2.  European  communist  literature  (e.  g.  Czechoslovakian) 
discusses  research  in  similarity  laws  between  models  and 
full-scale  vehicles. 

3.  New  cLnd  sophisticated  experimental  facilities  are  known 
to  exist  at  Moscow  University  for  the  purpose  of  estab¬ 
lishing  plastic  stress-strain  relations  for  a  three- 
dimensional  state  of  stress.  These  facilities  are  unique 
in  the  world, 

4.  Considerable  effort  in  experimental  testing  of  structures 
and  materials  at  elevated  temperatures  is  known  to  have 
been  expended  at  the  new  Siberian  research  center. 

From  the  fo-.egoing,  it  is  obvious  that  the  USSR  is  developing  a 
capability  to  perform  experimental  research  and  development.  This  is 
natural  "Jid  to  be  expected  as  the  country  comes  of  age  technologically. 
It  can  be  expected  in  fact,  tliat  as  time  goes  on,  the  Soviets  will  rely 
more  and  more  on  their  own  experimental  data  as  compared  to  the 
situation  which  has  prevailed  in  the  past,  wherein  Soviets  have  relied 
massively  upon  US  experimental  results. 

Experimental  research  in  Aerothermoelasticity  has  taxed,  is 
teixing  and  will  increasingly  tax  our  economy,  even  though  we  can  take 
advantage  of  an  already  existing  base  of  facility  components  such  as 
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the  existing  100 -million  dollar  Steam  Plant  at  Tullahoma  which  can  be 
used  to  exhaust  the  test  section  of  an  aerothermoelastic  wind  tunnel, 
or  the  existing  pumps,  compressors,  etc.,  at  Wright  Field,  Langley 
Field,  and  other  installations  throughout  the  country.  Also,  our 
GNP  of  roughly  500  bilUon  per  year  can  absorb  more  easily  the 
nece3sary  expenditure  to  augment  our  experimental  capability  in 
this  field;  whereas  the  USSR  with  a  GNP  of  roughly  one -third  that  of  the 
US  is  faced  with  the  problem  of  installing  these  facilities  virtually  from 
scratch,  with  therefore  a  net  cost  per  equivalent  facility  twice  or  triple 
the  cost  to  us. 

These  high  costs  arise  from  the  requirement  of  testing  large 
structural  samples  imder  simulated  thermal  inputs  as  high  as  1000 
to  2000  BTU/sq.  ft.  /sec  for  periods  of  time  which  are  measured  in 
signif  :ant  fractions  of  an  hour.  Even  if  it  were  possible  to  separate 
the  aerothermoelastic  problem  into  the  two  relatively  independent 
aerothermal  and  thermoelastic  problems,  the  experimental  methods 
presently  used  for  structural  test  would  be  inadequate.  In  fact,  radiant 
heat  faciLities  can  supply  only  on  the  order  of  100  BTU/sq.  ft,  /sec.  ; 
induction  heating  methods  can  perhaps  augment  this  capability  by  a 
factor  of  two  or  at  the  most  three.  This  is  a  far  cry  from  the  factor 
of  ten  which  will  ultimately  be  required  for  the  full  aerothermoelastic 
simulation  of  superorbital  reentry  with  a  lifting  vehicle. 

Gas  dynamic  means  offer  a  possible  solution  to  this  problem  of 
heat  input:  however,  no  matter  what  meams  are  used  to  provide  the 
laboratory  simulation,  tiie  cost  and  complexity  of  ^hese  facilities  will 
be  great.  It  is  therefore  not  to  be  excluded  that  the  Soviets  may  attempt 
to  circumvent  the  need  for  depth  in  Aerotherinoelasticity,  as  they  have 
already  done  in  their  Vostok. 

However,  military  necessity  ma>  well  dictate  weapons  and  flight 
vehicles  where  Aerothermoelastic  considerations  are  very  imporUiiL. 
The  U.S.  has  already  attacked  the  problem  head  on.  For  example,  we 
have  flown  the  X-15  airplane,  the  fastest  airplane  on  record,  and  have 
made  public  our  progress  in  design  of  a  recoverable,  controllable, 
landable,  winged  manned  orbital  vehicle,  namely  Dyna  Soar.  Morever, 
we  have  publicized  as  an  accomplishment  the  development  of  the  B-70, 
a  moderately  high  supersonic  Ma.,n  number  bomber.  We  have  also  in¬ 
dicated  interest  in  developing  a  supersonic  transport.  All  of  these 
designs  involve  Aerothermoelastic  considerations.  On  the  other  hand, 


the  Hussicins  have  not  to  date  revealed  a  design  in  the  B-70  class,  nor 
a  vehicle  of  a  Dyna  Soar  type,  nor  have  they  given  any  indication  of 
developing  a  supersonic  transport:  this  latter  would  be  more  useful 
for  them  with  their  vast  sprawling  domain  of  interest  covering  some 
half  the  circumference  of  the  globe  than  to  us  with  our  more  Limited 
territory.  This  again  may  indicate  a  lack  of  depth  in  the  practice  of 
Aerothermoelasti’c  engineering  which  is  in  contrast  to  their  quanti¬ 
tative  cind  qualitative  output  in  thermoelasticity  and  Aerothermo- 
dynamics  in  the  open  literature. 

This  is  not  to  say  that  the  Soviets,  even  should  they  decide  to 
continuousb*  circumvent  the  Aerothermoelastic  problem  in  practice 
will  shelve  iheir  current  research  effort  in  those  subfields  of  Aero- 
thermoelasticity  in  which  they  have  already  demonstrated  technological 
competence.  They  may  use  this  research  effort  as  a  psychological 
weapon  to  be  unsheathed  at  international  symposia  and  in  the  arena  of 
scientific  literature. 

CONCLUSIONS 

The  theoretical  foundations  upon  which  the  applied  science  of 
Aerothermoelasticity  is  based  are  the  classical  concepts  of  mathe¬ 
matical  physics:  in  particular,  mechanics  of  continua.  Continuum 
mechanics  yields  the  laws,  in  mathematical  form;  however,  these 
laws  are  dependent  upon  certain  coefficients  and  certain  functions 
which  relate  to  the  physical  properties  of  materials. 

If  there  were  at  hand  an  all-inclusive  description  of  such  physical 
properties  of  materials,  the  solution  of  every  problem  of  mechanics 
could  be  in  principle  obtained  from  the  general  solution  of  a  universal 
set  of  governing  equations. 

Such  an  approach  is  not  feasible  at  present,  since  the  requisite 
mathematical  description  of  materials  properties  is  not  available,  and 
further  the  mathematical  tools  for  a  general  solution  are  not  suf¬ 
ficiently  developed. 

Therefore,  practical  progress  in  this  field  depends  heavily  upon 
experimental  observations  albeit  tempered  with  a  strong  theoretical 
effort.  For  the  US  to  economically  exploit  tlie  advantage  it  now  has 
through  its  vast  complex  of  experimental  facilities  and  manufacturing 
know-how  it  will  be  necessary  to  strengthen  the  analytical  ability  of 
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its  structural  team.  Thus  v/e  should  move  closer  towards  that  happy 
norm  which  lies  between  our  extreme  dependence  on  experiment  and 
the  USSR's  overly  mathematical  bent. 

However,  this  is  a  long-term  effort  starting  from  the  high  school 
and  continuing  through  the  higher  levels  of  professional  training.  In 
the  short  teirm,  it  v/ill  be  necessary  to  rely  as  before  on  a  heavy  ex¬ 
perimental  program  and  steps  must  be  taken  to  insure  that  adequate 
tools  are  available,  regardless  of  their  seemingly  high  onus  upon  the 
economy.  At  this  time,  economizing  on  facilities  is  putting  the  brakes 
on  progress  and  perhaps  yielding  the  fragile  cup  of  technological  ad¬ 
vantage  to  the  USSR  who  is  growing  up  technologically  and  can  therefore 
be  expected  to  become  more  cind  more  active  and  proficient  in  experi¬ 
mental  activity. 

In  comparing  the  state  of  the  art,  certain  general  conclusions 
can  be  drawn: 

1.  The  Soviet  Bloc  has  a  potential  advantage  in  their  concen¬ 
tration  on  theoretical  development  and  their  use  of  sophisticated  mathe¬ 
matical  techniques.  However,  this  potential  advantage  will  not  become 
a  real  advantage  until  the  theory  is  tested  and  proven  either  in  practice 
or  more  importantly  in  laboratory  experiments.  To  date  the  USSR  has 
relied  heavily  on  experimental  data  released  by  the  US  and  in  some 
cases  Western  European  nations  such  as  the  United  Kingdom.  This 
reliance  on  externally  provided  experimental  data  can  be  expected  to 
WcLne  as  the  Soviet  Bloc  develops  adequate  experimental  tools  for  its 
scientific  and  technological  community. 

The  major  obstacle  towards  the  USSR  acquiring  such  an  experi¬ 
mental  capability  is  th ;  cost  of  the  facilities. 

2.  Although  the  US  has  been  active  in  subfields  of  Aerothermo- 
elasticity  and  actually  leads  the  world  in  the  total  field  of  Aerotliermo- 
elasticity,  it  appeals  from  an  examination  of  published  literature  and 
conversations  with  design  engineers,  that  our  knowledge  at  the  moment 
is  only  marginally  adequate  for  the  design  of  vehicles  such  as  the  B~70 
or  Dyna  Soar.  Our  knowledge  is  as  yet  inadequate  for  future  lifting 
vehicles  such  as  an  advanced  Dyna  Soar,  an  Aerospace  Plane,  a  lifting 
Apollo,  ajid  so  forth.  Luckily,  the  USSR  through  publishing  its 
theoretical  findings  in  the  scientific  literature,  supplies  a  valuable 
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fountain  of  material  which,  should  be  taken  advantage  of  by  government 
supported  translation  services  on  a  more  expanded  and  timely  basis 
than  is  currently  the  practice.  Moreover,  Federally  sponsored 
courses  in  Russian  should  be  instituted,  perhaps  even  as  on  the  job 
training  for  scientists  and  engineers. 

3.  Although  the  Soviets  appear  to  have  circumvented  the  need 
for  depth  in  Aerothermoelastic  design,  and  may  continue  to  do  so  in 
the  future  because  of  a  lack  of  experimental  facilities,  this  should 
not  be  interpreted  as  an  indication  that  they  will  stop  or  minimize 
their  research  effort  in  the  sub  fields  of  Aerothermoelasticity.  In 
fact,  it  cam  be  expected  that  they  will  increase  their  activity  in  re¬ 
search  in  this  field,  utilizing  their  publications  as  a  psychological 
weapon,  within  the  international  contest  for  man's  opinion  and  regard. 

This  renders  all  the  more  important  that  we  take  advantage  of 
this  possible  deluge  of  valuable  knowledge  by  implementing  the  recom- 
mendatiors  made  in  2.  above,  with  regard  to  translation  services  and 
augmenting  the  ability  of  the  American  engineering  community.  It  is 
worthy  of  note  that  the  Soviets  have  found  it  economical  to  provide  such 
translating  services  for  their  scientists  and  engineers,  and  it  is  a  fair 
surmise  that  more  Russian  methods  engineers  can  read  English  than 
American  methods  engineers  can  read  Russian. 
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abstract 


This  paper  is  concerned  with  a  discussion  of  dynamic 
aerothennoelasticity  on  the  basis  of  estimated  future  system 
requirements.  Aerothermoelastic  problem  areas  are  identified 
and  discussed  with  regard  to  their  possible  scope  and  ccanplexity. 
Limitations  of  current  aerotheimoelastic  technology  as  well 
as  potential  research  gaps  resulting  frcsn  future  requirements 
are  also  discussed.  The  paper  is  generally  aimed  at  dynamic 
aerothemoelastic  phenomena;  however,  sane  static  aerothermo¬ 
elastic  problem  areas  are  indicated,  and  new  phenomena  peculiar 
to  space  dynamics  are  identified. 


FDTUEE  DYNAMIC  AEROTHEEMGEXASTIC 
CONSIDEKATIONS  FBCM  A 
VEHIdE  lEQUIEEMSmB  VIEWPOINT 


INTRCOUCnON 

The  term  *aerothermoelasticity*  identifies  that  branch  of  flight 
mechanics  which  involves  the  mutual  interaction  between  aerodynamic • 
inertial,  and  elastic  forces  on  flight  structures  subjected  to  a  thermal 
environment.  It  has  been  recognized  in  the  past  that  elevated  tem¬ 
peratures  associated  with  aerodynamic  heating  at  high  supersonic  and 
hypersonic  Mach  ntunbers  can  produce  limitations  in  the  allowable  veloc¬ 
ities  and  dynamic  pressures  of  aircraft  and  missiles,  and  many  of  the 
effects  of  elevated  tonperatures  on  flight  structures  fall  within  the 
purview  of  aerothemoelasticity. 

Flight  vehicle  technology  in  the  aerothennoelastic  area  has 
advanced  significantly  since  the  introduction  of  three  dimens ionaJ. 
subsonic  incompressible  flow  theories  in  the  early  1940'8»  However, 
many  shortcomings  and  uncertainties  still  exist.  Prediction  methods 
for  aerothennoelastic  phenomena  are  generally  limited  with  respect 
to  accuracy  from  a  quantitative  viewpoint  in  all  speed  regimes,  and 
for  certain  configuratioi^  and  environments,  even  limited  in  a  qual¬ 
itative  sense.  Although  a  great  deal  of  knowledge  exists  in  the 
subsonic  and  supersonic  speed  regimes,  a  canpletely  suitable  tran¬ 
sonic  unsteady  aerodynamic  theory  is  still  lacking.  In  regions  where 
thermal  effects  are  significant,  there  are  no  generally  available 
methods  for  conducting  scaled  wind  tunnel  testing  or  vibration  testing 
under  conditions  which  require  relatively  complete  aerotheimoelastic 
or  thermoelastic  simulation.  Techniques  of  flight-flutter  testing, 
although  adequate  for  present  day  vehicles,  may  have  to  be  revised  for 
future  designs  where  thermal  effects  are  significant  and  the  onset  of 
flutter  will  be  dependent  on  the  vehicles  cast  environment,  Alpplied 
research  on  aerothermoelasticity  may  very  well  be  the  key  to  the 
successful  development  of  future  aerospace  vehicles. 

This  paper  attempts  to  forecast  some  dynamic  aerothennoelastic 
problems  which  may  be  important  in  the  design  of  future  aerospace 
vehicles.  Potential  problem  areas  are  identified  and  discussed  with 
regard  to  their  possible  scope  and  complexity.  In  addition,  the  need 
for  and  value  of  additional  research  is  indicated  for  those  aiaas 
where  gaps  in  the  cuirent  state-of-the-art  exist  because  of  new  vehicle 
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recLUirements,  The  discussion  is  generally  liaiited  to  d3mamic  aero- 
thermoelastic  phenomena;  however,  some  static  aerotheimoelastio  problem 
areas  and  new  phenomena  peculiar  to  space  dynamics  are  identified. 


SECTION  It  ANAIKSES  OF  FDTUIE  SYSTEM  lEQDIREMEMIS 
FROM  AN  AEROTHEEMOEUSTIC  lERSTECTTVE 


Forecasting  aerothermoelastic  phenomena  for  future  system  require¬ 
ments  is  a  difficult  task  in  view  of  the  vide  variety  of  vehicles  and 
associated  operating  environments  that  might  be  contemplated  for  future 
development.  Some  requirements  may  involve  vehicles  ^ich  will  operate 
solely  within  the  earth's  atmosphere  \diile  others  could  possibly  involve 
space  vehicles  for  interplanetary  travel*  In  view  of  this  wide  range 
of  operating  environment,  future  flight  vehicles  will  vary  greatly  in 
configuration,  construction,  materials,  control,  guidance,  etc.;  and 
aerothermoelastic  phenomena  common  to  one  system  may  be  absent  altogether 
in  another* 

The  following  discussion  presents  future  aerothermoelastic  considera¬ 
tions  for  tvD  basic  types  of  flight  vehicles.  These  are*  (a)  those 
vehicles  whose  primary  mode  of  operation  is  within  the  earth's  atmosphere, 
hereafter  referred  to  as  atmospheric  vehicles;  and  (b)  those  vehicles 
vrtiose  primary  mode  of  operation  is  out  of  the  earth's  atmosphere,  here¬ 
after  referred  to  as  space  vehicles.  The  distinction  between  these  two 
types  of  vehicles  is  arbitrarily  chosen  as  follows i  almospheric  vehicles 
are  defined  as  those  which  operate  between  altitudes  from  sea  level  to 
150,000  feet  at  speeds  frcm  subsonic  through  hypersonic;  and,  space 
vehicles  are  defined  as  those  which  leave  the  earth's  atmosphere,  perform 
some  space  mission,  and/or  re-enter  the  earth's  atmosphere. 


A.  ATMOSPHERIC  VEHICLES 


The  next  decade  will  undoubtedly  witness  further  development  of 
atmospheric  vehicles  whose  primary  mode  of  operation  is  within  the 
eai’th's  atmosphere*  These  vehicles  may  be  manned  or  unmanned  and  may 
be  required  to  perform  missions  such  as  short  range  logistics ,  low 
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altitude  offense  and  defense,  and  tactical  operations.  Inasmuch  as 
their  mode  of  operation  will  be  within  the  earth's  atmosphere,  it  is 
quite  likely  that  aerodynamic  surfaces  will  be  utilized  to  provide 
lift,  control  and  stability.  Therefore,  this  type  of  vehicle  will 
encounter  aerothermoelastic  phenomena  of  a  varying  degree  depending 
on  configuration  and  operating  environment, 

Aeroelastic  problems,  such  as  fixed  surface  bending- torsion 
flutter,  T-tail  flutter,  flutter  of  wings  with  external  stores,  buzz, 
aeroservoelastic  coupling,  buffeting,  all  movable  control  surface 
flutter,  panel  flutter,  dynamic  loads,  etc,  will  continue  to  be  import¬ 
ant  considerations  in  the  design  of  atmospheric  vehicles.  These  problems 
will  be  complicated  due  to  the  effects  of  aerodynamic  heating,  aerodynamic 
and  structurel  nonlinearities,  accelerated  flow  conditions  (at  least  for 
anti-ICM  type  vehicles),  and  rapidly  varying  inertia  or  mass  conditions. 

Some  aspects  and  implications  of  these  problems  as  well  as  seme  recent 
developments  are  discussed  in  the  following  paragraphs. 

Panel  flutter  has  been  a  problem  of  particular  concern  in  the 
design  of  modern  day  aircraft  and  missiles,  and  is  expected  to  become 
more  severe  with  the  current  trend  toward  thinner  gage  structures. 

In  the  past,  the  occurrence  of  panel  flutter  was  seldom  catastrophic 
and  shnple  fixes  were  available.  In  the  future,  however^  it  is  entirely 
possible  that  the  application  of  "fixes"  may  defeat  the  purpose  of  some 
designs  where  structural  weight  must  be  at  an  absolute  minimum.  The 
current  status  of  the  panel  flutter  problem  leaves  much  to  be  desired 
in  the  way  of  adequate  parediction  methods  and  design  criteria.  Fung's^ 
recent  work  gives  a  cemparehensive  review  of  various  theories,  and  a 
summary  of  the  panel  thickness  requirements ,  based  on  both  theoretical 
and  exp)erimental  studies,  for  the  prevention  of  j)anel  flutter  under 
various  conditions.  The  large  discrep)ancies  betroen  expjeriment  and 
theory  have  been  partially  explained  by  Voss^  in  a  recent  paper.  Most 
of  the  jjanel  flutter  work  to  date,  however,  has  been  for  simjxLe  panels 
and  boundary  conditions  with  idealized  aerodynamic  inputs.  New  types 
of  ptanel  construction  such  as  those  exhibiting  orthotropic  and  anisotropic 
properties  could  make  realistic  solutions  much  more  difHcult  to  obtain. 

In  addition,  aerothermodynamic  effects  arising  from  boundary  layer  viscosity, 
angle  of  attack,  sweep,  and  heating  will  be  important  and  must  be  delineated. 

Other  aspects  of  aerothermoelastic  phenomena  which  could  be  import¬ 
ant  in  the  design  of  future  atmospheric  vehicles  are  the  effects  of 
flight  acceleration  and  rapidly  changing  ambient  conditions.  Some 
recent  work  in  this  area  by  MIT^  and  CKtJ  under  ASD  sponsorship  has  led 
to  several  interesting  conclusions  for  low  accelerations  (of  the  order 
10  to  15  g's).  These  are;  the  main  effect  of  acceleration  on  the 
aeroelastic  response  of  high  speed  vehicles  is  to  cause  the  aerodynamic 
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coefficients  to  be  explicit  functions  of  time.  The  direct  effects  of 
acceleration  are  probably  negligible  in  most  practical  situations}  the 
transonic  region  is  the  flight  regime  where  the  effects  of  time-varying 
coefficients  are  the  largest  because  of  rapid  and  significant  changes 
in  aerodynamic  coefficients  associated  with  the  transition  frcm  high 
subsonic  to  supersonic  flow;  in  binary  flutter  the  envelope  of  free 
response  in  accelerated  flight  can  be  simply  predicted  with  satisfactory 
accuracy  from  the  quasi-static  q  versus  M  and  versus  M  curves  for 
the  flutter  root;  and,  for  a  system  in  which  the  natural  frequency 
varies  with  time  the  shape  of  the  envelope  of  response  to  continuous 
sinusoidal  excitation  is  strongly  dependent  on  the  frequency  of  excitation. 

However,  consideration  of  highly  accelerating  anti-missile  missiles 
and  boost  glide  vehicles  operating  in  a  high  speed,  high  temperature 
environment  raises  serious  questions  as  to  the  validity  of  these  conclu¬ 
sions  and  to  the  applicability  of  linear  constant  coefficient  analysis, 
since  it  is  easy  to  envision  either  large  deflection  motions  due  to 
combinations  of  high  dynamic  pressure  and  large  transient  stiffness 
losses,  and/or  large  rates  of  change  of  mass,  stiffness,  and  ambient 
conditions . 


Consider  the  hypothetical  case  of  an  anti-missile  missile  with 
both  a  high  and  low  altitude  capability.  Possible  flight  paths  for 
such  a  vehicle  are  presented  in  Figure  1.  This  system  could  have  a 
body  or  fuselage  of  fairly  high  fineness  ratio,  fixed  surfaces  for 
aerodynamic  stability,  and  all-movable  surfaces  for  aerodynamic  control. 
The  control  surfaces  might  possibly  be  of  the  canard  type.  Tne  anti¬ 
missile  missile  would,  by  virtue  of  its  mission,  be  characterized  by 
very  high  accelerations  and  rapid  maneuverability.  The  former  could 
be  as  high  as  100  to  200  g's  and  the  total  flight  time  from  launch 
to  target  may  be  a  matter  of  only  a  few  minutes.  For  the  sea  level 
to  high  altitude  flight  path  shown  in  Figure  1,  ambient  conditions 
would  vary  quite  rapidly  frcm  M  =  0  at  sea  level  to  M  =  10.0  at  altitude, 
while  the  low  altitude  flight  path  would  be  characterized  by  high  dynamic 
pressures  and  rapidly  changing  aerodynamic  coefficients.  Also,  the  mass 
distribution  of  the  vehicle  would  be  changing  rather  rapidly  due  to 
the  expenditure  of  fuel.  The  resultant  aeroelastic  equations  of  motion 
for  such  a  system  in  either  flight  path  would  contain  highly  time- 
dependent  coefficients  and  strong  nonlinearities,  and  the  analyst  may 
have  to  resort  to  a  variable  coefficient  analysis  applicable  for  strong 
nonlinearities  in  order  to  expect  reasonable  results.  This  situation 
leads  to  a  very  interesting  question.  How  does  one  define  flutter 
under  such  conditions?  The  ordinary  concepts  of  aeroelastic  stability 
would  not  apply  since  it  is  entirely  possible  that  the  dynamic  response 


for  such  a  system  would  be  characterized  by  a  period  of  instability 
(increasing  amplitude  of  oscillations)  followed  by  a  period  of  stability 
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V,  VELOCITY  (THOUSANDS  OF  FEET  PER  SECOND  ) 
Figure  1.  Higb/Lcsw  Altitude  Defensive  Vehicle  Trajectories 


(neutral  or  decreasing  amplitude  of  oscillation)  and  so  on.  Such 
response  could  be  either  destructive  or  non-destructive  depending  on 
maximum  amplitudes  of  oscillation  achieved  and  the  strength  of  the 
vehicle's  structure.  Combined  with  this  is  the  fatigue  aspect  of  the 
problem.  Should  the  vehicle  be  subjected  to  repetitive  oscillations 
the  type  described  above,  even  though  the  amplitude  of  the  oscilla¬ 
tions  during  a  single  occurrence  is  not  large  enough  to  cause  catastrophic 
failure,  the  structure  might  be  veakened  due  to  creep  and  fatigue  to 
the  point  where  destnictive  flutter  would  occur. 

A  most  important  aeroelastic  consideration  in  the  design  of  future 
winged  atmospheric  vehicles  will  be  the  detailed  delineation  of  the 
effects  of  aerodynamic  heating  and  past  heating  history.  CIT"  conducted 
some  studies  in  this  area  and  showed  that  neglecting  the  effects  of 
heating  and  past  heating  history  may  lead  to  unconservative  results. 
Consider,  for  example,  the  case  of  a  low  altitude  pe.’etration  aircraft. 

A  possible  flight  trajectory  for  such  a  vehicle  is  illustrated  in  Figure  2 
with  tbe  penetration  acc^snplished  as  follows!  (a)  cruise  at  M  =  $,0  at 
an  altitude  of  50*000  feet;  (b)  when  penetration  is  to  be  initiated, 
decelerate  at  constant  altitude  to  a  flach  number  of  1.5*  (c)  reduce 
altitude  from  50,000  feet  to  near  sea  level  at  constant  Mach  number J 
(d)  accelerate  at  constant  altitude  to  a  Mach  number  of  3.0,*  and  (e) 
maintain  this  altitude  and  Mach  number  to  target.  Inasmuch  as  the  time 
factor  involved  is  extremely  important  in  specifying  equilibrium  tem¬ 
peratures,  let  us  arbitrarily  assume  that  the  final  condition  is  reached 
ten  minutes  after  penetration  is  initiated,  i.e.,  it  takes  ten  minutes 
to  achieve  the  condition  specified  in  (e)  frean  the  condition  specified 
in  (a).  Depending  on  the  configuration  involved,  the  equilibrium 
stagnation  temperatures  for  the  high  altitude  cruise  portion  of  the 
flight  could  be  as  high  as  3*000°  J"*  and  the  vehicle  would  be  in  the 
"soaked"  temperature  condition  with  reduced  stiffness  due  to  the  static 
reduction  in  the  elastic  modulus  of  the  material.  As  penetration  is 
accomplished,  temperatures  and  temperature  distributions  will  be 
continuously  changing  until  finally  the  "soaked"  condition  of  the  low 
altitude  -  low  I^ch  number  condition  is  achieved,  where  equilibrixun 
temperatures  may  be  of  the  same  order  as  the  high  altitude  -  high  Mach 
number  condition.  In  the  interim,  inplane  thermal  stresses  due  to 
transient  cooling  and  heating  would  be  introduced  which  would  increase 
and  decrease,  respectively,  the  relative  stiffness  possibly  to  the 
extent  where  flutter  could  occur.  The  point  to  be  made  here  is  that 
the  occurrence  of  flutter  can  be  dependent  on  the  past  thermal  history 
of  the  vehicle  as  well  as  on  instantaneous  conditions,  Tlie  implications 
of  this  hypothesis  could  have  far-reaching  effects  with  respect  to  the 
normal  procedures  and  techniques  associated  with  the  aerothermoelastic 
design  of  new  flight  vehicles,  Extensive  flutter  analysis,  model  tests. 
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ground  vibration  tests,  and  flight  flutter  tests  for  conditions  encountered 
over  a  wide  variety  of  maneuvei-s  within  the  flight  envelope  would  have 
to  be  conducted  to  completely  insure  the  safety  of  the  design.  Inasmuch 
as  this  would  be  impractical  from  a  cost  and  time  standpoint,  the  aero- 
thermoelastician  must  be  judicious  in  selecting  critical  flight  paths 
for  analyses  and. test  programs.  Also,  it  may  be  necessary  to  revise 
current  procedures  of  flight  flutter  testing  since  the  onset  of  flutter 
will  be  dependent  on  the  vehicle's  past  environment,  and  hence,  an 
infinite  number  of  flight  paths  would  have  to  be  undertaken  to  validate 
the  vehicle's  aerothermoelastic  integrity. 

One  of  the  most  difficult  tasks  in  aerothermoelastic  analyses  is 
the  evaluation  of  the  aerodynamic  influence  coefficients.  Although  the 
subsonic  and  supersonic  speed  ranges  are  relatively  well  covered  in 
this  respect,  a  completely  suitable  transonic  theory  is  still  lacking. 

The  development  of  quasi-steady  and  indicial  aerodynamic  procedures 
have  alleviated  this  situation  somewhat,  and  the  ASD  is  currently  spon¬ 
soring  research  to  further  the  development  and  establish  the  validity 
of  these  methods,  covering  not  only  the  transonic  speed  range,  but  the 
supersonic  and  hypersonic  speed  ranges  as  well.  The  development  of 
piston  theory  and  other  supersonic  unsteady  aerodynamic  theories  have 
contributed  significantly  to  the  state-of-the-art,  hovever,  there  is 
still  room  for  improvement,  particularly  to  overcome  current  limitations 
and  extend  their  applicability  to  new  configurations.  In  the  hypersonic 
speed  range,  the  extended  shock  expansion  and  variational  theories 
(References  10,  11)  have  been  formulated  and  successfully  applied  to 
not-so-simple  configurations.  These  cover  the  range  of  the  hypersonio 
similarity  parameter,  M  $  ,  where  M  is  the  L&ch  number  and  S  either  the 
fineness  ratio  for  bodies  or  the  maximum  thickness  for  airfoils. 

Areas  requiring  further  research  include  the  delineation  of  the  effects 
of  v7ing-body  interference  and  nonlinearities  due  to  airfoil  shape, 
blunt  leading  edges,  thickness,  and  angle  of  attack.  Real  gas  phenomena 
including  boundary  layer  and  viscous  effects,  ionization  aid  dissocia¬ 
tion  ^ay  be  significant  at  the  higher  hypersonic  speeds.  However, 

Kiles^  suggests  that  such  features  as  dissociation,  ionization,  slip- 
flow,  and  interaction  with  magnetic  fields  will  be  of  only  minor  import¬ 
ance  fui'  pi'obleiiis  in  flutter  and  transient  loading  except  for  their 
influence  on  the  downstream  steady  flow  field. 

Other  aerothermoelastic  conditions  vjhich  may  be  important  since 
they  affect  the  relative  stiffness  of  the  vehicle  are  the  effects  of 
creep,  fatigue,  and  secondary  structural  damage.  These  problems  could 
be  particularly  important  in  the  uesign  of  future  manned  systems  where 
the  flight  vehicle  will  be  utilized  many  times  over. 
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B.  SPACE  VEHICLES 


The  1965“1975  time  period  will  see  the  develoianeiit  of  many  unique 
and  unusual  systems  which  must  perform  their  primary  mode  of  operation 
in  a  space  environment  and  must  be  capable  of  exit  from  and  re-entry  in¬ 
to  planetary  aimospheres.  These  systems  will  be  designed  to  perform 
one  or  more  functions  includin:-  offensive,  defensive,  reconnaissance, 
logistics,  and  experimental  missions.  Occurrence  of  some  "classical" 
aerothermoelastic  problems  on  space  systems  is  still  a  possibility  while 
the  vehicle  is  within  the  earth's  atmosphere  because  of  stringent  design 
criteria  such  as  minimum  weight,  reliability,  target  accuracy,  stability, 
performance,  etc.  These  and  other  design  criteria  which  result  from 
system  requirements  will  not  necessarily  elaUiinate  the  susceptability 
of  new  systems  to  old  problems,  but  will  likely  provide  new  twists  to 
old  problems,  A  good  example  of  this  is  the  HTOL  space  vehicle  which 
is  discussed  in  more  detail  later.  In  the  following  sections,  dynamic 
aerothermoelastic  considerations,  and  phenomena  peculiar  to  space 
dynamics  resulting  from  possible  requirements  for  vehicles  to  perform 
a  military  mission  in  space,  are  discussed  with  respect  to  various 
Launch,  Exit,  Space  Operation,  and  Re-entry^  and  Recovery  requirements. 


UUNCH 


Requirements  may  call  for  space  vehicles  which  are  capable  of 
either  a  conventional  aircraft  type  take-off  or  of  being  launched 
vertically  with  large  boosters  of  either  the  liquid  or  solid  propellant 
type  from  surface  or  sub-surface  launch  sites.  Certain  dynanic  aero- 
elastic  considerations  are  attendant  to  each  snecific  requirement. 

Vehicles  using  horizontal  take-off  techniques  (KTCL  vehicles), 
and  yet  capable  of  space  operations,  require  low  structural  to  gross 
weight  ratios  with  enormous  fuel  requirements  and,  as  a  result  of 
structural  strength  efficiency,  will  be  quite  flexible.  In  terms  of 
physical  dimensions,  HTOL  space  vehicles  will  be  quite  large  and  could 
consist  of  a  long  slender  body  with  low  aspect  ratio  wings.  Such  a 
vehicle  might  be  re-usable,  thus  necessitating  consideration  of  the 
stiMctural  I’etigue  problem.  This  will  be  influenced  by  repeated  taxi, 
take-off,  and  landing  loads  resulting  from  runway  roughness.  Loads 
resulting  from  landing  impact  will  also  represent  a  critical  design 
condition.  V/ith  regard  to  predicting  the  dynamic  response  characteris¬ 
tics  of  this  flexible  structure  to  shock,  impact,  and  other  transient 
loadings,  fuel  slosh  degrees  of  freedom  for  various  dynamic  loading 
conditions  must  be  included  in  the  equations  of  motion  for  the  overall 
structural  response. 
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The  following  paragraphs  present  a  brief  discussion  of  considera¬ 
tions  which  will  result  fran  requirements  for  vertically  boosted  vehicles. 
Such  vehicles  will  have  increasingly  low  structural  to  gross  weight  ratios 
and  very  large  payloads.  Payload  weight  requirements  for  the  future  will 
probably  necessitate  use  of  boosters  in  the  1«5  to  12  million  pound  thrust 
class  for  all  types  of  missions.  These  boosters  could  consist  of  clusters 
of  smaller  rockets  which  may  be  attached  in  varying  numbers  -  say,  for 
example,  from  3  to  8.  Clusters  of  this  type  will  present  formidable  diffi¬ 
culties  to  the  prediction  of  their  free  vibrational  response  in  terms  of 
accounting  for  various  items  which  influence  the  vehicles  stiffness  char¬ 
acteristics;  such  as  joint  shear  properties,  internal  pressure,  discontinu¬ 
ities,  cut-outs,  and  nonlinearities  due  to  large  deformations.  Other 
considerations  include  a  definition  of  transient  buckling  loads  for 
unsymmetrical  thrust  build-up  (due  to  engine  failures) ,  tie-down  release 
loads,  and  control  system  interaction  with  the  structure  including  fuel 
slosh  dynamics  for  liquid  fueled  boosters.  Requirements  for  sub-surface 
launching  generate  special  dynamic  aerothermoelastic  considerations. 
Underground  silo  launchings  may  cause  traveling  shock  waves  between  the 
booster  and  silo  wall  during  ignite  and  subsequent  pressure  pulses  on  the 
booster  body  during  lift-off  within  the  silo.  These  unsteady  forces  or 
transient  loading  conditions  could  produce  local  panel  failures  or  com¬ 
plete  booster  failures  due  to  exceeding  design  bending  monents. 

For  vertically  boosted  vehicles  with  winged  or  lifting  body  payloads, 
prelaunch  dynamic  loads  and  aeroelastic  instabilities  beccsne  a  primary 
consideration.  Vehicles  exposed  to  ground  wind  loads  on  the  launch  pad 
may  experience  either  torsional  or  lateral  bending  oscillations  which  are 
induced  by  Karman  Vortex  shedding.  V/hen  combined  with  large  steady  state 
drag  loads  this  may  produce  critical  design  base  bending  moments. 

EXIT 

Basically,  one  can  envision  two  modes  of  exit  from  the  sensible 
atmosphere  to  the  space  environment.  The  first  mode  involves  transition 
through  the  flight  corridor  to  increasing  altitudes  and  velocities 
utilizing  a  lifting  configuration  of  low  thnxst  to  weight  ratio.  The 
second  mode,  and  possibly  the  one  to  be  used  most  frequently,  consists 
of  rapid  vertical  boost  using  very  large  boosters  of  high  thrust  to 
weight  ratios,  Again,  certain  considerations  are  ccmmon  to  each  mode 
of  exit  and  other  considerations  (at  least  for  the  vertical  boost  mode) 
are  pecul  r  to  the  specific  mission  for  which  a  requirement  exists. 

For  mple,  assume  there  exists  a  requirement  for  manned  orbital 
flight  at  X  #  altitudes  (less  than  100  n.m,),  and  that  the  orbital 
cond-?tion  vb  to  be  achieved  with  a  horizontal  take-off  vehicle  which 
ascends  the  .'light  corridor.  As  previously  mentioned,  such  a  vehicle 
(HTOL)  wil?  be  quite  flexible.  Figure  3  shows  that  the  aerodynamic 
heating  for  this  type  of  exit  is  of  the  same  order  of  m'  gnitude 
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(stagnation  equilibrium  temperatures  of  3500  to  4000°  R)  as  experienced 
by  re-entry  vehicles.  The  I‘iach  number  and  dynamic  pressure  (1000  psf) 
attained  by  lifting  exit  vehicles  within  the  lower  atmosphere  will 
generally  be  greater  than  those  experienced  by  medium  and  low  W/SC^ 
lifting  re-entry  vehicles.  Thus,  aerothermoelastic  problems  will  be 
an  important  consideration  in  the  design  of  lifting  exit  vehicles.  If 
such  a  vehicle  empl<^ye  aerodynamic  control  -  possibly  canards  -  considera¬ 
tion  must  be  given  to  all-movable  surface  flutter,  buzz,  and  buffeting. 
Unusual  fuels,  fuel  tank  configurations,  and  fuel  tank  locations  could 
be  employed,  thus  causing  difficulties  in  the  prediction  of  the  struc¬ 
tural-control  system  interaction  and  the  determination  of  fuel  slosh 
dynamics.  Adaptive  control  systems  which  deliberately  take  advantage 
of  the  nonlinear  and  time -varying  character  of  the  response  of  the 
structure  may  be  utilized.  Since  adaptive  control  systems  require 
the  detailed  knowledge  of  elastic  vibration  cheo’acteristics ,  a  problem 
of  fundamental  importance  will  be  the  accui’ate  determination  of  thermal 
effects  on  the  normal  modes  and  frequencies  of  the  structure.  The 
prediction  of  the  dynamic  characteristics  of  new  materials  and  design 
concepts  begins  to  assume  a  great  deal  of  importeuice  for  this  mode 
of  exit.  For  example,  use  of  a  radiation  cooled  structure  with  ortho- 
tronic  materials  and  nonhomogenous  (composite)  panels  will  make  panel 
fj,  .xter  solutions  much  more  difficult  to  obtain.  Both  the  prediction 
of  panel  flutter  and  free  vibrations  will  be  affected  by  possible  use 
of  combinations  of  elastic,  viscoelastic,  and  inelastic  materials 
throughout  the  structure.  Consideration  must  also  be  given  to  the 
prediction  of  dynamic  response  to  random  excitations,  such  as  atmos¬ 
pheric  turbulence,  aerodynamic  noise,  and  mechanically  induced  vibra¬ 
tions  in  a  changing  thermal  environment. 

In  addition  to  the  time-varying  effects  of  high  temperatures  on 
lifting  exit  vehicles,  advanced  propulsion  techniques  which  involve 
both  expenditure  and  accumulation  of  fuel  ■vrtiile  in  flight  may  magnify 
the  effects  of  changing  center  of  gravity,  mass  distribution,  and 
moments  of  inertia.  Also,  the  prediction  of  unsteady  aerodynamic 
loads  at  high  velocities  (greater  than  18,000  fps)  within  the  atmos¬ 
phere  (below  300t000  ft.)  may  require  consideration  of  hypersonic 
flow  features  such  as  dissociation,  ionization,  chemical  non-equilibrium, 
slip-flow,  free -molecular  flow,  and  boundary  layer  electrical  inter¬ 
actions  with  magnetic  fields.  This  is  shown  by  the  area  designated 
"raagnetoaerodynamics”  \^ich  covers  a  large  portion  of  the  re-entry 
corridor  in  Figure  3*  It  is  thus  evident  that  a  requirement  for  the 
lifting  exit  vehicle  would  constitute  a  challenge  to  both  the  designer 
and  the  analyst  in  attempting  to  insure  the  vehicle’s  structural 
integrity  from  an  aerothermoelastic  viewpoint. 
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The  following  remarks  are  directed  toward  some  considerations 
which  will  be  neculiar  to  vertical  boost  vehicles  and  to  the  mission 
for  which  their  payload  is  designed.  On  the  one  ertreme  nayloads  may 
be  winged  gliders,  and  on  the  other  extreme  they  may  be  only  instrument 
nackages  with  shell  casings  or  shroud  coverings.  Payloads  of  the  later 
typo  have  been  used  extensively  in  the  past  and  aerothennoelastic  prob¬ 
lems  associated  with  boosters  carrying  these  types  of  payloads  have  not 
been  too  severe.  However,  since  boosters  in  the  1,5  to  12  million  pound 
class  are  being  planned  and  long  (interplanetary)  or  orbital  (recover¬ 
able)  missions  are  contemplated,  this  picture  may  change  considerably. 

Either  liquid  or  solid  boosters  in  this  class  will  have  very  large 
fuel  consumption  rates  and  thus  the  time-varying  effects  of  changes  in 
mass  distribution,  center  of  gravity,  and  manent  of  inertia  will  again 
require  consideration.  In  contrast  to  lifting  exit  vehicles,  the 
acccoipanying  time -variant  ambient  conditions  will  also  dcminate  the 
picture.  Although  temperature  effects  will  not  be  so  extreme  for  the 
boost  mode,  dynamic  pressures  in  excess  of  3OOO  psf  can  occur  at  super¬ 
sonic  speeds,  which  will  make  the  vehicle  susceptible  to  nose  divergence, 
body  bending-control  system  coupling  instabilities,  classical  bending- 
torsion  flutter,  all -movable  control  surface  flutter,  and  panel  flutter. 

Requirements  may  call  for  many  different  types  of  control  ranging 
fran  pure  aerodynamic  to  pure  reaction  jet  systems.  Aerodynamic  control 
introduces  free-play  considerations,  along  with  possible  di/ergence, 
flutter,  and  aeroservoelastic-body  bending  instabilities.  The  latter 
problem  is  also  common  to  thrust  vector  control  using  gimballed  engine 
nozzles .  Single  degree  of  freedom  flutter  for  blunt  nose  surfaces  must 
be  considered  for  control  by  use  of  vanes  sulanerged  in  the  rocket  exhaust, 
Hsection  jet  control  requirements  introduce  the  possibility  of  coupling 
betvraen  alternating  thrust  forces  and  body  bending  degrees  of  freedom. 

Another  critical  problem  area  for  the  vertical  mode  of  exit  concerns 
the  dynamic  loads  on  the  booster  associated  with  large  wind  shear  gradients 
and  sharp  edged  gusts.  Thts  problem  is  of  particular  importance  since 
peak  dynamic  pressures  are  often  reached  between  30,000  and  40,000  feet 
altitudes.  Buffoting  loads  will  continue  to  be  important  for  vertically 
boosted  vehicles,  particularly  in  the  transonic  region  due  to  the  fluc¬ 
tuating  forces  generated  by  shock  foroiation. 

There  is  one  more  consideration  for  exit  which  results  from 
requirements  for  manned  space  flight.  This  concerns  the  ability  of 
the  man  to  withstand  the  dynamic  loads  to  which  he  will  be  subjected 
during  exit.  The  heat,  stress,  and  vibratory  (frequency,  amplitude,  and 
acceleration)  tolerances  of  the  human  body  will  surely  become  design 
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conditions  for  many  parts  of  the  Tehicle  and  portions  of  the  flight  path. 


space 


Space  flight  requirements  imply  considerations  vhich  involve  the 
elastic  and  inertia  properties  of  the  structure,  magnetic  forces, 
gravity  forces,  radiation  forces,  temperature,  and  flight  path  characteris¬ 
tics.  These  considerations  will  depend  upon  whether  the  flight  path  is 
to  he  a  circular  orbit  or  an  elliptical  orbit,  whether  it  is  to  be  near 
or  far,  or  whether  it  involves  escape  from  and  re-entiy  of  the  earth's 
gravitational  field. 

As  in  the  case  of  exit  flight,  snecific  mission  requirements  will 
influence  the  scope  and  complexity  of  the  dynamic  considerations  of 
Space  flight.  For  instance,  an  orbital  reconnaissance  vehicle,  whether 
manned  or  unmanned,  would  probably  have  high  stability  and  orientation 
control  requirements.  However,  the  configuration  and  construction  will 
depend  a  great  deal  on  the  presence  or  absence  of  a  crew. 

Consider  the  unmanned  reconnaissance  vehicle  which  moves  in  a  far 
elliptical  orbit  varying  in  altitude  frcm  100  to  3OOO  nautical  miles. 

Such  a  vehicle  could  be  very  large  and  flexible  and  might  require 
internal  pressurization.  Periodically  varying  radiation  and  gravity 
forces  would  affect  the  stability  of  the  flight  path  and  might  excite 
very  low  frequency  structural  vibrations.  The  internal  damping  of  such 
a  structure  would  be  an  important  consideration  from  the  standpoint  of 
reliable  equipment  operation.  Limit  amplitude  or  periodic  oscillations 
could  be  induced  by  interactions  of  cyclic  thermal  stresses  due  to  solar 
heating,  varying  centrijjetal  accelerations  and  coriolis  accelerations. 
Again,  stability  augmentation  might  be  satisfied  by  imparting  a  rota¬ 
tional  velocity  to  the  vehicle.  Here,  techniques  for  predicting  the 
dynamics  of  a  rotating  structure  might  have  to  account  for  the  effects 
of  fuel  slosh  under  near  zero  gravity  conditions,  unsymmetrical  inertia, 
and  gyroscopic  forces  dr.e  to  rotating  machinery,  etc.  Furthermore,  the 
effects  of  structural  damage  due  to  meteoric  impact  must  be  considered. 

The  manned  reconnaissance  vehicle  (at  least  versions  in  the  197^- 
1975  bime  period)  would  probably  be  capable  of  maneuvering  in  orbit. 

The  effects  of  fluctuatir.g  propulsion  forc«.s  (maybe  from  a  shock  generating 
pronulsion  device)  on  the  dynastic  response  of  such  a  structure  might 
have  to  be  taken  into  consideration,  particularly  if  the  vehicle  was  a 
permanent  reconnaissance  space  station  which  must  be  maneuvered  in  orbit, 
ether  considerations  for  this  system  include  a  precise  definition  of 
the  dynamic  environment  to  which  the  crew  will  be  exposed. 
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Extended  space  operations  may  imply  a  requirement  for  orbiting 
fuel  tankers  for  use  by  manned  vehicles  in  order  to  simplify  operations. 

Of  particular  importance  to  the  successful  employment  of  this  concept 
with  regard  to  liquid  fuel  is  the  dynamics  of  fuel  sloshing  including 
the  elasticity  and  inertia  of  the  structure  under  both  transient  and 
periodic  excitations.  For  both  liquid  and  solid  fuel  tankers,  rendezvous 
and  grappling  loads  must  be  taken  into  consideration. 

One  can  envision  orbital  vehicles  with  a  single  bombardment  capability 
(i.e.,  the  vehicle  itself  would  perform  the  offensive  or  defensive  action), 
or  one  can  conceive  of  a  platform  with  a  multiple  bombardment  canability. 
The  platform  itself  (or  portions  thereof)  could  be  recoverable  and,  there¬ 
fore,  might  resemble  a  winged  glider  or  a  lifting  body  rather  than  a 
vehicle  designed  solely  for  space  functions. 

Recent  history  of  the  development  of  weapon  systems  shows  a  trend 
for  the  employment  of  experimental  systems  to  pave  the  way  for  subsequent 
development  of  an  operational  capability.  It  seems  reasonable  to  expect 
this  trend  to  continue  and  even  to  intensify  as  man  enters  t.:e  space 
age.  For  instance,  the  develotment  of  a  moon-based  outpost  might  be 
preceded  by  the  use  of  unmanned  systems  which  would  survey  the  moon 
environment  from  orbit,  soft  land  large  payloads  on  the  moon,  and  return 
lunar  samples  to  the  earth.  Manned  travel  to  the  moon  and  return  would 
follow  and  it  might  then  be  possible  to  establish  a  permanent  moon  based 
military  station.  This  same  concept  could  be  extended  to  inteiTplanetary 
exploration  and  the  development  of  a  capability  to  perform  military 
operations  in  deep  space . 


It  does  not  necessarily  follow  that  operation  of  a  vehicle  solely 
in  a  space  environment  (travel  between  the  earth,  moon,  mars,  etc.) 
precludes  consideration  of  dynamic  problems,  DjTiamic  response  and 
instabilities  (catastrophic  failures)  must  still  be  taken  into  considera¬ 
tion  in  terms  of  trajectory  dynamics,  mechanically  induced  vibrations, 
and  flow  induced  excitation  due  to  propulsion  system  operation.  Electro¬ 
magnetic  disturbances,  both  natural  and  artificial  (induced)  could 
present  considerations  to  the  dynamics  analyst.  Meteorite  impact  and 
penetration  and  the  effects  of  either  primary  or  secondary  structural 
damage  due  to  micrcmctcoritc  bombardment  are  additional  problems  to  be 
analyzed.  ASD  is  currently  sponsoring  studies  to  determine  the  effects 
of  meteoric  iiripact  on  various  types  of  panels.  The  structural  concepts 
being  studied  include  multi-wall  construction  of  various  materials  with 
different  core  designs.  This  program  involves  both  analytical  and 
experimental  effort. 


But  perhaps  the  most  critical  and  most  complex  considerations  facing 
the  aerotheiTOoelastician  are  the  problems  attendant  to  the  requirements 
for  successful  re-entry  and  recovery  of  low  structural  weight/gross  weight 
Space  vehicles.  These  are  discussed  in  the  following  section. 


RS-STTRY  nX  RECOVERY  (LAIDIJ.G) 


Both  static  and  dynamic  aerothermoelastic  considerations  during 
re-entry  of  the  earth's  atmosphere  (and  other  planetary  atmospheres  for 
that  matter)  cover  a  wide  range  of  important  parameters  such  as  configura¬ 
tion,  density,  velocity,  dynamic  pressure,  temperature,  heating  rate, 
angle  of  attack,  etc.  It  is  a  foregone  conclusion  that  re-entry  and 
recovery  requirements  will  exist  for  future  military  S35ece  vehicles. 

It  is  equally  obvious  that  the  mode  of  re-entry  end  recovery  which  is 
employed  will  be  strongly  influenced  by  the  vehicle's  mission  and  the 
presence  or  absence  of  a  crew. 

The  use  of  extremely  light  weight  inflatable  or  expandable  struc¬ 
tures  for  orbital  reconnaissance  missions,  satellite  maintenance  and 
servicing  missions,  crew  ferrying  missions,  etc.  appears  attractive  in 
principle.  An  estimated  trajectory  for  this  type  of  structure  is  shown 
in  Figure  L,,  Such  structures  could  be  composed  of  extremely  light 
vieight,  flexible  materials,  possibly  even  temperature  resistant  fabrics, 
rubber,  or  filament  v'ound  structures.  '.v*/SC^  will  be  of  the  order  of 
1.0  psf  to  5*0  psl*!  wing  loadings  will  range  frcm  2  to  10  psf,  and 
temperatures  v/ill  be  between  1000^  R  and  2000°  R  with  heating  rates 
between  70  and  IOC  Btu/ft^/sec.  Vehicles  such  as  a  "para-glider"  and 
"Rogallo  wing"  fall  into  this  class.  Requirements  for  such  a  re-entry 
generate  consideration  for  panel  flutter,  flag  waving  flutter,  large 
amplitude  oscillations,  and  the  influence  of  elastic  degrees  of  freedom 
on  dynamic  stability.  In  the  area  of  unsteady  aerodynamics,  considera¬ 
tion  must  be  given  to  the  prediction  of  forces  and  moments  in  regions 
of  frozen  flow,  free-molecular  flow,  transition  flow,  and  continuum  flow 
for  blunt  nose  bodies,  large  leading  edge  radii,  and  curved  panels. 

Recent  in-house  research  at  ASD  indicates  that  previous  estimates  for 
the  region  of  90  "to  100^  frozen  flow  may  actually  extend  down  to  200,000 
feet  instead  of  rising  to  300,000  feet  as  shown  in  Figure  Panel 
response  predictions  must  account  for  the  effects  of  pressure  differential 
curvature,  in-plane  stresses,  flexible  boundaries,  and  inelastic  materials 
Fiurthermore ,  unique  methods  of  control  for  this  type  of  re-entry  could 
in2pos6  addi’tionsl  problar.^is  in  tha  sarosarvoalas'tic  araa* 

A  variation  on  the  present  method  of  recovery  of  payload  packages 
from  orbit  is  the  ballistic  re-entry  of  vehicles  frcci  super-orbital 
velocities  at  35 •000  (a  typical  example  is  contained  in  Figure  5) 
by  1970  and  possibly  100,000  fps  by  1975»  The  severity  of  the  djmamic 
pressure  and  heating  rates  encountered  by  vehicles  re-entering  fran 
super-orbital  velocities  is  a  function  of  their  re-entry  velocity,  flight 
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path  angle,  and  configuration.  However,  for  re-entnr  from  35.000  fps 
stagnation  heating  rates  in  excess  of  10,000  Btu/ftVsec.  and  dynamic 
pressures  in  excess  of  1000  psf  could  easily  occur  for  ballistic  or 
low  L/D  vehicles  (l/D  less  than  0»5). 

For  the  case  of  badlistic  re-entry  consideration  must  be  given  to 
the  prediction  of  flutter  for  curved  panels  and  shells  of  various  design 
concepts  including  heat  sink  designs,  composite  structures,  and  ablative 
structures,  while  accounting  for  the  effects  of  unsteady  magnetoaerodynamio 
flow.  Requirements  may  arise  for  some  typo  of  aerodynamic  control,  thus 
necessitating  consideration  of  control  effects  on  aero thermoelas tic 
phenomena.  Requirements  for  extremely  large  payloads  may  yield  a  vehicle 
which  would  be  many  times  the  size  of  present  day  nose  cones.  Therefore, 
due  to  the  relatively  high  dynamic  pressures  and  temperatures  (as  far  as 
re-entry  is  concerned)  possible  problems  with  regard  to  nose  divergence 
and  thermal  effects  on  structural  stiffness  must  bo  investigated.  The 
aoroelastic  stability  characteristics  and  buffeting  response  of  blunt 
nosed  bodies  is  a  matter  of  further  concern.  Also,  various  drag  devices 
such  as  balloons,  parachutes,  or  plate-like  drag  brakes  may  impose  addi¬ 
tional  considerations  in  the  areas  of  buzz,  buffeting,  and  separated 
flow  effects. 


Present  day  effort  seams  to  be  concentrated  on  the  possibility  of 
satisfying  possible  future  requirements  for  re-entry  and  recovery  with 
glide  lifting  re-entry  vehicles.  Glide  flight  paths  could  be  used  by 
high  L/D  lifting  bodies  (L/D  3,0)  and  by  wing-body  combinations. 

Large  re-entry  vehicles  will  probably  traverse  the  flight  corridor  at 
W/SCL*s  ranging  from  50  psf  to  1000  psf  ao  shown  in  Figure  6.  Re-entry 
frem  super-orbital  conditions  (35.000  fps)  with  a  controlled  pull  up 
will  present  the  most  severe  heating  environment  in  the  1970  time  period 
and  by  1975  interest  might  bo  focused  on  lunar  and  interplanetary  vehicles 
re-entering  at  100,000  fps  and  capable  of  similar  maneuvers. 


The  structural  approach  to  be  employed  on  lifting  re-entry  vehicle 
will  greatly  depend  on  the  presence  or  lack  of  a  crew,  vdiether  a  lifting 
body  or  a  winged  glider  is  used,  the  time  required  for  re-entry,  the 


equilibrium  W/SC^.  weight  and  volume  requirements,  etc.  For  short  time 
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and  vibration  characteristics  must  be  considered,  i.e,,  peak  heating 


during  the  typical  pull-un  maneuver  illustrated  in  Figure  6  will  be  in 
the  order  of  700  to  800  Btu/ft^sec,  On  the  other  hand,  long  time  re¬ 


entry  (greater  than  30  minutes)  requirements,  particularly  for  re-usable 


structures,  impose  consideration  for  the  effects  of  creep  and  permanent 


thennal  distortions  on  stiffness,  vibration,  and  flutter  characteristics. 


Figure  6*  Supercircxilar  Lifting  Re-entry  Trajectory 


A  limited  flight  test  program  under  ASD  contract  is  being  conducted 
to  partially  investigate  the  effects  of  a  suborbital  lifting  re-entry 
environment  on  stiffness,  vibration,  and  flutter.  The  overall  purpose  of 
these  aerothermoelastic  exneriments  is  to  assess  the  accuracy  of  analytical 
methods  for  predicting  thermal  effects  on  structural  dynamic  character 's- 
tics  and  aeroelastic  instabilities.  Two  recoverable  glide  re-entry  vehicles 
will  be  boosted  by  Air  Force's  Blue  Scout  Booster  to  an  initial  altitude 
and  velocity  of  apnroximately  180,000  ft  at  12,000  fps  and  155*000  ft  at 
11,000  fps  with  W/SCj^'s  of  approximately  I50  and  220^  respectively.  On 
board  instrumentation  will  gather  data  on  skin  temperatures,  structural 
strains,  surface  static  pressures,  and  other  structural  and  aerothenno- 
dynamic  data.  Additional  instrumentation  will  sense  dynamic  data  due 
to  artificial  excitation  including  natural  frequencies  and  mode  shapes, 
oscillatory  local  pressures  and  unsteady  aerodynamic  hinge  monents  on  a 
simulated  control  surface,  and  flutter  frequency  and  mode  shape.  All 
measured  data  will  be  compared  with  predicted  results. 

The  nonlinear  effects  of  angle  of  attack,  leading  edge  bluntness, 
and  thickness  must  be  accounted  for  with  regard  to  both  static  and 
dynamic  aerothermoelastic  problems.  The  effects  of  thick  boundary  layers, 
viscosity,  and  shock-boundary  layer  interaction  will  require  detailed 
treatment.  Inertia  loads  due  to  pull-ups  and  abrupt  maneuvers  at  high 
W/SCj^' s  is  a  consideration  coirenon  to  both  low  and  high  L/D  vehicles. 

Certainly  future  system  requirements  will  demand  successful  recoveiy 
of  crews,  payload  packages,  and  possibly  even  boosters.  Additional 
specifications  for  re-usability  of  the  structure  will  impose  limitations 
on  the  manner  in  which  recovery  is  accomplished;  for  example,  "air- 
snatch"  techniques  vs  water  impact  vs  conventional  landing.  Primary 
considerations  in  the  recovery  sequence  lie  in  the  area  of  dynamic  loads 
and  response.  For  example,  consider  the  requirement  for  soft  landing 
a  heavy,  long  slender  vehicle  on  the  moon.  One  method  consists  of  enter¬ 
ing  the  moon's  atmosphere  backwards,  decreasing  velocity  by  means  of 
rocket  thrust,  and  attenuating  impact  loads  by  means  of  crushable  or 
deformable  structures  or  a  tripod  arrangement  of  strut-oleo  combinations. 
I-'any  necessary  considerations  are  similar  to  launching  frcai  the  earth 
in  the  vertical  boost  mode,  Ho\'rever,  much  more  serious  nroblems  are 
concerned  with  the  imnact  load  attenuation,  shock  transmission,  and  the 
coupled  resnonse  of  the  attenuation  device  and  the  structure. 

It  is  also  conceivable  that  sane  vehicles  could  be  recovered  by 
either  vertical  or  horizontal  landing  on  water.  Horizontal  landings 
on  both  the  ;<ater  and  land  ;nll  occur  at  relatively  high  speeds  and  will 
cause  both  impact  and  dynamic  load  problems  in  view  of  minimum  weight 
design  requirements. 
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SECTION  II:  GENERAL  lET^IARKS  AND 
RECOM-IENDED  RESEARCH 


This  Section  discusses  the  status  of  current  flight  vehicle  aero- 
therraoelastic  technology  with  the  principal  objective  of  indicating 
those  areas  ^diere  a  concentrated  effort  is  required  to  insure  the  timely 
progression  and  availability  of  the  state-of-the-art.  Although  tne 
technology  in  this  area  is  reasonably  well  abreast  of  current  vehicle 
design  requirements,  there  exists  a  need  for  new  analytical  tools,  new 
ground  test  facilities,  new  flight  test  techniques  and  new  environmental 
data  to  improve  the  understanding  of  and  ability  to  either  avoid  or 
control  aerothermoelastic  and  astroelastic  phencmena.  This  is  not  meant 
to  imply  the  need  for  major  breakthroughs  in  the  aerothermoelastic  area, 
but  rather  to  stimulate  a  realization  that  the  current  state-of-the-art 
leaves  much  to  be  desired  in  the  way  of  adequate  prediction  methods, 
testing  facilities  and  procedures,  and  design  criteria. 

A  most  important  problem  area  and  one  in  which  much  research  is 
required  is  the  delineation  of  the  effects  of  aerodynamic  heating  and 
heating  rates  on  stiffness  and  vibration  characteristics.  Analytical 
procedures  are  required  for  the  accurate  prediction  of  theimoelastic 
phencmena  associated  with  new  structural  configurations  such  as  composite, 
anisotropic  and  orthotropic  types,  particularly  for  superorbital  re¬ 
entry  environments.  An  advancement  is  necessary  in  the  technology 
(i.e.,  new  methods  and  techniques)  for  scaled  wind  tunnel  testing  or 
vibration  testing  under  conditions  which  require  relatively  complete 
aerothemoelastic  or  thermoelastic  simulation. 

It  has  been  mentioned  previously  that  panel  flutter  is  a  problem 
requiring  immediate  attention.  Design  criteria  and  trend  data  are 
required  for  anisotro-iic  and  orthotropic  panels  and  heat  shields, 
including  the  effects  of  aerodynamic  and  structural  nonlinearities  such 
as  large  amplitude  motion,  viscous  and  boundary  layer  effects,  angle 
of  attack,  sweep,  etc. 

The  detailed  and  accurate  definition  of  unsteady  aerodynamic 
pressure  distributions  associated  with  the  various  aerothermoelastic 
problems  is  another  area  in  which  much  research  is  required,  particularly 
in  the  always  troublesome  transonic  regime  and  also  the  hypersonic 
speed  range.  Hypersonic  unsteady  theories  must  be  validated  by  expe¬ 
riments  and  extended  to  higher  Mach  numbers,  ftecently  observed  differences 
betwsen  the  experimental  and  theoretical  flutter  trends  with  I-Iach  num¬ 
ber  for  cantilevered  and  semi-rigid  models  at  hypersonic  I'fech  numbers 
are  probably  due  to  real  gas  effects  (i.e,,  thick  boundary  layers, 
viscosity)  and  indicates  the  need  for  methods  which  account  for  these 
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features.  Also,  methods  are  required  for  predicting  unsteady  airloads 
including  the  effects  of  aerodynamic  and  structural  nonlinearities, 
such  as  large  amplitude  motion  and  rapidly  varying  ambient  conditions . 

Although  a  large  backlog  of  experience  exists  on  flupter,  the 
hypersonic  speed  range  is  relatively  unexplored.  The  effects  of  chord- 
wise  flexibility,  wing-body  Interference,  blunt  leading  edges  and  angle 
of  attack  on  flutter  characteristics  for  low  aspect  ratio,  highly  swept 
configurations  over  the  entire  sneed  range  require  investigation  and 
the  establishment  of  design  criteria, 

V/ith  the  trend  toward  larger  boosters  for  space  oriented  missions, 
aerostrvoelastic  problems  could  be  an  important  design  consideration. 
Coupling  between  the  elastic  vibration  modes  and  control  system  dynamics, 
particularly  the  higher  order  modes,  requires  detailed  knov/ledge  of 
both  the  structure  and  control  system  characteristics.  In  this  regard, 
the  development  of  an  accurate  method  to  predict  the  natural  frequencies 
and  mode  shapes  of  many  clustered  cylinders  under  conditions  of  time- 
varying  mass,  inertia,  damping,  and  stiffness  would  have  immense  value 
in  the  design  of  I.5  to  12  or  even  20  million  pound  thrust  boosters. 

Methods  are  needed  for  calculating  joint  and  attachinent  stiffnesses, 
end  also  stiffness  characteristics  of  thin  shelled  structures. 

Other  analytical  tools  which  are  needed  include  methods  which 
describe  the  nonlinear  behavior  of  structures  and  mathematical  techniques 
for  STinroximating  solutions  to  strongly  nonlinear  equations  having 
rapidly  varying  coefficients.  Methods  are  also  needed  which  will  both 
qualitatively  and  quantitatively  describe  new  force  fields  vdiich  influence 
astrnelastic  phenon.r  na  for  areas  in  which  space  vehicles  must  operate. 

Such  methods  will  have  value  in  saLisfying  stiffness  requirements  to 
meet  design  criteria  such  as  minimum  weight,  reliability,  and  safety. 
Lastly,  there  exists  a  need  to  devise  prediction  methods  for  treating 
both  static  and  dynamic  rerothermoelastic  phenonriena  including  real  gas 
effects  in  the  velocity  range  from  15,000  fps  through  35,000  fps.  The 
value  of  these  m.etIiods  lies  in  optimizing  the  design  of  re-entry  struc¬ 
tures  from  a  stiffness,  rather  than  a  strength,  vie\-point. 

It  was  pointed  out  earlier  that  present  day  methods  of  aerothex-mo- 
elastic  analyses  oftentimes  yield  results  which  are  not  sufficiently 
accurate,  thus  necessitating  lengthy  and  costly  ground  vibration  tests, 
wind  tunnel  tests,  and  flight  tests  to  check  predictions  for  the  aero¬ 
dynamic,  stiffness,  ana  inertia  characteristics  of  flight  vehicles. 

Nor  is  there  any  hope  of  escape  from  this  situation,  for  both  in  the  past 
and  in  the  future,  the  analytical  dcscri-Dtion  of  an  aerothermoelastic 
system  is  subject  to  the  abilities  of  the  analyst  in  selecting  the  theories 
to  be  used,  the  degrees  of  freedom  to  be  inc7.i..ied ,  the  method  of  solution, 
and  the  interpretation  of  results. 


114 


It  is  Imperative  that  future  vehicles  be  subjected  to  ground  tests 
under  closely  simulated  conditions*  Structures  should  be  subjected  to 
both  apace  and  re-entry  enviroiunents  in  either  duplication  or  simulation 
tests*  insofar  as  possible*  Adequate  dynamic  testing  laboratories  and 
wind-tunnel  facilities  should  be  constructed  (if  possible  and  practical) 
and  utilized  in  both  developmental  programs  and  applied  research  programs 
in  order  to  insure  timely  and  progressive  advancement  in  the  aerothermo- 
elastic  and  astroelastic  state-of-the-art.  The  need  for  these  two  types 
of  facilities  is  adequately  demonstrated  by  the  implications  of  future 
requirements,  and  the  value  of  ground  testing  as  an  alternate  approach 
(in  contrast  with  theoretical  analyses)  to  the  advancement  of  technology 
is  quite  significant. 


Although  ground  testing  serves  an  essential  role  in  the  qualification 
of  a  vehicle  for  flight  and  in  applied  research  on  aerothermoelastic  emd 
astroelastic  phenomena*  it  has  certain  limitations  which  demand  the  use 
of  a  third  approach  to  the  advancement  of  technology.  For  instance*  the 
degree  of  duplication  or  simulation  attainable  in  a  ground  facility  is 
often  limited  by  available  funds*  apace  and  power  requirements*  safety 
hazards*  etc*  Also*  ground  facility  tests  often  demand  use  of  small  scale 
models  which  must  bear  similarity  to  the  prototype;  and  this  similarity  is 
sometimes  difficult*  if  not  impossible  to  obtain  except  for  Itl  scale 
ratios.  Some  progress  has  been  made  by  MIT  imder  an  CNR  contract  to  inves¬ 
tigate  the  theoretical  aspects  of  "restricted"  purpose  models*  This 
approach  shows  some  premise  for  limited  investigations,  but  does  of  neces¬ 
sity  neglect  certain  parameters  and  similarity  conditions*  Therefore,  it 
is  sometimes  necessary  to  resosrt  to  flight  testing  techniques*  which  are 
of  value  for  research  purposes  in  assessing  the  accuracy  of  prediction 
methods,  in  checking  the  validity  of  ground  test  results*  and  in  gathering 
environmental  data  (for  which  there  is  a  dire  need).  Therefore*  suborbital, 
orbital,  and  superorbital  flight  tests  may  also  serve  as  a  means  for  "fill¬ 
ing  the  gap*  in  technology  between  the  present  and  the  time  when  adequate 
ground  facilities  become  available*  Besides  providing  opportunity  for 
research  testing  in  the  real  environment*  development  flight  tests  can  be 
used  to  pave  the  way  for  and  accelerate  the  attainmont  of  an  operational 
capability. 


In  connection  with  experimental  approaches  to  the  advancement  of 
technology  in  the  aerothermoelastic  and  astroelastic  areas*  there  is  a 
critical  need  for  radically  new  instrumentation  techniques  in  order  to 
accurately  obtain  desired  data*  Consideration  should  be  given  to  the 
development  of  photoelectric  or  radio  isotope  techniques  for  gathering 
oscillatory  acceleration*  velocity*  and  displacement  data*  both  on  the 
ground  and  in  flight*  High  frequency  vibration  and  internal  and  external 
noise  pickups  which  can  operate  at  high  temperatures  are  required  along 
with  lightweight*  in  flight  data  reduction  devices* 
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Lastly,  in  view  of  the  desirability  and  necessity  for  conducting 
ground  tests  and  flight  tests  to  meet  future  requirements  and  the 
extremely  high  cost  of  full  scale  tests,  there  exists  an  urgent  need 
for  a  practical  resolution  of  the  problem  of  aerothermoelastic  modeling, 
a  need  for  studies  of  astroelastic  modeling,  the  construction  of  adequate 
ground  vibration  test  facilities  which  either  simulate  or  duplicate 
expected  space  and  re-entry  environments,  and  the  construction  of  hyper¬ 
velocity  thermal  wind  tunnels  with  large  test  sections. 


SIMMWTY 


In  summary,  this  paper  has  presented  a  discussion  of  many  of  the 
considerations  which  must  be  faced  by  the  dynamicist  who  will  be  con¬ 
cerned  with  the  design  of  future  atmospheric  and  space  vehicles.  The 
implications,  problem  areas,  and  technological  advances  which  have  been 
presented  must  be  boldly  faced  to  insure  the  timely  development  of 
operational  capabilities  for  all  types  of  missions.  The  considerations 
which  have  been  presented  in  this  paper  are  summarized  in  Table  I  which 
shows  in  condensed  form  sane  of  the  unsteady  aeroth>rmodynamic,  thermo¬ 
elastic,  inertia^ and  aerothermoelastic  problems  which  may  occur. 

To  satisfy  estimated  future  system  requirements  in  the  1965“1975 
time  period,  continued  applied  research  effort  must  be  expended  to  produce 
solutions  to  anticipated  problems  and  to  re-orient  design  philosophy 
which  must  be  employed  throughout  the  developmental  stage  of  future 
vehicles.  In  particular,  it  can  be  safely  stated  that  the  impact  of 
minimum  weight  design  criteria,  adverse  thermal  effects  on  structural 
dynamic  characteristics,  and  anticipated  operating  environments  (both 
steady  and  unsteady)  have  elevated  the  importance  of  stiffness  aspects 
of  structural  design.  Although  present  design  concepts  give  adequate 
consideration  to  the  attainment  of  acceptable  overall  vehicle  stiffness 
properties,  problems  dependent  on  local  joint  and  panel  stiffness  levels 
have  begun  to  appear  and  need  increased  attention.  It  is  anticipated 
that  the  stiffness  aspect  of  both  atmospheric  and  space  structures' 
design  will  soon  be  the  most  important  of  all  basic  design  considerations. 
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Table  1.  Summary  of  Critical  Problem  Areas 
Transonic  coefficients 


Itosteady 

Aerotbemodynamics 


Thermoelasticity 


Transient  (indiclal)  aerodynamics 

Nonlinear  effects  of  airfoil  or  body  shape, 
thickness,  angle  of  attack,  and  large  amplitude 
oscillations 

Effects  of  shock  wave  interaction  and  separated 
flow 

Time  variant  ambient  effects 

Low  density-high  velocity  flows 

Effects  of  boundary  layer  and  viscosity 

Wing-body  interference 

Measurements  -  correlation  with  theory 


Heating  effects  on  stiffness  and  vibration 
characteristics 

Nonlinear  effects  of  vibration  amplitudes  - 
shells,  membranes,  and  panels 

Stiffness  and  vibration  characteristics  of 
staged  and  clustered  bodies 

Nonlinear  effects  of  large  deflections, 
plasticity,  viscoelasticity 

Modeling  techniques 

Vibration  testing  techniques 

Flight  flutter  testing  techniques 

High  temperature  gradients/high  thermal  stresses 

Buckling  and  creep  effects 


Table  1.  (Continued) 


Thermoelasticity 

(Con't.) 


Inertia 


Aerotbermoelastic 

Phenomena 


Vibration  and  stiffness  characteristics  of 
expandable  structures  *  Eogallo  wingst  etc* 

Vibration  and  stiffness  characteristics  of 
sandwich,  anisotropic,  and  filament  wound 
structures. 

Vibration  characteristics  of  orthotropic 
panels 

Large  rates  of  change  of  mass 
Fuel  slosh,  swirl 

Divergence 

Buffeting 

Buzz 

Panel  and  shell  flutter 

Control  surface  flutter 

Aeroelastic  effects  on  dynamic  stability 

Aeroservoelastic  coupling 

Effects  of  heating  and  past  heating  history 
on  flutter 

Dynamic  response  •*  impact  landing/alighting 
Ground  wind  induced  oscillations 
Chordwise  flexibility  effects  on  flutter 
Sail  plane/Rogallo  wing  flutter 
Dynamic  buckling 

Accurate  noise  and  vibration  prediction 
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ABSTRACT 

Several  classes  of  aerospace  vehicles 
are  defined  according  to  a  generalized  break¬ 
down  of  flight  regimes  and  mission  require¬ 
ments.  Within  each  class,  typical  vehicle 
configurations  and  design  requirements  are 
discussed.  Particular  emphasis  is  placed 
on  the  nature  of  the  conflicting  design 
requirements  and  the  methods  of  resolving 
these  conflicts  as  they  influence  or  deter¬ 
mine  the  solutions  to  critical  aerothermo- 
elastic  problems.  In  the  discussion  of 
aerothermoelasticity,  the  relative  influence 
of  the  problem  on  the  final  design  and 
configuration  of  the  vehicle  is  indicated. 
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POTENTIAL  AEROTHISRMOELASTIC  PROBLEMS 
ASSOCIATED  WITH  ADVANCED  VEHICLE  DESIGN 


1 .  INTRODUCTION 

With  the  ever  widening  flight  regimes  and  mission 
requirements  of  aerospace  vehicles,  the  classical  areas 
of  vehicle  dynamics  and  aeroelasticity  have  been  steadily 
broadening  to  include  thermodynamics  in  such  an  intimate 
manner  as  to  make  feasible  the  definition  of  a  generalized 
problem  class  -  Aero thermoelasticity . 

In  general,  the  individual  component  problems  of  this 
field  are  familiar.  It  is,  however,  the  nature  of  their 
complex  interrelationships  and  the  subsequent  incorpora¬ 
tion  of  their  solutions  into  the  design  of  advanced  aero¬ 
space  craft  configurations  that  forms  the  basis  of  the  pre¬ 
sent  discussion. 

It  is  not  the  purpose  of  this  paper  to  present  metho¬ 
dology;  but  rather  to  establish  a  base  from  which  the  nature 
of  the  problems  may  be  viewed  in  consonance  with  the  many 
classes  of  vehicles  and  missions  contemplated  in  future 
atmospheric  and  space  operations.  The  view  will  be  that 
of  the  designer  who  in  performing  his  task  must  attempt  to 
resolve  continually  the  many  conflicting  requirements  of 
specialist  doctrines  with  the  goal  of  achieving  a  final 
result  which  is  acceptable,  although  probably  not  optimum, 
from  the  point  of  view  of  each  participating  discipline. 

The  discussion  is  introduced  by  identifying  several 
basic  classes  of  aerospace  vehicles.  Wherever  possible, 
the  characteristic  missions  associated  with  each  class, 
or  a  combination  of  classes,  are  indicated.  This  is 
followed  by  an  identification  of  the  principal  component 
problems  associated  with  the  field  of  Aerothermoelasticity . 
As  noted  above,  none  of  these  problems  or  considerations 
are  in  themselves  new.  They  are,  however,  included  here 
in  order  to  completely  define  Aerothermoelasticity  in 
terms  of  the  sum  of  its  parts;  and  to  enable  a  systematic 
discussion  of  design  interrelationships  in  the  light  of 
the  selected  vehicle  classifications.  In  effect,  therefore. 


a  "vehicle  class-p'»’nblem  type"  matrix  is  constructed  to 
serve  as  the  basis  of  the  design  presentation  wherein  the 
problems  assume  their  individual  personalities  and  priori¬ 
ties  as  a  function  of  the  vehicle  class  to  which  they 
apply . 


2.  BASIC  AEROSPACE  VEHICLE  CLASSIFICATION 


The  aerospace  vehicles  and  missions  to  be  discussed 
below  are  by  no  means  exhaustive.  They  are  believed, 
however,  to  be  sufficiently  representative  to  encompass 
the  majority  of  design  problems  to  be  encountered  in 
considering  Aero thermoelasticity.  We  will  eliminate  from 
discussion  aircraft  designed  to  perform  subsonic  missions. 
This  is  done  not  because  they  have  unimportant  or  uninter¬ 
esting  problems  but  because  they  have  had  the  benefit  of 
considerable  attention  in  the  past.  The  following  aero¬ 
space  vehicle  classes  will  be  defined  for  the  purposes  of 
the  present  discussion: 

Supersonic  aircraft 
Hypersonic  aircraft 
High  L/D  re-entry  spacecraft 
Low  l/d  re-entry  spacecraft 
Manned  spacecraft 
Unmanned  spacecraft 
Spacecraft  launch  vehicles 

Configurations  representative  of  these  typical  vehicle 
classes  are  shown  in  Figure  1. 

Supersonic  Aircraft 

Aircraft  in  this  category  are  powered  by  turbojet  or 
turbofan  engines  using  JP  fuel.  They  are  winged  with 
relatively  high  L/D  (approximately  T.O);  and  have  conven¬ 
tional  monocoque  or  semi-monocoque  structure  of  steel 
and/or  titanium.  Cruise  speeds  lie  in  the  Mach  number 
region  from  2.0  to  4.0  with  altitudes  ranging  up  to  approx¬ 
imately  100,000  Ft.  Structures  will  be  subjected  to  steady 
state  temperatures  in  the  vicinity  of  600“  to  800“  F 
during  cruising  flight;  and  the  design  dynamic  pressure  may 
be  a  high  as  2000  P.S.F.  depending  on  the  mission  altitude. 
Examples  of  this  class  of  aircraft  are; 

a)  Supersonic  transport 

bj  Supersonic  bombers  (high  and  low  altitude) 
c)  Early  version  of  the  recoverable  booster  sys¬ 
tem 


HIGH  L/0  RE-ENTRY  SPACECRAFT 


LOW  L/b  RE-ENTRY  SPACECRAFT 


SPACECRAFT 


SPACECRAFT  LAUNCH  VEHICLE 


FIGURE  I 
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Hypersonic  Aircraft 

These  aircraft  are  powered  by  turbojets,  rockets, 
turboramjets,  or  other  hybrid  engines  using  cryogenic  fuel 
(l.e.  hydrogen).  They  will  be  winged  with  moderate  L/D 
(approximately  4.0).  By  virtue  of  the  extremely  low  fuel 
density,  they  will  require  high  volume  and  a  heat  pro¬ 
tected  or  Insulated  structure.  Maximum  speeds  will  be  In 
the  vicinity  of  M  =  12.0  at  altitudes  up  to  250,000  Ft. 

At  these  conditions,  however,  the  flight  time  will  be 
relatively  short.  Steady  state  and  transient  temperatures 
of  approximately  1500®  to  2000®  P  may  be  expected  although 
the  dynamic  pressures  at  the  high  temperature  design  point 
will  be  less  than  1000  P.S.P.  At  lower  altitudes  and 
temperatures,  the  dynamic  pressure  limit  will  be  approxi¬ 
mately  2500  P.S.P.  Typical  examples  of  this  type  of 
vehicle  are: 

a)  Advanced  recoverable  booster 

b)  Hypersonic  bomber 

High  L/D  Re-Entry  Spacecraft 

These  vehicles  have  no  propulsive  equipment  save  for 
small  retrorockets  for  re-entry  initiation.  They  will 
have  relatively  low  wing  loadings  with  an  L/D  in  the 
vicinity  of  2.0.  It  is  possible  that  variable  aerodynamic 
geometry  will  be  employed;  and  external  drag  devices  may 
serve  in  conjunction  with  reaction  and  aerodynamic  controls 
as  a  primary  means  of  re-entry  flight  path  correction.  The 
structure  may  be  of  the  truss-heat  protected  type,  forced 
cooling,  or  hot  refractory  metal  configuration.  For 
satellite  velocity  re-entries,  a  maneuvering,  maximum 
heating  load  (as  opposed  to  a  maximum  heating  rate)  tra¬ 
jectory  will  be  flown  with  maximum  temperatures  near  30OO®  P 
in  local  regions  such  as  leading  edges,  nose,  etc.  Design 
dynamic  pressures  will  be  of  the  order  of  1000  to  I500  P.S.P. 
Boost-glide  vehicles  are  typical  of  this  class. 

Low  L/D  Re-Entry  Spacecraft 

Vehicles  of  this  type  have  no  wings  but  nevertheless 
achieve  a  limited  lifting  capacity  (L/DcsO.5)  from  the 
basic  body  shape.  The  structure  is  heat  protected  either 
by  means  of  heat  sinks  or  ablative  materials.  Either 
reaction  controls  or  combined  aerodynamic -reaction  controls 
are  used  to  provide  limited  maneuverability.  The  re-entry 


trajectory  is  determined  primarily  by  re-entry  conditions 
and  the  ballistic  coefficient  ( W/S ) .  These  vehicles  will  be 

CD 

utilized  primarily  for  "deep  space"  or  "long  time"  missions 
where  the  relative  inefficiency  of  the  re-entry  is  offset 
by  the  volumetric  efficiency  of  the  unwinged  aerodynamic 
shape.  Re-entry  trajectories  will  result  in  high  heating 
rates  and  critical  temperatures  of  the  order  of  5000**  P  with 
dynamic  pressures  of  approximately  2000  P.S.F.  Current 
examples  of  this  type  of  spacecraft  are: 

a)  Mercury 

b)  Apollo 

Manned  Spacecraft 

These  vehicles  are  wingless  and  may  or  may  not  have 
provisions  for  re-entering  planetary  atmospheres.  The 
basic  shape  of  the  vehicle  is  largely  determined  by  the 
heavy  emphasis  on  life  support  and  power  systems  which 
require  pressurized  crew  enclosures  and  meteoroid  and 
radiation  shielding.  Conventional  or  inflatable  structure 
may  be  used.  Rocket  or  nuclear  propulsion  will  be  employed. 
Reaction  controls  are  used  for  maneuvering.  Operative  speeds 
will  be  satellitic  or  super-satellitic  at  altitudes  beyond 
500,000  Ft.  The  temperature  in  space  will  depend  on  the 
vehicle's  relative  rates  of  absorption  and  radiation.  A 
vehicle  of  this  type  spending  any  time  on  the  moon  would 
have  to  consider  a  lunar  day-night  temperature  cycle  of 
+250**  F  to  -250**  F.  Space  stations  are  typical  of  this 
class  of  spacecraft. 

Unmanned  Spacecraft 

Spacecraft  of  this  type  are  wingless  and,  for  the  most 
part,  have  simple  truss  or  basic  unpressurized  structure. 

The  design  is  influenced  by  a  heavy  emphasis  on  electronics 
and  associated  sensors.  Rocket  propulsion,  and  reaction 
controls  will  be  used  for  maneuvering.  It  may  be  desirable, 
in  some  instances,  to  provide  landing  capabilities.  The 
temperature  environment  will  depend  on  the  vehicle's 
relative  absorption  and  radiation  characteristics  in  space. 
Illustrative  examples  of  spacecraft  of  this  type  are: 

a 

b 


Surveyor 

Prospector 


c)  Ranger 

d)  Explorer 

Spacecraft  Launch  Vehicles 

The  design  of  this  type  of  unmanned  vehicle  is  domina¬ 
ted  by  the  large  liquid  or  solid  rocket  propulsion  system. 
The  structure  is  either  free  standing  or  pressure  stabiliz¬ 
ed.  Control  is  obtained  with  reaction  controls  or  vectored 
thrust  using  command  control/inertial  guidance.  Lifting 
surfaces  may  be  needed  for  aerodynamic  stability.  The 
maximum  altitude  is  in  the  vicinity  of  500^000  Ft.;  the 
design  dynamic  pressure,  approximately  1000  P.S.F.;  and 
the  design  temperature  approximately  400®  to  500°  F.  Wind 
shear  and  pad  loads  are  of  particular  importance  in  the 
design  of  these  vehicles.  Examples  of  this  class  are: 

a.)  Atlas 
b|  Saturn 

e)  Nova 


3 .  MISSIONS 


• 

In  the  foregoing  classification  it  has  been  necessary 
to  grossly  oversimplify  tne  presentation  in  order  to  achieve 
an  identification  of  several  basic  vehicle  types.  In  actual 
practice,  specific  spacecraft  are  tailored  to  the  demands  of 
a  particular  mission;  and,  in  moat  cases,  combine  the 
features  of  two  or  more  of  the  basic  classes.  Accordingly, 
the  following  section  will  indicate,  in  a  general  manner, 
the  nature  of  some  of  the  more  common  combinations.  V/e 
will  eliminate  from  the  discussion  those  examples  wherein 
the  basic  classification  implies  the  mission  directly  (e.g. 
supersonic  aircraft-supersonic  transport) . 

Ballistic  Missile 


The  mission  objective  is  to  place  a  warhead  on  a  pre¬ 
determined  target  within  a  selected  or  defined  error.  The 
system  combines  a  suitable  launch  vehicle  with  a  low  LA) 
re-entry  body.  In  this  case,  the  re-entry  vehicle  is 
unmanned  and  may  frequently  ooerate  ballistically  (i.e. 

L/D  =  0) . 

Recoverable  Booster 


The  principal  objective  of  this  mission  is  to  enable 
a  significant  reduction  of  launch  cost  of  orbital  payloads 
through  the  mechanism  of  recovery  and  reuse  of  It  m.ch 
vehicles.  Under  certain  conditions  this  could  imply  the 
unmanned  recovery  of  one  or  more  stages  of  a  vertical  launch 
booster  system  (i.e.  by  means  of  parachute  or  paraglider 
systems).  For  the  most  part,  however,  it  implies  a  manned, 
winged,  lower  stage  vehicle  transporting  nonrecoverable 
upper  stages  which  are  launched  along  ballistic  trajector¬ 
ies.  Accordingly,  such  a  recoverable  booster  system  would 
be  comprised  of  a  supersonic  or  hypersonic  aircraft  com¬ 
bined  with  a  typical  unmanned  launch  system.  It  should  be 
noted  that  at  the  ''drop  point"  a  steep  pull-up  of  the  first 
stage  is  required  in  order  to  minimize  the  maneuvering  loads 
and  conserve  fuel  in  the  subsequent  unmanned  stages. 

Aerospace  Plane 


The  aerospace  plane  type  system  is  really  an  extension 


of  the  recoverable  booster  concept.  In  this  case,  hov.'ever, 
the  performance  of  the  lower  stage  is  so  increased  as  to 
permit  an  orbital  flight  capability:  thus,  in  effect, 
yielding  a  manned,  winged,  one-stage-to-orbit  recoverable 
vehicle.  Intermediate  versions  could  utilize  "piggy  back" 
arrangements  wherein  a  multistage  approach  is  used  involv¬ 
ing  individual,  manned,  recoverable  stages.  Obviously, 
therefore,  the  aerospace  plane  is  a  compounding  of  a  hyper¬ 
sonic  aircraft  with  a  high  L/D  re-entry  spacecraft  in  a 
single  vehicle.  The  multi-stage  version  would  in  effect 
combine  these  same  classes  through  the  assemblage  of 
several  distinct  vehicles  or  stages. 

Orbital  Reconnaissance  or  Bombardment 


This  system  requires  a  suitable  launch  vehicle  of 
either  the  manned  or  unmanned  type  in  conjunction  with  a 
recoverable  orbital  vehicle.  The  orbital  mission  itself 
dictates  the  use  of  a  large  number  of  complex  sensors 
in  combination  with  suitable  computers,  data  and  command 
links.  Accordingly,  as  mission  time  is  extended,  the 
maintainance  requirement  normally  dictates  the  use  of  a 
manned  vehicle.  Whether  manned  or  unmanned,  however,  a 
strong  requirement  for  landing  accuracy  and  flexibility  of 
landing  site  and  landing  time  exists.  This  latter  consider¬ 
ation  prompts  the  use  of  a  high  L/D  winged  vehicle  with 
its  attendant  re-entry  maneuvering  capability.  Since 
the  vehicle  will,  in  most  cases,  be  confined  to  earth 
orbital  operations,  the  structural  weight  penalties  associa¬ 
ted  with  the  use  of  wings  in  combination  with  parabolic 
re-entry  velocities  will  not  be  experienced  to  any  great 
extent . 

Deep  Space  Operations 


Here,  again,  a  suitable  earth  escape  booster  is  called 
for.  Since,  however,  escape  velocities  are  required,  the 
launch  vehicle  will  normally  be  of  the  multi-stage,  verti¬ 
cal  launch,  non-recoverable  type.  At  the  present  time,  the 
spacecraft  themselves  are  of  the  unmanned  variety;  and  in 
only  a  few  cases  are  provided  with  re-entry  capability.  In 
the  future,  however,  as  booster  systems  Increase  in  per¬ 
formance  and  reliability,  it  is  logical  to  expect  that 
these  systems  will  be  manned.  The  manned  system  must, 
of  course,  be  recoverable;  and,  in  addition,  may  be  design¬ 
ed  for  an  extended  mission  time  by  virtue  of  its  "in-flight" 
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maintenance  capability.  Since  re-entries  from  parabolic 
velocity  are  called  for  and  since  the  mission  time  will 
be  long,  the  structural  efficiency  must  be  maximized.  This 
normally  calls  for  the  use  of  an  unwinged,  low  L/D  re-entry, 
spacecraft  configuration.  In  addition  to  the  earth  landing 
capability,  certain  missions  will  require  landings  on  other 
planets  or  celestial  bodies.  In  the  event  that  a  planetary 
atmosphere  exists,  the  landing  technique  will  be  similar  to 
that  employed  for  earth  return.  In  many  cases,  however,  a 
landing  in  the  absence  of  an  atmosphere  must  be  effected 
(i.e.  lunar)  in  which  event  a  propulsive  technique  will  be 
necessary. 

Space  Logistics 

A  space  logistic  vehicle's  characteristics  will  vary 
considerably  as  a  function  of  tne  particular  mission  re¬ 
quirement.  In  the  earth-space-earth  case,  the  logistic  sys¬ 
tem  will  be  similar  to  the  aerospace  place  or  recoverable 
booster  system;  whereas  for  space-space  missions,  manned 
or  unmanned  spacecraft  will  be  employed.  In  all  cases, 
the  logistic  spacecraft  must  be  capable  of  accurate 
rendezvous,  followed  by  suitable  docking  and  systems 
interconnection  with  the  parent  craft.  It  should  be  noted 
that  certain  other  military  missions  require  similar  capa¬ 
bilities  (e.g.  satellite  inspection). 


4.  AEROTHERMOELASTIC  PROBLEMS 


In  the  previous  sections  several  basic  classes  of  aero¬ 
space  vehicles  and  missions  have  been  identified.  In  a 
similar  manner,  the  present  section  will  delineate  the 
principal  component  problems  of  the  overall  field  of  Aero- 
thermoelasticity.  In  several  Instances  the  items  named  are 
not  problems  in  the  strictest  sense,  but  rather  critical 
design  considerations.  For  purposes  of  completeness, 
however,  they  will  be  listed  here  in  order  to  aid  in  a 
comprehensive  view  of  Aero thermoelasticity . 

Classical  Flutter 


This  problem  may  be  identified  as  an  aerodynamic - 
structural  vibratory  instability  of  lifting  surfaces 
Involving  several  structural  and/or  rigid  body  degrees  of 
freedom.  As  shown  in  Figure  (2),  it  typically  figures  in 
the  design  process  in  establishing  basic  structural  stiff¬ 
ness  levels  as  functions  of  Mach  number  and  altitude  (or 
"q").  Often  it  determines  gross  mass  distribution  charac¬ 
teristics,  particularly  for  hinged  or  rotating  surfaces, 
or  for  situations  where  large  concentrated  masses  are  in¬ 
volved.  Infrequently  it  is  a  determinant  of  basic  aero¬ 
dynamic  shape  or  control  system  characteristics. 

Panel  Flutter 


This  problem  is  characterized  by  a  high  frequency,  aero 
dynamic-structural  Instability  of  local  panels  or  areas  of 
a  vehicle's  surface.  It  figures  in  the  design  process  as  a 
detail  design  consideration  in  establishing  panel  thickness, 
edge  restraint,  geometry,  and  stiCfener  location .  The  pro¬ 
blem  is  difficult  to  predict  accurately  except  in  rather 
idealized  situations  and  frequently  requires  use  of  empiri¬ 
cal  or  test  data  such  as  that  used  to  establish  the  criteria 
of  Figure  (3). 

Forced  Vibration 


Generally,  this  problem  is  Involved  in  the  design  pro¬ 
cess  from  the  standpoint  of  dynamic  stress  resulting  from 
structural  vibration j  that  is,  excitation  of  one  or  more 
structural  modes.  The  character  of  the  problem  varies 


widely  as  a  function  of  the  forcing  function  and  degree  of 
dependence  on  aerodynamics.  Examples  include  landing, 
taxiing,  abrupt  control  motions,  release  of  external  stores, 
and  in-flight  Impact  with  foreign  bodies.  It  is  an  extreme¬ 
ly  important  consideration  in  stress  analysis  and  fatigue 
analysis  of  flexible  airframes. 

Acoustics 


The  acoustics  problem  is  a  variation  of  the  forced 
response  problem  where  the  excitation  has  a  broad  band  har¬ 
monic  content  arising  from  acoustic  sources  such  as  boundary 
layer  turbulence,  engines  (see  Figure  (4))  and  high  velocity 
internal  flows.  It  is  usually  treated  in  a  manner  similar 
to  panel  flutter  with  the  principal  consequences  affecting 
the  fatigue  life  of  local  structural  regions.  Even  though 
the  stress  levels  may  be  relatively  lower  than  other  fati¬ 
gue-causing  excitations,  the  stress  cycle  rate  is  extremely 
high.  As  Indicated  in  Figure  (5),  the  acoustic  fatigue 
mode  could  become  more  critical  than  the  lower  frequency 
load  cycles. 

Buffet 


Buffet  is  a  problem  similar  in  many  respects  to  acous¬ 
tic  excitation,  forced  vibration,  and  gust  phenomena.  In 
this  case,  the  nature  of  the  forcing  function  is  again  ran¬ 
dom  and  in  many  respects  similar  to  boundary  layer  turbu¬ 
lence  but  for  the  turbulence  scale.  The  problem  is  usually 
associated  with  major  flow  discontinuities  or  separations 
and  the  response  involves  both  rigid  and  flexible  airframe 
degrees  of  freedom.  In  addition  to  the  obvious  load  and 
fatigue  considerations,  the  problems  of  maneuvering  limita¬ 
tions  and  crew  comfort  must  be  considered.  Unlike  the 
acoustic  problem,  the  overall  structural  response  may  be 
dependent  on  significant  aerodynamic  coupling  and  even  in¬ 
volve  instabilities  such  as  stall  flutter. 

Static  Aeroelasticlty 


The  static  aeroelastic  problem  is  associated  with  the 
"static"  interaction  between  aerodynamic  or  Inertia  loads 
and  structural  deformation.  In  addition  to  the  obvious 
influence  and  modification  of  the  design  loads,  the  changes 
in  bablc  stability  derivatives  such  as  shown  in  Figure  (6) 
are  fundamental  considerations  in  elementary  dynami*:  and 
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performance  analyses  in  which  structural  dynamics,  per  se, 
are  insignificant.  As  in  the  case  of  flutter,  the  principal 
control  is  through  the  medium  of  structural  stiffness  and 
the  major  determining  flight  parameter  is  the  djrnamic 
pressure . 

Temperature 


Steady  state  temperatures  resulting  from  thermal  equil¬ 
ibrium  at  sustained  high  Mach  number  flight  conditions  are 
a  basic  consideration  in  all  aerothermoelastic  analyses. 
Usually  the  problem  results  from  the  heat  transfer  charact¬ 
eristics  of  the  flow  field  in  conjunction  with  the  "heat 
sink"  capacity  of  the  airframe.  Similar  problems  are  en¬ 
countered,  however,  in  the  vicinity  of  engines  and  other  con¬ 
centrated  heat  sources. 

The  basic  problem  involves  the  temperature  deteriora¬ 
tion  of  structural  properties  such  as  the  stiffness  moduli 
and  allowable  stresses.  In  addition,  the  creep  rate  in¬ 
creases  with  increasing  temperature  thus  leading  to  import¬ 
ant  permanent  deformation  considerations.  The  basic  temper¬ 
ature  levels  may  drastically  influence  the  choice  of  struc¬ 
tural  materials,  alter  design  load  and  fatigue  criteria, 
and  determine  internal  cooling  systems  requirements.  Furth¬ 
ermore,  thermal  cycling  due  to  repeated  mission  performance 
may  reduce  the  useful  life  of  the  vehicle  from  a  combination 
of  creep  effects  and  permanent  changes  in  material  properties. 

Thermal  Stress 


Thermal  stress  problems  result  from  the  differential 
expansion  of  structural  components  usually  associated  with 
the  existence  of  temperature  gradients  throughout  the  air¬ 
frame.  These  conditions,  in  turn,  usually  occur  in  con¬ 
junction  Wxth  transient  flight  conditions  while  moving  from 
one  state  of  thermal  equilibrium  to  another  (Figure  (7)). 

The  probl em  is  extremely  important  in  stress  analysis  and 
must  be  taken  together  with  maneuvering  stress  conditions. 
Stress  duration  and  time  history  are  dependent  on  the  thermo¬ 
dynamics  of  the  structure,  flight  time  history,  structural 
plasticity,  and  structural  arrangement.  Thermal  stresses 
may  affect  critically  the  stiffness  characteristics  of 
built  up  structures;  and,  in  this  manner,  lead  to  serious 
consequences  in  such  stiffness  dependent  problem  areas  as 
flutter  and  static  aeroelasticity.  Also,  they  may  on  oc¬ 
casion  produce  sufficient  structural  deformation  to  affect 
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^  DYNAMIC  PRESSURE 


FIGURE  6  LIFT  CURVE  FLEXIBLE  TO  RIGID  RATIO  AS 
INFLUENCED  BY  DYNAMIC  PRESSURE 


FIGURE  7 


TRANSIENT  THERMAL  STRESS 


external  aerodimamics  and  associated  loadings  as  in  the  case 
of  leading  edge  "curling". 

Materials 

Materials  considerations  usually  result  from  analyses 
of  specific  problem  combinations  in  a  particular  design 
situation.  Weight,  cost,  produceability,  and  fabrication 
requirements  are  paramount  in  addition  to  the  obvious 
requirements  on  stiffness,  strength,  creep,  and  fatigue 
life.  Most  new  structural  materials  have  been  selected 
on  the  basis  of  their  capabilities  in  high  or  very  low 
temperature  environments.  Such  refractories  as  molybdenum, 
columbium,  and  beryllium  have  been  considered  in  addition 
to  steel  and  titanium  as  primary  structural  components. 
Besides  load  carrying  materials,  heat  absorbtive,  Insula- 
tive,  and  ablative  materials  are  also  basic  needs  of  a 
variety  of  vehicle  types.  Oxidation  and  the  coating  mater¬ 
ials  required  to  prevent  it  constitute  one  of  the  major  high 
temperature  materials  research  problems. 


Rigid  Body  Instabilities 


Typically  this  problem  involves  the  major  mass  and 
Inertia  characteristics  of  the  vehicle  in  combination  with 
its  basic  external  and  sometimes  Internal  aerodynamics  (i.e. 
duct  inlets,  etc.).  In  many  cases,  where  unusual  vehicle 
shapes  are  involved,  all  six  basic  degrees  of  freedom  may  be 
non-llnearly  coupled  Inertially  and  aerodynamic ally.  Figure 
(8)  shows  the  familiar  roll-inertia  coupled  stability 
problem.  Undesirable  situations  may  occur  as  a  result  of 
(or  in  combination  with)  forced  or  free  body  motions;  that 
is  to  say,  basic  transients  may  become  unstable  or  forcing 
inputs  may  produce  unacceptable  motions  from  the  flying 
qualities  point  of  view.  Considerations  relating  to  this 
problem  are  usually  basic  to  the  choice  of  the  external 
aerodynamic  configuration . 


Fuel  Sloshinf 


Primarily,  the  fuel  sloshing  problem  is  associated  with 
high  mass  ratio  vehicles  exposed  to  missions  or  environ¬ 
ments  which  may  produce  significant  and  rapidly  varying 
loads.  The  effects  manifest  themselves  in  the  form  of 
inertia  coupling  between  airframe  and  fuel  motions.  Major 
changes  in  vehicle  dynamics  frequently  occur  both  as  a 
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result  of  the  additional  non-linear  fuel  degrees  of  freedom 
and  the  rapidly  varying  fuel  mass  as  Illustrated  in  Figure 
(9) .  Problems  of  this  type  may  also  involve  airframe  - 
control  system  dynamic  coupling  and  internal  structural 
loads.  Often  the  consequences  result  in  major  changes 
in  fuel  tankage  and  baffling,  fuel  sequencing,  and  struc¬ 
tural  and/or  control  system  configuration. 

Inertia  Cross  Coupling 

Inertia  cross  coupling  is  a  generalized  problem  clas¬ 
sification  of  which  certain  rigid  body  and  fuel  slosh 
problems  represent  particular  examples.  Many  situations 
exist  in  which  high  angular  rates  in  inertial  space  give 
rise  to  coupling  type  phenomena  involving  both  rigid  and 
flexible  degrees  of  freedom.  Very  often,  however,  the 
coupling  terms  are  non-linear  and  non-Eulerian .  The 
consequences  of  these  problems  are  many  and  they  frequently 
involve  major  design  load  and  control  system  requirement 
changes.  The  problem  Invariably  occurs  in  consonance  with 
unusual  geometric  configurations,  large  concentrated 
masses,  and  a  general  lack  of  inherent  system  damping. 

Control  System  Instabilities 


Control  system  instabilities  are  usually  related  to 
problems  involving  rigid  body  and/or  structural  degrees  of 
freedom.  Typically,  the  requirements  on  control  system 
performance  have  increased  as  a  result  of  more  demanding 
missions.  This  has  led  to  considerations  or  requirements 
for  both  stability  augmentation  and  automatic  flight 
equipment.  Problem  consequences  usually  involve  sensor 
locations,  structural  characteristics,  major  modifications 
(and  sometimes  compromises)  in  the  open  loop  performance 
characteristics.  Usually  the  problem  is  initiated  by  an 
inertial  sensor  such  as  an  accelerometer  or  rate  gyro 
and  is  subsequently  augmented  through  an  incompatible  set 
of  airframe  dynamics  for  the  flight  condition  or  vehicle 
configuration  in  question.  Figure  (lO)  depicts  a  typical 
effect  of  structural  flexibility  on  sentior  location. 

Gust  Response 


The  gust  response  problem  is  closely  related  to  the 
rigid  body  and  forced  vibration  problem  areas.  In  this 
case,  the  forcing  function  is  primarily  aerodynamic  in  the 
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FIGURE  9  VEHICLE  DAMPING  DUE  TO  FUEL  SLOSH-AUTOPILOT 
COUPLING 


form  of  a  tri-axial  wind  shear  distribution.  In  a  realis¬ 
tic  situation  the  loads  are  random  with  a  relatively  broad 
band  spectrum.  The  consequences  relate  directly  to 
structural  loads ^  fatigue,  and  (in  extreme  cases)  crew 
performance  degradation.  Figure  (ll)  depicts  a  typical 
gust  bending  moment  power  spectrum.  The  severity  of  the 
problem  is  a  function  of  the  flight  condition,  inertial 
characteristics,  and  aerodynamic  configuration. 
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FIGURE  10  VEHICLE  DAMPING  DUE  TO  AUGMENTATION  AS 
INFLUENCED  BY  SENSOR  LOCATION  ON  A 
FLEXIBLE  FUSELAGE 
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FIGURE  II  BENDING  MOMENT  POWER  SPECTRUM  GUST  RESPONSE 


5 .  DESIGN  CONSIDERATIONS 


In  the  following  section,  the  design  influences  of 
Aerothermoelasticlty  will  be  examined  in  accordance  with 
the  individual  vehicle  classifications  previously  defined. 
It  will  be  noted  that  the  critical  emphasis  on  individual 
P'^oblems  varies  considerably  with  the  vehicle  type.  Only 
those  problems  or  considerations  which  are  of  a  critical 
nature  in  the  design  process  will  be  examined  in  detail. 

Supe  rsonlc  Aircraft 


As  examples  of  supersonic  aircraft  of  interest  from  the 
aerothermoelastic  point  of  view,  consider  the  supersonic 
transport  or  bomber.  The  basic  mission  requirement  of 
these  vehicles  is  to  transport  a  payload  over  long  distances 
rapidly  and  economically.  These  goals  immediately  dictate 
the  general  size  of  the  vehicle  as  well  as  a  winged  con¬ 
figuration  with,  in  all  probability,  a  high  volume  fuselage 
(more  so  for  the  transport  than  the  bomber) .  The  wing  will 
have  a  high  L/D  at  the  design  lift  coefficient  for  range; 
and  will  most  probably  have  a  high  sweep  angle,  low  aspect 
ratio,  and  a  low  thickness  ratio  to  minimize  the  super¬ 
sonic  drag.  The  fuselage  volume  is  determined  by  the  pay- 
load  and  equipment  to  be  carried,  but  its  fineness  ratio  is 
set  by  supersonic  drag  considerations.  To  achieve  fuel 
economy,  the  cruise  altitude  will  be  high  and  will,  in  turn, 
be  a  major  factor  in  setting  the  wing  size.  For  a  given 
design  (or  cruise)  Mach  number,  the  cruise  altitude  estab¬ 
lishes  the  dynamic  pressure  which,  in  turn,  dictates  the  wing 
loading  required  for  operation  at  (L/D)max.  It  should  be 
noted  that  as  the  design  altitude  at  a  fixed  Mach  number  is 
reduced  the  required  wing  loading  increases.  This  will 
normally  be  effected  by  reducing  the  wing  size. 

Classically,  wing  flutter  considerations  have  dictated 
structural  stiffness  levels.  In  so  far  as  the  wing  itself 
is  concerned,  this  situation  will  still  exist.  It  is  signi¬ 
ficant,  however,  that  the  stiffness  requirement  is  based  on 
flight  at  the  maximum  Mach  number  rather  than  the  transonic 
condition  which  has  frequently,  in  the  past,  constituted 
the  critical  case.  Figure  (2)  clearl  illustrates  the 
reaso’‘s  for  thi.  shift  to  the  higher  Mach  number  stiffness 
design  poirt.  In  effect,  the  combination  of  temperature 
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and  increasing  Mach  number  lead  to  requirements  over  and 
beyond  those  dictated  by  the  lower  altitude  transonic  condi¬ 
tion.  It  wiDl  be  noted  from  Figure  (2)  that  as  the  altitude 
at  the  design  Mach  number  is  reduced  the  required  stiffness 
increases.  This  may  be  attributed  directly  to  the  increas¬ 
ing  dynamic  pressure.  For  a  wing  of  fixed  size,  the  struc¬ 
tural  weight  to  prevent  flutter  would  increase  significantly 
were  it  not  for  the  fact  that  the  overall  wing  size  must  be 
reduced  to  maintain  optimum  cruise  lift  coefficient. 

Figure  (12)  demonstrates  the  effect  of  selected  cruise  alti¬ 
tude  on  the  overall  wing  weight  fraction.  It  will  be  noted 
that  as  the  design  altitude  is  reduced  the  wing  weight  re¬ 
duces  to  a  point  where  the  Increasing  weight  for  flutter 
prevention  offsets  further  weight  reductions  due  to  de¬ 
creasing  wing  size. 

When  the  temperature  impact  on  design  is  examined,  it 
is  found  that  the  effect  is  primarily  a  steady  state  one. 
Generally  the  vehicle  accelerates  sufficiently  slowly  that 
nearly  equilibrium  structural  temperatures  are  maintained 
at  all  times.  The  maximum  temperature  at  the  design  Mach 
number  and  altitude  is  large  enough,  however,  that  its 
effect  must  be  included  in  the  flutter  analysis.  In  general, 
the  temperature  effect  enters  the  analysis  through  its  im¬ 
pact  on  the  elastic  moduli  of  the  material.  The  principal 
considerations  relating  to  thermal  stresses  occur*  during  the 
deceleration  phase  where  the  vehicle  may  slow  at  a  high 
rate  while  at  the  same  time  encountering  Increased  loads 
and  dynamic  pressures  associated  with  lower  altitude  flight. 
In  this  case  not  only  the  stiffness  effects  on  flutter 
require  consideration  but  also  the  combined  effects  of  man¬ 
euvering  and  thermal  stresses. 

In  order  to  reduce  surface  temperatures,  it  is  expedient 
to  utilize  the  heat  sink  capacity  of  the  JP  fuel.  This 
process  is  obviously  time  and  range  limited  but  may  result 
in  a  significant  cooling  effect  for  "dash"  missions. 

Designing  for  optimum  performance  at  high  Mach  number 
and  altitude  has  produced  configurations  which,  in  many 
cases,  cannot  meet  the  low  speed  wing  loading  requirements 
dictated  by  runway  length.  One  solution  to  this  problem 
receiving  serious  consideration  is  a  variable  geometry 
(swept)  wing.  The  various  wing  configurations  must  be 
examined  for  flutter  in  the  intermediate  flight  regime;  and 
much  attention  must  be  devoted  to  the  stiffness  requirements 
on  pivots,  actuators,  and  local  backup  structure. 
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Panel  flutter  traditionally  becomes  more  serious  as  the 
operating  dynamic  pressure  increases  at  supersonic  Mach 
numbers.  It  is  evident ,  therefore,  that  panel  flutter 
Including  the  effects  of  elevated  temperature  must  be  con¬ 
sidered  in  a  supersonic  aircraft  design.  The  problem  is 
frequently  difficult  to  separate  from  acoustic  fatigue 
because  the  failure  modes  are  very  similar  and  both  are 
aggravated  by  high  Mach  number  and  dynamic  pressure.  The 
problem  is  somewhat  alleviated  by  the  use  of  honeycomb 
structure  which  has  been  shown  to  be  desirable  from  a 
temperature  and  structural  efficiency  standpoint. 

In  view  of  the  high  fineness  ratio  fuselage  required, 
fuselage  bending  now  becomes  a  primary  design  problem. 

This  characteristic,  when  taken  together  with  the  fact  that 
a  low  aspect  ratio  wing  is  utilized,  leads  to  flutter  modes 
of  low  frequency  involving  wing  chordwise  and  fuselage 
bending.  Also,  many  configurations  require  a  canard  surface 
for  trim  drag  reasons,  thus  leading  to  flutter  problems  in¬ 
volving  symmetric  and  antisymmetric  fuselage  modes  coupled 
with  canard  degrees  of  freedom.  The  fuselage  bending 
situation  is  aggravated  in  the  supersonic  transport  by 
virtue  of  the  requirement  for  an  unobstructed  fuselage 
shell  with  many  window  cut-outs  which  reduce  the  shear 
carrying  capability  of  the  structure. 

In  addition  to  these  problems,  the  low  fre'  lency  fuse¬ 
lage  bending  characteristics  will  be  a  major  factor  in 
control  system  design.  Over  and  beyond  an  aggravated  de¬ 
flection  problem  associated  with  the  mechanical  elements, 
several  important  dynamic  considerations  are  involved. 
Inertial  sensors  (accelerometers,  gyros)  will  pick  up 
flexible  structural  motions  thus  leading  to  a  consideration 
of  servo-elastic  instabilities. 

Gusts  encountered  during  low  altitude  bombing  or 
attack  missions  will  be  a  major  factor  in  determining 
structural  loads  and  may  liiail  the  performance  through  an 
application  of  structural  fatigue  and  crew  tolerance 
criteria.  In  so  far  as  "rigid  body"  gust  response  at  low 
altitude  is  concerned,  high  wing  loadings  and  low  aspect 
ratio  wings  constitute  relieving  factors.  Structural 
response,  however,  increases  directly  with  speed.  In 
dealing  with  these  problems,  a  full  consideration  must  be 
given  to  using  the  flight  control  system  as  a  gust  allevia¬ 
tor  and  to  using  both  natural  and  artiflcal  structural 
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damping  techniques. 

Static  aeroelastic  problems  will  require  consideration 
directly  proportional  to  dynamic  pressure  and  structural 
efficiency.  As  in  the  flutter  case,  major  problem  emphasis 
will  be  on  wing  chordwise  and  fuselage  bending.  Static 
aeroelasticity,  as  always,  will  dictate  final  aerodynamic 
parameters  and  steady  state  load  characteristics.  Basic 
dynamic  stability  will  involve,  in  roughly  equal  parts, 
consideration  of  rigid  body,  and  low  frequency  structural 
degrees  of  freedom.  It  is  significant  that  the  "uncoupled" 
rigid  body  stability  frequencies  tend  to  be  of  the  same 
magnitude  as  the  lower  structural  frequencies. 

Hypersonic  Aircraft 


As  performance  requirements  increase  above  Mach  number 
4  to  cryogenic  fuels  must  be  utilized  to  achieve  Increases 
in  specific  impulse  (or  reductions  in  specific  fuel  con¬ 
sumption)  .  These  fuels  must  be  used  in  air-breathing  or 
non-air-breathing  propulsion  systems;  but  air-breathing 
systems  are  preferred  for  fuel  consumption  reasons.  This 
change  over  from  JP  to  cryogenic  fuels  dictates  major 
changes  in  vehicle  aerodynamic  and  structural  configura¬ 
tion.  Since  cryogenic  fuels  have  approximately  7  percent 
of  the  density  of  conventional  fuel,  internal  volume  and 
physical  size  must  increase  enormously.  A  decrease  in 
vehicle  density  therefore  results.  The  net  effect  is  the 
selection  of  configurations  with  high  volumetric  efficiency 
and  a  trend  toward  flying  wing  or  lifting  body  shapes. 

Since  the  fuel  must  be  maintained  in  a  liquid  state  at 
temperatures  near  absolute  zero,  extremely  demanding  insu¬ 
lation  requirements  exist.  These  are  made  more  stringent 
since  high  external  temperatures  resulting  from  high  Mach 
number  flight  also  exist.  The  structure,  therefore,  must 
be  adequate  to  take  external  temperature  and  yet  minimize 
inward  heat  conduction.  A  major  consequence  of  inward 
heat  conduction  is  fuel  "boil  off".  As  the  inward  heat 
flow  increases,  fuel  vapor  is  vented  overboard  at  a  higher 
rate.  This  fuel  loss  may  be  charged  off  as  a  performance 
degradation.  At  a  fixed  performance  level  (i.e.  mission 
requirement)  the  fuel  weight  lost  due  to  "boil  off"  may  be 
balanced  against  an  increased  insulation  weight.  It  should 
be  noted  that  in  addition  to  fuel  weight  one  must  consider 
seriously  the  increased  weight  and  volume  of  structure 


required  to  contain  excessive  takeoff  fuel.  The  effect 
of  insulation  thickness  is  shovm  in  Figure  (13). 

Obviously,  a  serious  potential  thermal  stress  problem 
occurs  even  under  steady  state  flight  conditions.  Solu¬ 
tions  include  the  use  of  an  efficient  external  radiating 
heat  shield  in  combination  with  an  inner  insulated  load 
carrying  shell.  To  the  maximum  extent  possible,  the 
external  loads  must  be  transferred  to  the  inner  structure 
through  a  minimum  number  of  mechanical  connections  to 
minimize  heat  conduction  through  the  structural  path.  The 
demands  on  vehicle  performance  are  in  many  aspects  similar 
to  those  of  a  conventional  booster  and  dictate  an  extremely 
low  mass  fraction  (i.e.  ratio  of  empty  weight  to  gross 
weight) .  In  order  to  improve  structural  efficiency,  there¬ 
fore,  serious  consideration  must  be  given  to  the  use  of 
structural  fuel  tanks,  thus  Integrating  the  function  of 
the  internal  structure  (see  Figure  (l4)). 

Structure  of  the  type  needed  to  meet  the  volume, 
temperature,  and  insulation  requirements  will  be  sub^i  ct 
to  serious  panel  flutter  problems.  Classical  flutter, 
however,  will  be  associated  primarily  with  chordwise 
bending  of  the  entire  vehicle  and  be  literally  inseparable 
from  dynamic  stability  and  servo-elastic  considerations. 

Acoustic  problems  arising  from  the  propulsion  system 
will  be  somewhat  diminished  by  locating  the  high  energy 
sources  at  the  base  end  of  the  vehicle,  although  the 
boundary  layer  effects  will  be  comparable  to  the  super¬ 
sonic  aircraft. 

A  major  problem  arises  in  the  design  of  the  inlets  on 
air  breathing  configurations.  A  large  capture  area  with 
extremely  high  recovery  efficiency  is  dictated;  and, 
accordingly,  high  local  heat  rates  are  obtained  on  sharp 
duct  edges  and  throat  regions.  Structural  instability  on 
duct  lips  and  internal  variable  geometry  sections  will  be 
prime  considerations.  These  Instabilities  will  be  similar 
to  leading  edge  Instabilities  and  panel  flutter,  respectively. 

Hypersonic  aircraft  currently  under  consideration  will 
spend  a  relatively  short  time  at  the  maximum  Mach  number 
condition  and  the  balance  of  the  time  accelerating  to  or 
decelerating  from  this  flight  regime.  Accordingly,  the 
vehicle  will  be  subjected  to  extreme  thermal  stress 
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FIGURE  13  INSULATION  -  FUEL  TANK  STRUCTURE  WEIGHT 
OPTIMIZATION 
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FIGURE  14  TYPICAL  INTEGRAL  CRYOGENIC  STRUCTURE 


environments.  These  thermal  stresses  will  develop  not  only 
because  of  the  aforementioned  acceleration-deceleration 
flight  profile,  but  also  because  of  the  strong  inside-out¬ 
side  temperature  gradients. 

Generally  speaking,  gust  problems  will  be  most  severe 
during  the  return  portion  of  flight  at  low  wing  loadings. 

The  aerodynamic  gust  loads  will  not  necessarily  exceed 
those  associated  with  the  higher  weight  climb-out  condi¬ 
tion,  but  the  accelerations  encountered  will  expose 
fixed  equipment  items  and  crew  to  a  more  severe  environment. 

Static  and  dynamic  stability  will  be  dependent,  as 
always,  on  the  overall  aerodynamic  characteristics.  These, 
in  turn,  will  be  highly  oriented  to  the  achievement  of  a 
maximum  lift-drag  ratio.  In  hypersonic  flight  this  fre¬ 
quently  requires  the  use  of  "positive  interference" 
techniques  such  as  droop  tips  and  inlet  duct  "shadowing". 
Although  desirable  from  the  performance  standpoint,  such 
approaches  frequently  lead  to  complex  aerodynamic  non- 
linearities  which  must  be  accounted  for  in  the  many  neces¬ 
sary  dynamic  analyses. 

High  L/D  Re-Entry  Spacecraft 

This  type  of  vehicle  will  normally  be  employed  only  on 
sub-orbital  or  orbital  re-entry  missions.  The  weight 
penalty  paid  for  wings  on  vehicles  re-entering  from  super- 
satellitlc  speeds  is  very  great  due  to  the  greatly  Increased 
cooling  requirements.  Also  super-satellitic  missions  are 
normally  of  much  longer  duration,  with  the  landing  require¬ 
ments  taking  on  a  different  emphasis  in  competition  with 
other  mission  requirements.  The  winged,  low  wing  loading 
vehicle  is  chosen  for  re-entry  because  it  will  permit  a  wide 
variety  of  trajectories.  The  normal  design  trend  is  to 
utilize  maneuvering  to  minimize  heating  rate  and  heat 
load;  trading,  thereby, heat  protection  material  for  wing 
weight .  A  highly  swept  leading  edge  is  employed  on  the  wing 
to  further  reduce  the  heating  rate. 

Structures  for  vehicles  in  this  class  are  normally  a 
combination  of  separate  external,  insulated  "shingles" 
and  an  interior  truss  arrangement  to  minimize  thermal 
stresses.  Other  alternate  arrangements  include  cooled 
structure  (either  forced  or  radiative  cooling)  and  monocoque 
or  semi -monocoque  construction  or  refractory  metals  with 


corrugated  webs  for  thermal  stress  reduction.  Truss  type 
structure  is  normally  used  with  relatively  thick  wings  and 
deep  bodies.  As  the  vehicle  thickness  reduces,  the  joint 
weight  of  trusses  become  exorbitant  and  recourse  must  be 
made  to  monocoque  or  semi-monocoque  techniques  utilizing 
either  radiation  cooling  or  a  refractory  metal  configura¬ 
tion.  Since  non-redundant  structures  such  as  the  truss- 
type  tend  to  minimize  thermal  stresses,  the  stress  problem 
grows  in  proportion  to  the  degree  of  redundancy  and  be¬ 
comes  more  severe  as  the  monocoque  approach  is  introduced. 

Panel  flutter  will  represent  the  most  basic  form  of 
structural  instability.  The  analytical  and  test  investi¬ 
gations  must  account  for  thermal  buckling,  thermal  deterio¬ 
ration  of  material  properties,  and  stress  induced  by  maneu¬ 
vers  and  thermal  gradients.  This  is  illustrated  in  Figure 
(15)  where  it  will  be  noted  that  re-entries  at  higher  wing 
loadings  involve  higher  combinations  of  temperature  and 
dynamic  pressure. 

Classical  flutter  will  still  be  a  problem  for  monoco¬ 
que  and  semi-monocoque  wings  of  relatively  small  thickness 
ratio  and  requires  detailed  investigation  as  the  wing 
loading  increases  (i.e.  reducing  the  altitude  of  the  equili¬ 
brium  re-entry  trajectory.  For  thick  wing  configurations, 
classical  flutter  will  be  somewhat  alleviated  due  to  the 
inherently  higher  stiffness  levels  and  the  lower  heating 
rates  associated  with  the  lower  curvature  surfaces. 

During  recbveries  from  aborted  boost  trajectories 
(normally  sub-orbital)  it  is  frequently  necessary  to 
simultaneously  maximize  the  lift  and  drag  coefficients. 

This  gives  rise  to  a  requirement  for  extensible  drag  brakes 
which  under  the  re-entry  conditions  are  subjected  to 
extremely  high  loads  and  heating  rates.  The  possibility 
of  instabilities  similar  to  transonic  "buzz"  is  very  high 
and  frequently  dictates  structural  stiffness  levels  and 
actuator  characteristics. 

The  requirement  for  maneuverability  opens  up  the 
necessity  of  considering  a  number  of  combined  rigid  body 
and  structural  dynamic  problems.  The  techniques  of  affec¬ 
ting  proper  control  over  re-entry  trajectories  involve 
maneuvering  in  roll  at  high  angles  of  attack,  thus  giving 
rise  to  potential  non-linear  cross  coupling  dynamics.  This, 
in  turn,  establishes  stringent  control  requirements.  Also, 
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altitude 


FIGURE  15  EFFECT  OF  WING  LOADING  ON  RE-ENTRY 
TRAJECTORY 


these  maneuvers  expose  the  vehicle  to  a  wide  variety  of 
combined  temperature -aerodynamic  loadings  which  require 
investigation  to  determine  design  loads  and  operating 
limits.  Buffet  problems  will  be  severe  due  to  maneuvering 
at  high  angles  of  attack  adding  to  flight  control  and  struc 
tural  fatigue  problems. 

One  principal  advantage  of  the  winged  vehicle  is  its 
capability  to  maneuver  and  to  use  fairly  long  glide  ranges 
to  make  available  a  large  number  of  landing  sites.  The 
ability  to  predict,  however,  touch  down  site  and  to  deter¬ 
mine  before  hand  an  optimum  flight  schedule  is  a  difficult 
and  exacting  computation  problem.  Therefore,  careful  atten 
tion  must  be  paid  to  on-board  computer  and  sensor  equipment 
together  with  the  autopilot  tie-in.  The  autopilot  loop  is 
consequently  quite  elaborate  and  must  be  subjected  to 
careful  analysis  under  all  anticipated  flight  conditions 
to  avoid  rigid  body  and  structural  instabilities. 
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Material  problems  are  In  direct  proportion  to  the 
nature  of  the  chosen  structural  configuration.  For  the 
heat  shielded  or  externally  insulated  structure,  the  exter¬ 
nal  surface  characteristics  are  extremely  important;  and 
much  attention  must  be  paid  to  surface  finish,  heat  transfer 
characteristics,  protective  coatings,  and  fabrication  tech¬ 
niques.  The  interior  structure,  on  the  other  hand,  may  be 
fabricated  from  a  relatively  low  temperature,  easily  worked 
material.  Hot  refractory  structures,  however,  are  extremely 
critical  throughout;  and  although  offering  potential  weight 
advantages  when  used  on  relatively  thin  surfaces,  they  re¬ 
quire  an  extreme  effort  in  fabrication. 

Low  L/D  Re-Entry  Spacecraft 


Vehicles  of  the  low  L/D  type  will  be  utilized  for  deep 
space  missions  and,  accordingly,  will  be  required  to  re¬ 
enter  at  speeds  up  to  escape  velocity.  With  but  limited 
maneuver  capabilities,  an  essentially  ballistic  trajectory 
will  be  followed  with  attendant  high  heating  rates  and  heat 
loads . 

The  structure  of  this  type  of  vehicle  will  invariably 
consist  of  an  integral  load  carrying  monocoque  shell  heat 
protected  externally  by  suitable  ablative  material.  Figure 
(l6)  indicates  the  general  nature  of  the  heat  shield  optimi¬ 
zation  process.  It  will  be  noted  that  as  the  heat  shield 
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thickness  increases  the  weight  of  the  substructure  and  insu¬ 
lation  material  is  reduced  until  it  approaches  an  asymptotic 
value  corresponding  to  a  "cold"  design.  The  effect  on  total 
spacecraft  weight  of  using  refractory  metal  substructure 
(material  "A")  in  conjunction  with  a  thin  ablative  coating 
is  also  shown.  The  principal  problem  will  be  associated 
with  the  characteristics  and  attachment  techniques  of  the 
ablative  material  itself.  In  addition,  panel  flutter  pro¬ 
blems  will  exist  on  the  cooler  portions  of  the  structure 
aft  of  the  ablative  section;  and,  in  some  cases,  may 
involve  the  ablative  heat  shield  directly. 

Dynamic  stability  and  control  considerations  will  be 
extremely  critical  due  to  non-linear  aerodynamics,  marginal 
static  stability,  and  large  inclinations  of  the  body  axes 
relative  to  the  flight  path.  The  limited  lifting  capacity 
will  be  used  to  the  maximum  to  control  the  re-entry  trajec¬ 
tory;  and,  accordingly,  maneuvering  at  high  angle  of  attack 
with  the  attendant  inertia  coupling  problems  is  a  serious 
consideration.  Control  of  the  vehicle  will  normally  be 
through  reaction  jets,  but  it  may  be  necessary  to  use 
aerodynamic  surfaces  for  trim.  These  surfaces  would  be 
subjected  to  high  heat  rates  which,  in  turn,  dictate  the 
structural  character  and  the  type  of  control  required  to 
actuate  them.  As  in  the  high  L/D  vehicle,  automatic  con¬ 
trol  and  trajectory  equipment  will  be  required  and  careful 
attention  must  be  paid  to  closed  loop  dynamic  stability 
problems. 

By  virtue  of  the  low  L/D  configuration,  this  craft  will 
not  be  suited  for  landing  in  the  conventional  mode.  Conse¬ 
quently,  auxiliary  devices,  such  as  inflatable  wings,  will 
be  employed,  thereby  giving  rise  to  associated  problems  of 
flutter,  dynamic  stability  and  control.  Also,  in  the  case 
of  parachute  landing  in  the  vertical  mode,  touch  down  tech¬ 
nique  must  be  studied  to  minimize  landing  loads  and  careful 
attention  paid  to  shock  absorbing  devices. 

It  is  worth  noting  that  for  both  the  high  and  low  L/D 
vehicles  gas  cap  radiation  will  be  an  additional  factor 
to  consider  in  heat  transfer  calculations.  It  should  also 
be  noted  that  the  early  phases  of  a  re-entry  trajectory 
occur  in  the  free  molecule  and  transition  flow  regimes 
with  the  flow  being  highly  ionized  and  dissociated.  This 
requires  careful  attention  to  the  aerodynamic  and  heat 
transfer  characteristics  of  the  flow. 


Manned  Spacecraft 


This  class  of  vehicles  includes  those  primarily  utiliz¬ 
ed  for  space  missions  for  which  there  are  no  re-entry  r.i- 
quirements.  Accordingly^  the  principal  vehicle  design  con¬ 
siderations  stem  from  the  necessity  to  provide  a  habitable 
enclosure  incorporating  life  support  provisions,  environ¬ 
mental  control,  power,  and  crew  protection  equipment.  A 
major  component  of  any  such  system  will  be  a  pressure- 
tight  enclosure  wherein  a  "shirt-sleeve"  environment  may 
be  maintained.  Mission  duration  will  be  the  primary  deter¬ 
minant  of  overall  size,  meteoroid  and  radiation  shielding 
weight, and  subsystem  equipment  weight. 

The  temperature  environment  will  be  quite  varied  accord¬ 
ing  to  the  nature  of  the  mission.  Principal  inputs  will 
result  from  solar  radiation  and  internal  heat  sources. 

It  should  be  noted  that  low-earth-orbit  craft  are  exposed 
to  a  light -dark  cycle  of  approximately  100  minutes.  The 
net  temperatures  resul'Ang  will  be  a  function  of  the  absorb- 
tion  and  radiation  characteristics  of  the  vehicle.  In  the 
case  of  a  vehicle  resting  on  the  lunar  surface  external 
temperatures  may  range  from  +250°  to  -250“  P  during  a  lunar 
day  -  night  cycle  (i.e.  28  earth  days).  These  considera¬ 
tions  typically  appear  in  the  design  of  the  basic  structure, 
and  the  duty  cycle,  load,  life,  and  power  requirements  of 
the  environmental  control  system. 

The  major  dynamic  problems  will  be  associated  with 
structural  response  to  forced  excitation.  Excitations  will 
include  the  ignition  of  propulsion  systems,  meteoroid  colli¬ 
sions,  impact  during  docking  operations,  booster  loads,  and 
landing  shocks  on  non -atmospheric  planets.  An  additional 
dynamics  problem  stems  from  the  cross  coupling  of  struc¬ 
tural  modes  due  to  angular  rates  about  the  body  axes.  In 
order  to  provide  an  artificial  gravity  environment  for  long¬ 
time  space  missions,  these  configurations  take  the  shape  of 
a  wheel  with  the  living  quarters  distributed  around  the 
periphery.  The  wheel  is  spun  about  its  hub  to  create  the 
required  acceleration  field.  In  view  of  the  relatively 
large  size,  the  stiffness  levels  are  quite  low  and  complex 
modal  coupling  problems  exist.  The  coupling  agent  results 
from  the  angular  rate  of  the  wheel  about  the  spin  axis. 

The  modes  are  excited  easily  through  the  movement  of  crew 
or  the  operation  of  the  attitude  control  system.  In  the 
latter  case,  complex  coupling  exists  between  the  control 


system,  flexible  structure,  and  rigid  body  degrees  of  freedom. 
The  conseq[uences  of  these  coupling  phenomena  are  structural 
fatigue  and  possibly  basic  dynamic  instability  of  the  entire 
system. 

For  all  manned  vehicles  boosted  from  the  surface  of 
the  earth,  a  critical  design  condition  is  related  to  abort 
and  escape  in  the  event  of  a  failure  of  the  booster. 

Separation  loads  must  be  accounted  for;  and,  in  the  event 
of  a  pad  explosion,  the  vehicle  must  be  capable  of  with¬ 
standing  the  overpressures  of  the  outgoing  shock  waves,  or 
else  it  must  be  capable  of  longitudinal  accelerations  suf¬ 
ficient  to  pennit  it  to  "outrun"  the  shock  wave. 

Unmanned  Spacecraft 

In  many  respects,  unmanned  spacecraft  have  essentially 
the  same  operating  environment  as  their  manned  counterparts. 
Several  differences  are,  however,  significant.  Without 
question,  unmanned  vehicles  will  always  be  used  in  scien¬ 
tific  or  exploratory  endeavors  in  space  prior  to  manned 
participation.  Accordingly,  the  environmental  conditions 
may  frequently  be  difficult  to  predict,  and  thus  the  design 
of  the  necessary  onboard  equipment  becomes  a  process  subject 
to  an  elevated  level  of  uncertainty.  This  fact  is  parti¬ 
cularly  aggravating  in  view  of  the  total  dependency  of 
the  mission  on  the  successful  operation  of  automatic 
equipment.  It  should  be  noted  that  since  the  spacecraft 
is  unmanned,  the  amount  of  equipment  is  often  increased 
beyond  that  necessary  for  a  manned  mission;  and  the  re¬ 
liability  levels  must  be  considerably  Increased  for  similar 
operational  periods.  Furthermore,  since  the  missions  will 
many  times  be  of  a  scientific  nature,  it  is  not  only 
equipment  performance,  but  equipment  accuracy  that  consti¬ 
tutes  a  major  design  consideration.  It  ;ls  apparent,  there¬ 
fore,  that  prediction  of  environment  and  the  subsequent 
design  of  automatic  equipment  represents  the  basic  theme 
in  the  design  of  an  unmanned  spacecraft. 

The  principal  factors  which  require  careful  design 
analyses  are  tne  spacecraft  heat  balance,  shock  and  vibra¬ 
tion  environments,  meteoroid  hazard  and  radiation  levels. 

All  of  these  items  will  serve  as  basic  boundary  conditions 
to  the  avionics  engineer.  Figure  (l?)  illustrates  a 
typical,  but  significant,  interdependency  between  total 
spacecraft  weight  and  reliability  (expressed  here  as  the 
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probability  of  a  failure  due  to  meteoroid  collision).  It 
will  be  noted  that  as  the  meteoroid  shielding  is  increased 
in  thickness,  the  probability  of  an  equipment  failure  is 
reduced  at  the  expense  of  total  weight.  This  process  is, 
of  course,  bounded  by  the  payload  capability  of  the  launch 
vehicle  and  the  required  mission  duration. 

The  structure  will  normally  be  of  a  simple  truss  or 
unpressurir.ed  monocoque  design  except  insofar  as  pressuriza- 
Gion  is  required  by  the  dictates  of  special  equipment  or 
structural  stability.  The  principal  structural  loads  will 
result  from  the  boost  operation,  stage  separation,  meteor¬ 
oid  collision,  docking  operations,  reaction  control  or  ver¬ 
nier  propulsion  operation,  and  landings  on  extraterrestrial 
bodies.  It  should  be  noted  that  unmanned  spacecraft  are  fre 
quently  designed  vfithln  more  stringent  weight  limits  than 
thoir  manned  counterparts.  This  results  from  the  fact  that 
they  usually  precede  the  manned  mission  by  several  years  an 
thus  must  contend  with  a  lower  level  of  booster  technology 
and  performance. 

Space  Launch  Vehicles 

This  Gype  of  vehicle  will  normally  operate  on  an 
earth-to-space  ballistic  trajectory  on  a  one-way  trip  basis 
Since  it  is  basical ’’y  designed  around  a  propulsion  system, 
and  invariably  requires  a  high  mass  ratio,  major  elements 
of  the  propulsion  system  (i.e.,  fuel  tanks,  rocket  cases, 
etc.)  must  double  as  basic  airframe  structure.  In  the  case 


of  solid  rockets,  major  load  criteria  will  develop  from 
the  consideration  of  propellant  cracking  characteristics. 

The  principal  problems  relate  to  the  stabilization  of 
the  system  in  its  structural  and  rigid  body  modes.  The 
significant  servo-elastic  problems  involve  body  bending, 
inertial  sensors,  and  reaction  or  vectoreJ  thrust  controls. 
It  should  be  noted  that  when  gimbaled  engines  are  used, 
they  are  major  coupling  agents.  If  liquid  propulsion 
systems  are  utilized,  fuel  slosh  along  with  variable  mass 
characteristics  due  to  fuel  consumption  must  be  accounted 
for  in  the  dynamic  analyses. 

Vibration  and  noise  due  to  engine  exhaust,  aerodynamic 
sources,  and  uneven  burning  will  be  a  major  determinant  of 
structural  characteristics  and  serve  as  a  basic  requirement 
against  vfhlch  onboard  systems  are  designed.  In  determining 
the  vibration  characteristics,  it  is  significant  to  note 
the  principal  differences  which  exist  between  the  structure 
o''  a  launch  vehicle  and  that  of  an  aircraft.  Generally, 
t..e  stiffness  in  cross  sectional  planes  will  be  considerably 
lower  with  a  heavy  reliance  placed  upon  internal  pressure 
to  maintain  the  structural  integrity.  In  view  of  this, 
one  must  consider  the  posslblity  of  "breathing"  or  hoop 
modes.  This  problem  may  frequently  be  offset  through 
the  use  of  fuel  or  oxidizer  tank  "clusters".  This  latter 
arrangement,  however,  demands  an  equally  stringent  vibration 
and  stiffness  analysis  of  the  cross  sectional  plane  degrees 
of  freedom.  It  also  should  be  noted  tnat  many  space  launch 
vehicles  may  be  regarded  as  non-holonomic  articulated 
systems  as  evidenced  by  a  large  number  of  interconnections 
between  stages  and  propulsion  system  components.  The 
friction  characteristics  of  these  joints  play  a  significant 
role  in  the  determination  of  the  basic  vibration  and 
damping  characteristics.  Figure  (l8)  demonstrates  the 
effect  of  vibration  amplitude  on  the  natural  frequency  of 
a  typical  mode. 

Aerodynamic  loads  must  be  considered  from  the  point 
of  view  of  gusts  and  "on-the-pad"  excitation.  Furthermore, 
certain  configurations  require  the  addition  of  fins  or 
vanes  to  provide  Inherent  stability.  In  these  cases, 
normal  aerodynamic  and  flutter  considerations  apply: 
modified  only  by  ..he  predominance  of  high  chordwise  inertia 
loadings  and  rapid  changes  of  flight  conditions  due  to 
longitudinal  acceleration. 
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FIGURE  18  EFFECT  OF  JOINTS  ON  VIBRATION  FREQUENCY 
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6.  SUMMARY  AND  CONCLUSIONS 


In  the  foregoing  sections  an  attempt  has  been  made  to 
highlight  some  of  the  more  critical  Influences  of  Aero- 
thermoelasticity  as  it  affects  the  design  of  several  basic 
classes  of  aerospace  vehicle.  It  is  apparent  that  the  view¬ 
point  has  been  that  of  the  designer  who  must  continually 
attempt  to  weigh  the  relative  emphasis  of  individual  prob¬ 
lems  as  they  affect  the  particular  system  under  considera¬ 
tion.  In  the  following  summarizing  statements,  an  attempt 
is  made  to  identify  those  particular  problems  of  the  aero- 
thermoelastlc  family  which  appear  to  have  primary  influ¬ 
ences  in  the  design  processes  of  the  several  basic  aero- 
spacecraft  types.  It  should  not  be  construed,  however, 
that  failure  to  mention  individual  problems  in  any  way  im¬ 
plies  their  lack  of  significance:  since,  in  the  final  analy¬ 
sis,  each  design  problem  must  be  judged  on  its  own  merits. 
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The  design  of  supersonic  aircraft  requires  heavy  em¬ 
phasis  on  the  problems  of  lifting  surface  flutter,  fuselage 
and  control  system  dynamics,  panel  flutter,  and  static 
aeroelasticity. 


The  hypersonic  aircraft  derives  its  principal  aero- 
thermoelastlc  considerations  from  its  extended  atmospheric 
flight  range  and  the  necessity  of  using  cryogenic  fuels. 
Accordingly,  the  thermodynamics  of  the  cryogenic  fuel  tank- 
primary  structure  and  heat  shield  arrangement  must  receive 
critical  attention.  Body  bending  -  rigid  body  -  control 
system  dynamics  will  be  Inseparable;  and  panel  flutter  will 
be  elevated  still  further  in  Importance. 


The  high  L/D  spacecraft  will  be  designed  with  the 
structural  heat  balance-thermal  stress  problem  area  as  the 
major  consideration.  Concessions  made  to  weight  and  size 


will  lead  to  serious  considerations  relating  to  rigid  body 
stability  and  control;  and,  again,  panel  flutter  will  enter 
as  a  critical  item. 


The  low  L/D  re-entry  spacecraft  will  be  exposed  to  ex¬ 
tremely  critical  combinations  of  high  temperature  and  load. 
Therefore,  the  heat  protection  system  becomes  the  primary 
design  requirement.  This,  in  turn,  serves  as  a  basis  for 
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important  materials,  weight,  and  fabrication  requirements. 
Again,  rigid  body  stability  and  control  problems  will  enter 
as  critical  dynamic  considerations. 

The  manned  spacecraft  relies  for  its  mission  success 
upon  its  ability  to  meet  life  support  requirements  over 
extended  space  missions.  The  overall  heat  balance  problem 
is  extremely  critical.  In  addition,  the  response  of  the 
structure  to  several  types  of  basic  excitation  provides 
the  basis  for  the  design  stress  analysis.  Pull  allowance 
must  be  made  for  the  effects  of  non-linear  Inertia  coupling 
betw'^en  the  several  rigid  and  flexible  degrees  of  freedom. 

The  unmanned  spacecraft  is  designed  to  stringent  re¬ 
liability  requirements.  The  environments  under  which  the 
equipment  must  operate  are  often  extreme  in  magnitude  and 
Include  vibration,  shock,  radiation,  and  meteoroid  hazards. 
Structures  must  be  light  weight  and  reliable,  and  this  fre¬ 
quently  dictates  the  use  of  unusual  configurations  or  mate¬ 
rials. 

The  space  launch  vehicle  is  characterized  by  the  ex¬ 
tremely  light  weight,  flexible,  and  non-linear  nature  of 
its  structure.  It  must  be  designed  to  withstand  severe 
acoustic  and  inertia  loadings;  and  its  dynamic  analysis 
must  fully  incorporate  considerations  of  servo-elastic 
coupling. 

In  conclusion,  it  may  be  stated  that  Aerothermoelas- 
tlclty,  in  many  forms,  enters  in  to  the  aerospace  vehicle 
design  process  in  a  critical  manner.  It  is  apparent  that 
an  Inadequate  consideration  of  these  problems  will,  in  all 
classes  of  aerospace  vehicles  discussed,  spell  failure  for 
the  system.  Accordingly,  the  importance  of  a  full  consid¬ 
eration  of  Aerotherraoelasticlty  in  all  phases  of  the  pre¬ 
liminary  design  process  cannot  be  emphasized  too  strongly. 
This  can  only  be  accomplished  by  continued  research  into 
the  fundamentals  of  the  field  accompanied  by  the  development 
of  simplified  methods  which  will  lend  themselves  readily  to 
the  time  and  monetary  limitations  of  most  typical  prelimin¬ 
ary  design  efforts. 
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ABSTRACT 


Principal  design  information  required 
of  unsteady  aerodynamic  theory  at  hypersonic 
speeds  is  reviewed  in  the  light  of  probable 
configurations  and  the  nature  of  their  time- 
dependent  motions.  Emphasis  is  placed  on 
quasi-steadiness  and  on  the  reduction  to 
equivalent  steady  flows.  Concentrating  on 
the  airloads  problem,  approximate  methods 
for  preliminary  estimation  are  discussed 
relative  to  pointed  and  blunted  shapes  over 
various  ranges  of  the  hypersonic  parameter. 
There  follow  comments  about  more  exact 
theories,  research  needed  to  assure  their 
usefulness,  and  the  role  of  the  high-speed 
computer.  The  influences  of  viscosity  and 
finite  reaction  rates  must  often  be  considered 
and  their  relationship  to  unsteady  phenomena 
is  described. 


LIST  OF  SYMBOLS 


Speed  of  sound 
Wing  chord 

Pressure  coefficient  (Eq.  3) 

Coefficient  of  stagnation  pressure  behind 
shock 

Height  of  blunt  nose  or  diameter  of  blunted 
region  in  a  section  normal  to  body  axis 

Aerodynamic  force  in  z-direction 

Unit  vector  in  x-direction 

Reduced  frequency 

Body  length 

Flight  Mach  nxMber 

Unit  inward  normal  vector  to  body  surface 
Static  pressur-,' 

Static  pressure  due  to  incidence^  camber, 
motion,  etc.  on  surface  of  blunt-nosed 
configuration 

Induced  pressure  on  surface  of  blunt-nosed 
configuration 


Pressure  just  behind  shoulder 
Lifting  pressure  difference  on  wing 
Velocity  vector  of  body  surface 


t 


Radius  of  cross  section  of  slender  body 

Radius  of  curvature  of  blunt  nose  or  leading 
edge 

Fleynolds  number  based  on  free -stream  conditions 
and  streamwise  distance  behind  leading  edge 

Time 

Absolute  temperature;  wall  temperature 
Flight  speed 
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LIST  OF  SYMBOLS  (CONT’D) 


A 

AY»J-A) 


Fluid  velocity  in  z-direction 

Rectangular  Cartesian  coordinates  (Pig,  1) 

Coordinates  associated  with  large  angle  of 
attack  (Pig,  2) 

Angle  of  attack 

Ambient  ratio  of  specific  heats 

Specific-heat  ratio  in  disturbed  flow  behind 
shock 

A  general  quantity  denoting  the  largest  of 
angle  of  attack,  thickness  ratio,  fractional 
camber,  or  amplitude  ratio  of  unsteady  motion 

Density  ratio  across  strong  shock 

Inclination  of  surface  tangent,  on  two-  or 
three-dimensional  body,  to  the  flight  direc¬ 
tion 

Value  of  Off  on  blunt  nose  adjusted  for 
unsteady  effect. 

Sweep  angle  of  leading  edge 

Planform  semi-vertex  angle  on  low-aspect 
ratio  wing 

Density  of  gas 

Polar  angle  in  body  cross  section  (Figure  5) 
Circular  frequency  of  simple  harmonic  motion 
Sweep-angle-of-attack  parameter  (Eq,  22) 
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c  )-* 
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Leading  edge  of  wing  planform 

At  lower  surface  of  wing 

Property  of  nose  surface  or  quantity  just 
behind  shock  attached  to  pointed  leading  edge 
or  vertex 

At  upper  surface  of  wing 
Vector 

Identifies  a  quantity  of  the  same  order  of 
magnitude  as,  or  smaller  than,(,,,) 


THEORETICAL  HYPERVELOCITY 
UNSTEADY  AERODYNAMICS 


INTRODUCTION 

Routine  aerodynamic  analyses  of  hypersonic  flight 
vehicles  are  beginning  to  be  required  under  circamstances 
where  elastic  deformations  occur  and  where  previous  ex¬ 
perience  at  lower  Mach  numbers  would  suggest  that  unsteady - 
flow  effects  must  be  taken  into  account.  Despite  extensive 
recent  research  efforts  on  hypersonic  aerodynamics  (cf.  Refs, 
1-4  as  good  summaries),  few  attempts  have  been  made  to 
assemble  the  necessary  results  in  practically  useful  form. 

Faced  with  a  difficult,  nonlinear  physical  situation,  the 
applied  mathematicians  have  tended  to  focus  on  such  simple 
problems  as  axisymmetric  steady  flow.  Discouraging  gaps 
remain,  and  promising  techniques  like  three-dimensional 
characteristics  are  far  from  the  degree  of  systematization 
desirable  for  engineering  computations.  Competent  experi¬ 
mentalists  are  unable  to  agree  when  examining  the  validity 
of  even  such  simple  approximations  as  the  blast-wave  concept. 

Some  order  is  beginning  to  emerge,  however,  from  the 
welter  of  ten  years'  intensive  research,  and  there  are  con¬ 
figurations  like  thin,  pointed  wings  for  which  the  theory 
appears  quite  reliable.  Ample  progress  is  evident  since  the 
authors  attempted  a  similar  survey  (Ref.  5)  three  years  ago. 

The  present  paper  is  therefore  being  written,  from  the  stand¬ 
point  of  the  aeroelastlcian,  with  the  double  object  of  re¬ 
viewing  analytical  methods  for  determining  unsteady  hypersonic 
airloads  and  pointing  out  some  promising  directions  for  future 
work.  Since  several  parametric  ranges  must  be  covered,  an 
immediate  restriction  is  adopted  to  thin  lifting  surfaces  and 
slender  bodies.  Both  effectively  pointed  and  blunr  leading 
edges  are  considered.  Approximate  procedures  are  first  sum¬ 
marized  that  are  believed  to  be  suitable  for  preliminary 
estimates  of  surface  pressure  distributions  and  generalized 
forces.  Because  certain  of  these  may  prove  unreliable  in 
the  light  of  further  experience,  an  effort  is  then  made  to 
identify  the  best  available  method  for  analyzing  each  case. 

Some  of  the  latter  presuppose  considerable  additional  devel¬ 
opment,  albeit  clear  guidelines  can  be  laid  down  at  the  present 
time. 
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Invaluable  advantage  may  be  taken  of  two  features 
peculiar  to  the  hypersonic  regime.  The  first  is  the  well- 
known  fact  that  surface  static  pressures  can  be  predicted 
with  acceptable  accuracy  by  elementary  theories  which  are 
less  successful  when  it  comes  to  other  thermodynamic  prop¬ 
erties  and  flow-field  details  away  from  the  body.  The 
second  is  the  tendency  for  time -dependent  motions  to  be 
describable  in  "quasi-steady"  terms,  i.e.,  loads  can  be 
estimated  by  properly  applying  the  instantaneous  flow- 
tangency  boundary  condition  but  neglecting  unsteady  terms 
in  the  field  differential  equations.  Other  cases  will  be 
discussed  where  "equivalent  steady  flows"  can  be  constructed. 

The  importance  of  unsteadiness  is  usually  measured  by 
the  size  of  the  reduced  frequency* 


or 


or 


cvc 


(1) 


based  on  nose  radius  ,  body  length  -t  ,  wing  chord  c,  or 

other  dimension  parall^  to  the  flight  direction.  Using 
representative  overall  structural  frequencies  cO  ,  one  can 
put  an  upper  limit  of  about  3OOO  rad. -ft. /sec.  on  the  product 
u)t  even  for  elongated  missiles  and  boosters.  Thus  one  is 
led  to  a  maximiM  k  =  0.3  at  =  10,000  ft. /sec.  Much  lower 
values  will  be  typically  encountered  except  in  special  prob¬ 
lems  like  hypersonic  panel  flutter.  A  similar  estimate  of  k 
can  be  made  in  connection  with  atmospheric  turbulence  and  wind 
shears,  and  again  k  =  0.5  seems  extraordinarily  high.  When 
accepting  the  assumption  of  small  k,  one  should  point  out  that 
certain  theories  mentioned  below  have  the  appearance  of  quasi- 
steadiness  but  actually  apply  up  to  k  =  0(1). 

The  basic  definition  of  hypersonic  flow  (Ref.  1)  is,  of 
course,  that  the_Mach  nimiber  be  large  compared  with  unity; 
in  most  cases  M*?  »  1  is  an  adequate  assumption.  On  pointed 
configurations  M**  occurs  in  the  form  of  the  hypersonic  para¬ 
meter  5,  where  for  practical  purposes  6  is  the  largest  of 
the  quantities  thickness  ratio,  angle  of  attack,  nose  inclina¬ 
tion  and  maximm  amplitude  ratio  of  unsteady  lateral  motion. 


Important  symbols  are  defined  at  the  end  of  the  paper. 
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V/hen  Mo,6<<  1,  ordinary  linearized  aerodynamic  theory  is 
valid  (supersonic  flow).  Above  this  regime  the  magnitude 
of  MjqS  is  useful  for  identifying  ranges  of  validity  of 
various  methods. 

Since  the  working  fluid  is  generally  air  or  a  similar 
mixture  of  ignoble  gases,  the  familiar  approximate  model  of 
a  perfect  gas  with  constant  specific  heats  is  frequently 
inacceptable.  Except  near  blunt  noses,  in  fact,  6  serves 
to  measure  when  real -gas  effects  begin  to  influence  surface 
pressures  (Refs,  5-6).  Taking  6  as  semi-vertex  angle  on  a 
wedge.  Ref,  6  concludes  that  specific-heat  variations  must 
be  accounted  for  v;hen  M^6  0.6-1, 6,  the  lov/er  number  being 

associated  with  the  higher  altitudes  in  the  earth's  atmosphere. 
For  Me^6  ^  5.5-8.5»  oxygen  molecules  begin  to  dissociate, 
and  deviations  from  the  perfect  gas  law  must  also  be  considered. 
For  slender,  pointed  vehicles  one  seems  safe  in  using  the 
perfect-gas  hypothesis  up  to  orbital  speed.  But  this  is  dis¬ 
tinctly  not  true  either  in  a  blunted  region  or  in  the  sheath 
of  hot  gas  which  a  blunt  nose  causes  to  envelop  the  after¬ 
body. 


Another  limitation  on  the  present  survey  is  the  neglect 
of  any  strong-interaction  effects  of  viscosity.  This  puts  a 
rough  lower  limit  of  unity  on  the  value  of 

over  nearly  all  the  body  surface,  Re^^  being  free-stream  Reynolds 
number  based  on  distance  x  along  a  streamline  from  the  nose 
stagnation  point.  Because  the  most  severe  aero thermoelastic 
phenomena  will  be  encountered  at  relatively  low  altitudes  and 
high  dynamic  pressures,  this  restriction  is  not  severe,  A 
later  sectj.on  goes  into  somewhat  more  detail  on  both  viscous 
influences  and  finite  reaction  rates  in  the  gas,  but  for  a 
truly  con  prehensive  treatment  of  transport  phenomena  one  should 
turn  to  the  last  three  chapters  of  Hayes  and  Prcbstein  (Ref,  1) , 

In  the  process  of  the  review  which  follows,  numerous 
references  are  made  to  individual  contributions.  Nearly  all 
of  these  turn  out  to  be  theoretical,  because  the  experimental 
literature  on  unsteady  hypersonic  flow  is  almost  nonexistent, 
V/here  reliance  may  be  put  on  steady-state  measurements  to  un¬ 
derwrite  a  quasi-steady  theory,  some  confidence  can  naturally 
be  deduced  for  its  application  to  time-dependent  situations. 


I'ym 


i^pp^ppilfp 


Inasmuch  as  the  majority  of  citations  are  made  to  litera¬ 
ture  in  English,  a  word  is  in  order  about  the  extensive  work 
done  in  Russia  (see  Probstein,  Ref,  2,  for  a  timely  survey). 

Much  of  it  has  been  devoted  to  unsteady-flow  situations,  and 
the  word  "unsteady"  actually  appears  in  the  title  of  an  im¬ 
portant  book  by  Stanyukovich  (Ref,  4),  However,  the  bulk  of 
the  Russian  solutions  concerns  self- similar  and  symmetric  prob¬ 
lems,  which  have  practical  utility  mainly  for  analogous  two- 
dimensional  and  axi symmetric  steady  flows,  so  their  value  for 
aerothermoelastic  design  is  limited.  This  comment  is  not 
intended  to  detract  from  the  major  significance  of  two  areas 
of  contribution:  the  piston  analogies  which  have  been  derived 
for  slender,  pointed  bodies,  especially  a  recent  extension  to 
high  angles  of  attack  by  Sychev  (Ref,  7);  and  the  numerical 
methods  for  thin  shock  layers  due  to  Dorodnitsyn,  Belotserkovskii 
and  their  collaborators  (Refs,  8,  9). 

It  should  finally  be  observed  that  the  present  paper  draws 
much  of  its  background  from  a  study  recently  completed  for 
North  American  Aviation,  Inc,,  by  one  of  the  authors  (Ref,  10), 

He  is  appreciative  of  permission  granted  to  draw  on  that  work, 
and  acknowledges  many  helpful  conversations  with  engineers  at 
North  American  and  information  obtained  from  internal  company 
reports. 


SECTION  I:  THIN,  POINTED  WINGS 


Four  general  limitations,  which  hold  throughout  all  that 
follows,  are  first  set  down: 


k  <  OS 


t 


/  ~  1C 


«  / 


(2) 


(For  blunt-nose  regions) 
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These  have  been  mentioned  in  the  introduction,  save  for  the 
requirement  of  small  density  ratio  &  between  the  free  stream 
and  attached  shock  layer,  which  will  be  talcen  up  in  Section  III, 

Figure  1  shows  a  representative  streamwise  cross  s*,ction 
of  the  almost-plane  wing  to  be  considered.  Except  at  high 
mean  incidence  cx  or  when  the  leading-edge  sweep  angle  A 
approaches  90°,  the  elementary  hypersonic  theories  for  such 
thin  lifting  surfaces  permit  pressures  to  be  calculated  on 
an  individual  strip  basis.  Streamwise  strips  are  chosen,  but 
it  can  be  shown  for  swept  wings  at  oc  <  •<  /  that  the  hyper¬ 
sonic  parameter  has  the  same  value  whether  sections  are  taicen 
parallel  to  the  flight  direction  or  normal  to  the  leading  edge, 
so  this  choice  is  normally  immaterial. 

Approximate  methods  are  listed  below  for  several  para¬ 
metric  ranges.  Where  convenient,  formulas  are  reproduced 
from  the  cited  references  for  the  pressure  coefficient  at  the 
wing  surface. 


It  is  not  always  easy  to  delimit  the  various  parameters  exactly 
because  of  the  incomplete  state  of  experimental  research.  Where 
limits  appear  only  in-  order-of -magnitude  form,  the  boundary 
has  not  been  fixed  with  any  better  precision  to  the  authors' 
knowledge.  A  typical  question  of  this  sort,  which  provides 
an  opportunity  for  a  valuable  program  of  measurements,  con¬ 
cerns  the  possible  existence  of  an  overlapping  range  of  oC 
wherein  shock-expansion  results  can  be  faired  into  modified 
Newtonian  on  the  compression  side  of  a  thin  wing. 


1.1  Low  Values  of  the  Hypersonic  Parameter 


Let  the  following  conditions  be  added  to  the  inequalities 

(2): 

^  0.8 '1.0  (4) 


168 


n  '^PifJ  I  '-v^TP^i  wp.l'^  I  'iiH'VlMWM^J 


li' 


M^cosA  ^  Z'-Z.S 


(4) 


Although  the  flow  is  not  strictly  isentropic  under  these 
circumstances,  Lighthill  has  pointed  out  (Ref.  11)  that  an 
excellent  estimate  of  surface  pressures  can  he  obtained  from 
the  third-order  expansion  of  the  formula  for  isentropic 
pressure  at  the  face  of  a  one-dimensional  piston  moving  into 
a  perfect  gas.  For  instance,  the  local  Cp  on  the  upper  wing 
surface  is  related  to  the  instantaneous  normal  velocity  com¬ 
ponent  Wy  induced  there  by  the  combined  surface  slope  and 
normal  motion  thus; 


^Pff= 


i>r. 


(5) 


Because  of  the  implicit  requirement  6 -s  <  1,  can  be 

fou-'d  from  the  following  linear  operation  on  the  surface 
position  coordinate  2  (x,  y,  t ) ; 


(6) 

Overpressure  is  produced  where  the  outward  normal  velocity 
is  positive.  Therefore,  the  lower-surface  expression  cor¬ 
responding  to  Eq,  (4)  reads 


Cp  = 


M 


.LiS.+ 

L 


1?.  J 


(7) 
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where  w^  is  connected  to  (Pig,  1)  as  in  Eq,  (6),  For 
small  oscillations  and  elastic  deformations,  it  may  prove 
convenient  to  separate  2^^  and  Z4  ,  into  a  time-independent 
part  due  to  thickness  plus  an  imsteady  Increment  from  camber, 
cC, )  etc.  One  can  then  sometimes  Justify  linearizing  the 
resulting  relations  between  the  generalized  a?rodynamic  forces 
and  the  motion  coordinates.  When  6  <  0.4,,  roughlv,  the 
-terms  can  be  dropped  from  Eqs.  (ij)  and  (7).  Tne 
force-motion  relations  are  then  linear  without  further  approxi¬ 
mation. 

If  the  thickness  ratio  is  extremely  small,  the  condition 
6  >>  M may  break  down  at  lower  hypersonic  speeds. 
Landahl  (Ref.  12)  has  shown  how  to  remedv  this  inconsistency 
by  an  expansion  in  powers  of  6  and  .  It  is  of  Interest 

that  a  formal  identity  exists  between  the  results  of  second- 
order  piston  and  tangent-wedge  theories  (cf.  Eq.  7.3,2  of  Ref. 
1).  The  physical  assimiptions  are  indeed  the  same  for  steady 
flow,  but  piston  theory  must  be  regaiaed  as  an  unsteady  ex¬ 
tension  of  the  tangent-wedge  approximation  up  to  k  =  0(l). 


1 . 2  Larger  Values  of  the  Hypersonic  Parameter 


Consider  next  the  parametric  range 


Mgo  CCS  A  >  Z 

cos^  =  / 


(8) 


Here  one  can  employ  the  small -disturbance  hypersonic  simili¬ 
tude  of  Hv/es  and  Van  Dyke  (Ref,  15  and  Chap.  2  of  Ref.  1), 
reduce  un.  ly  to  equivalent  steady  flows,  and  find  pressures 

by  the  we  'v^own  shock-expansion  method.  There  is,  inci¬ 

dentally,  --^ason  to  place  a  lower  limit  on  5  when 
applying  .  ..lS  procedure  to  wings  at  high  Mach  nvimber.  For 
Ma6  <  1.0,  however,  the  results  are  numerically  very  close 
to  piston  theory  while  the  latter  is  computatlonal?-y  simpler. 

Van  Dyke  and  many  others  have  demonsprated  that  the  flow 
takes  place  in  a  series  of  slabs,  each  of  which  moves  inde¬ 
pendently  of  the  others  with  speed  in  the  x-direction. 
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For  instance,  on  the  upper  surface 


the  slab  which  passes  the  leading  edge  (y)  at  time  t 
is  located  at 

at  a  later  time  t.  Hence  this  slab  experiences  the  same  dis¬ 
turbances  and  equal  pressures  as  if  it  pa  sed,  in  steady  flow, 
over  a  warped  surface 


"  (11) 

On  the  equivalent  wing,  the  chordwise  distribution  of  surface 
slope  may  be  written 

ir.  ~ 


(The  development  for  the  lower  surface  is  sufficiently  similar 
to  be  omitted  here,) 

As  described  in  Ref,  6,  the  pressures  at  a  particular  t 
are  calculated  by  picking  several  slabs,  each  associated  with 
a  different  leading-edge  passage  time  t^.  The  pressure  history 
experienced  by  each  of  these  is  transferred  to  the  actual  wing. 
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the  desired  t  and  x  being  inserted  into  Eq,  (10)  to  fix  t 
for  that  slab  which  passed  the  station  at  time  t.  The  ^ 
pressures  are  foimd  from  the  known  equivalent-v/ing  slopes  by 
the  hypersonic  shock-expansion  method,  which  comes  in  different 
degrees  of  complexity  depending  upon  whether  a  real  or  perfect 
gas  must  be  assumed.  The  former  approximation  with  ^  =1.4 
is  valid,  at  most,  up  to  n*,  6  =  1.6  in  air. 

One  first  tests  to  see  whether  the  nose  slope 


is  positive  or  negative.  If  positive,  an  oblique  shock  in¬ 
clined  to  the  flow  direction  at  an  angle  p  is  attached  to  the 
upper  leading  edge,  p  and  the  surface  pressure  and 

Mach  number  just  behind  the  shock  are  given  in  terms  of 

by  simple  formulas  (Ref.  6),  Provided  no  significant 
compressive  turning  occurs  behind  the  leading  edge,  the  pres¬ 
sures  farther  aft  can  be  determined  from  che  hypersonic  Prandtl- 
Meyer  expansion  formula 


(14) 


If  positive  values  of 


are  encountered. 


or  if  a  positive  discontinuity  in  chordwise  slope  occurs  as 
at  a  control  surface  hingeline,  a  second  shock  may  have  to  be 
inserted.  On  the  other  hand,  if  6f,ju  itself  is  negative, 
an  immediate  ex’^ansion  takes  ''^lace  at  the  nose  to 


Pressures  farther  aft  are  then  computed  from  Eq.  (15)  with 

&NU  replaced  by  ^  ^ X,  t,)  /jj^  . 


173 


Whenever  >1-5  or  so,  real-gas  effects 

should  be  included  both  for  the  leading-edge  shock  and  the 
subsequent  expansion.  These  procedures  will  probably  have 
to  be  incorporated  into  high-speed  digital  computer  programs 
along  lines  that  are  now  quite  familiar  to  aerodynamicists. 
For  instance,  a  convenient  trial-and-error  oblique  shock 
program  can  be  based  on  the  Hansen  and  Heims  formulation  of 
the  thermodynamics  of  air  (Ref.  14) .  Alternatively,  an 
averaged  value  Yz.  often  adopted  for  the  specific -heat 
ratio  in  the  disturbed  part  of  the  flow.  Eggers  et  al.  (Ref, 
15)  have  demonstrated  this  to  be  an  acceptable  approximation 
if  3*  ^  which  v;ill  usually  be  the  case  for  pointed 

surfaces. 


1.3  High  Angle  of  Attack 

When  oc  is  no  longer  small  enough  that  cosoc.  1, 
the  parameter  M^6  must  be  replaced  by  sine*  ,  which  is 
evidently  a  large  number.  The  windv/ard  surfaces  of  thin  wings 
experience  very  high  pressures,  vfhereas  the  near  vacuum  in  the 
lee  has  little  influence  on  resultant  airloads. 

Figure  2  illustrates  the  cross  section,  in  a  plane  con¬ 
taining  Uoo  ^  of  such  a  wing  which  is  performing  small  un¬ 
steady  motions  about  the  large  mean  oc  ,  Sychev  (Ref,  7) 
has  analyzed  this  situation  for  both  two-  and  three-dimensional 
shapes,  providing  an  important  extension  of  the  Hayes-Van  Dyke 
hypersonic  similitude.  Near  the  wing  surface  the  flow  occurs 
in  a  series  of  slab  s','  each  of  which  moves  independently 

of  the  others  with  speed  U^o cosot  in  the  }?-direction,  A 
large  crossflow  component  U^oSlnoc  exists  parallel  to  ~  and 
must  be  superimposed  on  the  smaller  disturbance  velocities 
due  to  dZa/dX  >  etc.  As  in  Section  1.2,  the  possi¬ 

bility  arises  of  replacing  the  unsteady  problem  by  a  sequence 
of  equivalent__^stead;v  flows.  Thus  the  slab  which  passes  the 
leading  edge  ( y ;  time  t^  finds  itself  at 


%=  X^+U^cosocjj:-t,J 


at  later  instant  t.  The  chordwise  distribution  of  surface 
slope  on  the  warped  wing  associated  with  the  t^-slab  is 
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oL^u  ^ 


fix 


Uoo<^SOC 


dBy 


+ 


I 


dx'’  ^ 


%«^% 


i.i+*±£~ 


(17) 

with  a  similar  formula  for  /<i%  ,  Recalling  that 

^Zt/  ld%  and  d^L/clx  are  small  nvunbers,  one  can 


say  that  the  angles  between  the  surface  tangents  and  the  stream 


direction  are 


i\ 


oc. 


Each  of 


these  quantities  would  give  rise  to  compression  if  it  were 
positive.  Hence  a  positive  cc  causes  large  upper-surface 
expansion  and  lower-surface  compression,  as  indicated  above. 


Different  methods  of  loading  calculation  are  available, 
depending  on  whether  the  leading-edge  shock  on  the  compression 
side  is  attached  or  detached.  In  the  former  case,  the  real -gas 
shock-expansion  procedure  of  Section  1,2  can  be  adapted  to  the 
high  incidence,  Lookingj  at  the  lower,  compression  surface  for 
positive  ,  the  flow  at  the  nose  undergoes  a  turning 


^NL  ^  ^ 


Ugs,  CO&OC 


(18) 


It  A.  ^  0  ,  this  angle  determines  directly  the  leading-edge 

shock  and  flow  properties  just  behind  it.  For  an  appreciably 
swept  edge,  one  uses  the  simple-sweep  concept  to  compute  the 
shock  strength  in  crossflov/  planes  (cf,  Trimpi  and  Jones,  Ref. 


-  •  fc  *  » 

-v- 

L  *  •  ' 
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l6),  superimposing  the  velocity  component  cos  od  sin^V 

parallel  to  the  leading  edge  afterward  to  get  the  full  three- 
dimensional  field.  The  emergent  flow  is  then  no  longer  quite 
parallel  to  the  x-'z -plane  but  slanted  outward;  any  error  in¬ 
troduced  by  subsequently  assuming  streamlines  to  lie  in  such 
planes  is  not  regarded  as  serious. 

The  starting  Mach  number  and  pressure  yielded 
by  the  shock  calculation  serve  uo  initiate  real-gas  Prandtl- 
Meyer  expansions  domstream  of  the  nose.  The  expansive  turning 
angle  at  any  point  x,  y  is  found  from  the  difference  between 
Id?.  there  and  at  the  leading  edge 

(y)  for  the  same  reference  time  t^.  The  very  low  pressures 
on  the  upper  surface  are  computed  by  a  direct  real -gas  expan¬ 
sion  in  x-^-planes  from  free-stream  conditions  and  A-  0 


If  oC  is  so  large  that  the  shock  dvetaches  from  the  lead¬ 
ing  edge  on  the  compression  side,  the  pressures  are  probably 
best  calculated  by  the  modified  Newtonian  method  (e,g..  Ref,  5). 
The  quasi- steady  approximation  seems  well  justified.  One  finds 
the  inward  unit  normal  vector  n  to  the  surface  and  the  surface 
velocity  vector  "qv  as  seen  in  a  coordinate  system  having  the 
mean  velocity  of  the  wing.  Provided  the  given  point  is  on  the 
windward  side  and  not  shadowed  by  any  forward  portion  of  the 
vehicle,  the  pressure  coefficient  (cf.  Chap,  5,  Ref,  1)  is 


(19) 


In  Eq,  (19)  t  is  a  unit  vector  in  the  free-stream  direction, 
and  .  Cpoz  is  stagnation  pressure  coefficient  behind  a  normal 
shock  at  ,  a  number  somewhat  less  than  2, 


The  suggested  form  of  Newtonian  theory  does  not  include 
shock-layer  centrifugal  effects  either  here  or  in  the  subse¬ 
quent  discussion  of  blunt  leading  edges.  For  thin  wings  the 
surface  curvatures  are  very  small.  Moreover,  steady-state 
data  do  not  confirm  the  predicted  centrifugal  pressure  drop 
even  on  appreciably  curved  shapes,  Pu'^  uher  research  is  ob¬ 
viously  needed,  and,  in  view  of  the  probably  quasi-steady 
character  of  the  flow,  this  can  be  conducted  along  the  lines 
of  integral  methods  for  thin  shock  layers  discussed  below. 
Another  effect  that  could  easily  be  included  in  the  present 
formulation  is  the  unsteady  inertia  load  caused  by  the  layer 
of  dense  fluid  carried  along  with  the  vibrating  surface.  This 
topic  is  also  taken  up  again  in  Section  III, 


177 


On  the  leeward  and  shadowed  wing  surfaces,  one  will 
generally  find  pressures  between  and  pure  vacuiim.  That 

is,  ^ 


a  very  small  range  from  the  engineering  standpoint. 


(20) 


1,4  The  Problem  of  Large  Sweep  Angle 


On  low- aspect-ratio,  highly-swept  wings,  many  of  the  fore 
going  ideas  fail  for  obvious  physical  reasons.  Thus  as  one 
proceeds  to  smaller  values  of  the  leading-edge  semivertex 
angle  A'  -  A  )  ,  one  finds  lower  and  lower  angles 

of  attack  above  which  the  shock  is  detached.  Even  though  the 
Van  Dyke  and  Sychev  results  are  still  correct,  the  utility 
of  shock-expansion  theory  becomes  progressively  more  limited. 
When  taking  up  this  problem  of  20°  or  so,  three  ranges 

of  the  hypersonic  parameter  are  considered: 

1)  M^8  0.5, 

2)  fiooS  >  0.5,  and 

5)  c>6  moderate  to  large (i.e,,  6  or  since  »  1), 

For  the  intermediate  range  the  only  available  methods  for 
loading  estimation  are  along  the  lines  of  the  variational 
scheme  discussed  in  Ref,  6,  In  view  of  its  complexity,  fur¬ 
ther  research  is  called  for. 

When  6  ^  0.5  it  is  justifiable  to  assume  Isentropic 

flow.  For  we  lower  M«o  's  Munk-Jones  slender-body  theory 
becomes  a  possibility,*  although  available  experimental  evi¬ 
dence  on  damping  in  pitch  renders  it  questionable.  Therefore, 
a  more  rigorous  version  o..*  supersonic  linearized  theory  (sum¬ 
marized  by  Miles,  Ref,  17)  is  suggested.  The  subject  and  its 
literature  are  familiar  to  aeroelasitians  and  need  not  be 
elaborated  here,  except  to  point  out  that  the  approximation 
can  be  empirically  refined  to  accoimt  for  the  wing  thickness 


distribution  jT  .  According  to  second-order 

piston  theory  the  corrected  load  per  unit  area  would  be 


(21) 


Af>  being  the  linearized  result. 

The  low-aspect-ratio  wing  at  high  incidence  is  susceptible 
to  thin-shock-layer  analysis  on  its  windward  side,  but  the  raw 
Newtonian  estimates  of  Eq,  (19)  are  considered  less  acceptable 
thon  for  wider  planfortns.  Fortunately,  recent  work  by  J.  D, 
Cole  (briefly  described  by  Messlter,  Ref.  18)  furnishes  a 
higher-order  description  of  the  shock-layer  structure  on  a 
plane,  triangular  wing  at  steady  incidence  oC  .  It  is 
believed  an  acceptable  approximation  simply  to  adapt  their 
results,  on  a  local  flow  basis,  to  more  general  motion  of  the 
configuration  in  Fig.  3.  Cole  expands  the  flat-delta  solution 
in  terms  of  density  ratio  S  across  a  shock  at  the  normal 
Mach  number  sin  oL  .  Suitably  non-dimensionallzed  dependent 
variables  turn  out  to  be  governed  by  the  single  parameter 

^  ^  -bAn  J\J 

\Je^  txnoc 

When  Sl'^Z  the  windward  shock  is  attached  to  the 
leading  edge.  The  pressure  confident,  averaged  across  the 
span  at  any  chordwlse  station  %  ,  is  then 


Zsin^oc  ^  zesm%c 


t 


For  Sl>5  it  seems  acceptable  to  set  the  local  Q,  equal 
to  its  average  value.  ^ 


In  the  extremely  slender  range  when  S2.-<  O.ZS  ,  Cole  finds 


Cp  =  Zsin^ot  +  Zesin%c.  F(S1.)  , 


(24) 


where 


= -/.ZZ5 --zjCI-  8J:i^nSi 

(25) 

A  reasonable  estimate  for  ^P/^yg,  over  the  entire  -scale 
can  be  constructed  by  fairing  a  smooth  curve  from  Eq,  (25) 
near  -/2  =  0  up  to  the  asymptotic  value  p(XL  ) 
above  -/Z  =  5,  The  details  of  the  spanwise  0/9  -variation 
can  be  computed,  but  they  will  be  rather  unimportant  for  such 
wings,  which  deform  primarily  in  bending  about  chordwise  axes. 

Equations  (25)  through  (25)  imply  a  correction  to  New¬ 
tonian  theory  in  the  neighborhood  of  ±  10^.  To  extend  the 
result  to  aeroelastic  situations,  one  first  replaces  Zsin^c 
by  the  "modified"  C/^^s  .  For  vibrating  triangular 

planforms,  one  proceecls  as  in  1.5>  replacing  oc  with 

(  OL'-  cf^i.  /ZJZ  )  .  When  the  planf crm  has  the  more 

general  shape  of  Pig.  3,  jtT.  can  be  supplanted  by  an  effective 
sweep  parameter 


Fs(x) 

%  s/s' s/>? <X 


(26) 


For  epp  >  4  or  5,  the  loading  proves  quite  insensitive 
to  any  error  in  estimating  this  quantity. 


1,5  Indirect  Experimental  Verification  for  Thin  Wings 

In  the  absence  of  any  direct  pressure  or  load  measure¬ 
ments  on  oscillating  thin  wings  at  hypersonic  speeds,  one  can 
turn  to  the  substantially  less  attractive  alternative  of  com¬ 
paring  experimental  and  theoretical  flutter  eigenvalues.  The 
inbuluble  problem  of  untajigling  errors  due  to  inadequate 
structural,  dynamic  and  aerodynamic  parts  of  the  total  repre¬ 
sentation  of  the  system  has  often  been  discussed  in  the  past. 
Nevertheless,  successful  flutter  predictions  certainly  fur¬ 
nish  greater  confidence  in  a  theory,  and  this  has  been  the 
experience  with  primary  lifting-surface  instabilities,  at 
least  in  the  lov/er  range  of  M  6. 
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Pig\ire  4,  adapted  from  Ref.  19  in  the  open  literature, 
illustrates  this  point  with  respect  to  bending -torsion 
flutter  of  rectangular  wings.  The  flutter  speed  and 

frequency  have  been  made  dimensionless  in  standard 

fashion,  using  the  semichord  ,  mass  ratio  p,  and  arti¬ 
ficially  uncoupled  torsional  frequency  .  (Note  that 

the  ordinate  scales  have  suppressed  zeros.)  Predicted 
speeds  above  =  3  clearly  fall  within  the  experimental 
error,  and  the  same  can  be  reasoned  to  be  true  of  the  fre¬ 
quencies.  Thus  the  piston  type  of  airload  estimation, 
discussed  under  1.1  above,  receives  some  degree  of  confirma¬ 
tion.  Less  success  has  been  achieved  in  predicting  the 
results  of  some  other  flutter  tests  above  =  5#  but  the 
discrepancies  can  be  attributed,  at  least  in  part,  to  the 
influence  of  boundary  layer  displacement  thickness  on  the 
airloads. 


SECTION  II:  SLENDER  POINTED  BODIES 


Figure  5  depicts  the  sort  of  configuration  considered 
in  this  section.  The  case  of  symmetrical  motion  with  a 
vertical  plane  of  symmetry  is  emphasized,  wherein  the  mean 
line  deforms  according  to  some  (x,  t).  Lateral  motion 

can  be  treated  by  fairly  obvious  analogy.  Thus  a  purely 
lateral  ,^(x,  t)  with  a  horizontal  plane  o^*  symmetry  is 
completely  equivalent.  When  and  occur  in  com¬ 

bination,  direct  superposition  is  possible  for  those  theories 
which  yield  a  linear  relationship  between  loads  and  displace¬ 
ments. 


Altho\igh  cross-sectional  shapes  may  be  arbitrary,  the 
quantitative  illustrations  below  involve  mainly  the  circular 
case  where 


for  reasons  of  limited  space.  With  structural  deformations 
in  the  elastic  range,  it  is  safe  to  assume  that  cross  sections 
remain  iindistorted. 


182 


- EXPERIMENT 

- PISTON  THEORY 

- LAN  DAHL  (REF.  12) 


The  restrictions  here  are  as  follows: 


M„S  ^0.5 

e.  ' 

In  these  circumstances  Munk-Jones  slender-body  theory  is  a 
safer  approximation  than  in  connection  with  low-aspect-ratio 
wings.  Doubt  has  been  cast  on  this  method,  however,  by 
supersonic  measurements  of  steady-state  airloads  due  to  angle 
of  attack.  Accordingly,  experiments  or  more  rigorous  theory 
should  be  employed  for  the  mean  loadings,  relying  on  slender- 
body  formulas  only  for  the  incremental  effects  of  vibration 
and  deformation. 

The  most  useful  information  on  slender  bodies  is  generally 
the  normal  force  per  unit  axial  length  (e.g..  Ref,  17  or 
Section  7-4  of  Ref,  20) 

(28) 

Here  is.  is  the  cross-sectional  virtual  mass,  which 

has  been  evaluated  for  a  great  many  practically  interesting 
shapes.  Thus,  for  the  circle,  SM  .  is  just  the  actual  area 
7f  /?£?  (x)  ;  also  the  pressure  distribution  giving  rise 

to  the  loading  is  readily  found  to  be 


Equation  (29)  yields  only  that  part  of  that  is  anti- 

symmetrical  with  respect  to  the  x-y-plane,  and  one  should 
consult  a  paper  like  Sears  (Ref,  21)  for  information  on  the 
symmetrical  portion. 


7rRAy)f^oo 
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Reference  22  shows  how  slender~body  theory  can  be  im¬ 
proved  to  Include  higher-order  effects  of  Mach  number  and 
thickness  ratio.  Although  the  results  to  date  are  applicable 
only  for  rigid-body  motions  and  oscillatory  deformations  of 
the  form 


(30) 

serious  consideration  should  be  given  to  exploiting  this 
potential  increase  of  accuracy  for  low  hypersonic  speeds. 

The  work  of  Yates  and  Zeijdel  (Ref.  25)  should  be  mentioned. 


2.2  Moderate  Values  of  the  Hypersonic  Parameter 


Next  consider  the  range 

0.5  ^  H^$  ^  Z  (51) 

The  generalized  shock-expansion  schemes  of  Refs,  24,  6  and  25 
hold  the  greatest  promise  in  this  regime.  Unfortunately,  their 
accuracy  remains  in  question  below  M^6  =  1  for  most  body 
shapes,  the  precise  minimum  depending  on  the  body  curvatures 
in  x-z  and  y-z-planes.  For  the  M^5  gap  between  roughly  0.5 
and  1,  Ref.  6  suggests  a  Rayleigh-Ritz  solution  of  Bateman's 
variational  principle.  The  object  is  to  calculate  the  unsteady 
flow  in  each  y-z  slab  which  Ref,  15  has  shown  to  be  equivalent 
to  the  actual  three-dimensional  problem  (see  1.2  above).  There 
are  no  general  lift  or  surface  pressure  formulas  that  can  be 
reproduced  here,  and  much  developmental  effort  will  be  needed 
before  the  variational  approach  becomes  routine  for  other  than 
circular  cross  sections. 

The  upper  limit  Mo^S  =  2  is  arbitrarily  selected  for  the 
perfect-gas  approximation,  which  is  obviously  acceptable  at 
higher  thickness  ratios  on  a  body  than  a  two-dimensional  wing 
profile.  Strictly  speaking,  this  limit  should  be  examined 
more  carefully  for  each  configuration  in  the  light  of  what  is 
regarded  as  acceptable  accuracy. 

Van  Dyke's  hypersonic  similitude  (Ref,  15)  yields  equi¬ 
valent  steady  flows  just  as  in  the  case  of  wings.  For  example. 
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an  oscillating  body  of  revolution  might  be  described  by  the 
equation 

d  L  ^  J  (52)* 

The  x-z-slab  which  passes  the  vertex  x  =  0  at  time  tQ  would 
then  "see"  the  following  body: 


ft  [2.  -  igCX,  t.t  ^  )]^= 

Vfhen  6  >1,  the  steady-state  pressures  are  calculated  by 
the  shock-expansion  scheme  of  Eggers,  Savin  et  al.  (Ref,  24, 
among  others) ,  After  the  fluid  has  passed  through  a  yawed 
conical  shock  attached  to  the  nose,  the  streamlines  proceed 
along  geodesic  curves  of  the  body  surface.  On  each  stream¬ 
line,  the  pressure  v<iries  in  accordance  with  the  two- 
dimensional  Prandtl-Meyer  formula.  For  the  slightly  deformed 
body  of  revolution,  the  geodesics  through  the  vertex  are 
meridian  lines  =  const.  This  case  has  been  worked  through 
in  detail  with  many  examples  in  Ref,  6j  under  hypersonic  con¬ 
ditions  the  resulting  load  formulas  are  purely  algebraic  and 
quite  easy  to  handle. 


Noncircular  cross  sections  present  greater  difficulties 
(Ref.  25),  both  in  the  determination  of  the  nose  shock  and 
the  complicated  differential  geometry  of  the  geodesics. 
Nevertheless,  Ref,  25  is  successful  in  analyzing  fairly 
general  configurations  with  two  planes  of  symmetry  (prior 
to  defomation) .  To  avoid  unwieldy  manipulations,  the  ex¬ 
pansion  is  conducted  only  along  the  streamlines  at  -cs  o  , 

7^/2  ,  TC.  and  (3 /z)7r  ;  the  tangent-cone  approximation  is 
invoked  to  estimate  the  -variation  of  pressure  around  the 
periphery  at  any  station  x  =  const. 

By  way  of  experimental  confirmation,  some  pressure  measure 
ments  at  and  8  are  reproduced  from  Ref.  25,  The  models, 

v;hich  are  sketched  in  Pig.  6,  had  approximately  elliptical 
cross  sections,  one  with  a  straight  axis  and  the  other  cam¬ 
bered  so  as  to  give  a  difference  of  4o  between  the  mean-line 


Provided  the  oscillatory  motion  is  sufficiently 

small,  in  the  sense  that 
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slopes  at  the  vertex  and  the  base.  The  second  model  might 
be  regarded  as  the  equivalent  body  for  an  uncambered  con¬ 
figuration  oscillating  in  pitch. 


Figure  7  compares  the  axisymmetric  lengthwise  pressure 
distribution  at  Mg^=  8,  =  1.75>  on  the  first  model 

with  shock-expansion  theory.  The  agreement  is  considerably 
improved  by  an  adjustment  for  the  effect  of  boundary -layer 
displacement  thickness  as  shown  by  the  dashed  curve.  It  is 
significant  that  the  incremental  pressure  due  to  incidence, 
shown  in  Fig.  8  as  a  function  of  <p  for  three  lengthwise 
stations  at  M^=  6,  is  less  affected  by  viscosity,  at  least 
in  the  absence  of  separation,  and  apparently  better  susceptible 
of  theoretical  prediction.  This  increment  is,  of  course,  the 
quantity  responsible  for  aeroelastic  loading.  Figure  9  pre¬ 
sents  total  static  pressure  measured  on  the  cambered  model 
at  Mj^=  8  with  the  nose  angle  of  attack  held  at  zero.  Here 
the  boundary -layer  correction  explains  most  of  the  discrepancy 
from  Inviscld  theory,  but  there  is  evidence  of  crossflow  sepa¬ 
ration  on  the  leeward  side. 


2,3  Large  Values  of  the  Hypersonic  Parameter 


In  the  range 

Cos  ot  »  / 


1 


(54) 


the  analysis  of  the  preceding  subsection  must  be  refined  to 
account  for  real-gas  effects  and  possibly  for  nonlinearity 
in  Incidence  at  the  vertex.  Since  the  nose  shock  and  flow 
properties  Just  behind  it  can  always  be  treated  as  quasi- 
steady,  the  extensive  research  which  has  been  done  on  cir¬ 
cular  cones  at  yaw  may  be  adapted  to  the  case  of  the  body 


wviiCx  x;i  xuipc  J/i.  cC  1/ 


gas  flow  would  seem  to  provide  a  topic  for  future  work. 


Given  the  pressure  N  and  Mach  number  M^  as  functions 
of  the  angle  <i>  on  streamlines  emerging  from  the  vertex,  a 
real -gas  expansion  is  done  along  each  meridian  <p  =  const, 
(or  in  the  manner  outlined  in  Ref .  25  when  the  section  is 
noncircular).  The  aforementioned  constant-  "Sz  scheme  is 
probably  adequate  in  most  practical  situations.  If  so,  the 
procedure  follows  very  closely  that  described  by  Refs.  6  and 
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25>  except  that  Is  substituted  for  Y  in  all  appropriate 

for.nulas.  If  the  flight  conditions  are  so  extreme  that  R<1.3, 
numerical  integration  of  the  generalized  expansion  for  real 
gas  in  thermodynamic  equilibrium  is  indicated,  pursuant  to 
the  discussion  in  Section  7.1  of  Ref.  1  and  the  references 
given  there. 


High  Angle  of  Attack 


When  oC.  is  no  longer  small  enough  that  cosoc  =  1, 

only  rough  approximate  methods  are  available  for  slender 
bodies.  Consider  the  configuration  of  Pig.  5  reoriented  to 
a  set  of  x-y-T-coordinates  resembling  Fig.  2.  The  results 
of  Sychev  (Ref.  7)  once  more  show  how  to  reduce  unsteady 
problems  to  steady-state  equivalents.  For  instance,  the 
body  of  revolution  "seen"  by  the  y-z-slab  which  meets  the 
vei'tex  at  to  would  have  the  equation 


Along  any  body  meridian,  the  surface  slope  distribution 
works  out  to  be 


dx 


f (x,i) 
Ldx 


UcCa^oC 


X  »  X.  X 

t  -^o'^  "ZZTSscc 


The  sense  of  Ihe  angle  in  Eq.  (pG)  is  positive  to  pro¬ 
duce  compression.  The  quantity  oocoS^p  should  be  sub¬ 
tracted  from  ^ 

to  give  the  total  compressive  turning  from  the  stream  direc¬ 
tion.  Although  the  equivalent  body  shape  is  easily  deter¬ 
mined,  there  is  no  way  analogous  to  the  theory  of  Cole  and 
Messiter  for  predicting  loads  more  accurately  than  the 
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Nev/tonian  approximation.  Equation  (19)  is  therefore  to  be 
used  for  the  windward  surface,  its  application  being  mainly 
an  exercise  in  trigonometry.  Thus  it  is  not  difficult  to 
prove  for  the  axl symmetric  body  vibrating  in  the  x-'z-plane 
that 

Cp  =  Cp^  jcos^cfsln^Oi  -  Z  a>sy since 

(57) 

The  last  term  in  braces  is  probably  negligible.  When  oC>0  , 
Eq,  (*7)  should  be  employed  for 

with  inequality  (20)  taking  over  on  the  low-pressure  leeward 
side. 


SECTION  III:  SLENDER  WINGS  AND  BODIES 
WITH  BLUNTED  NOSES 


Since  sharply  pointed  noses  are  not  a  practical  possi¬ 
bility  for  hypersonic  designs,  it  is  necessary  to  establish 
when  a  configuration  is  so  apj.reclably  blunted  that  the  methods 
of  Sections  I  and  II  fail,  SUvh  a  wide  variety  of  shapes  is 
encountered  that  generalizations  are  impossible.  But  some 
assistance  can  be  derived  from  the  available  steady-state 
research  on  blunted  axisymmetric  models  and  simple  wings  and 
bodies  at  incidence.  It  seems  safe  to  conclude  that  where 
significant  nose-induced  loading  occurs  in  steady  flow  it 
will  also  be  present  in  unsteady,  and  conversely. 

Postponing  the  discussion  of  viscosity  to  Section  IV,  a 
few  general  observations  are  first  made.  The  pressures  on  the 
steeply  inclined  forward  surface  are  obviously  very  high  and 
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are  predictable  independently  of  what  takes  place  farther 
aft.  Regardless  of  whether  Newtonian  or  more  refined  tech¬ 
niques  are  used  to  find  the  loads,  however,  the  quasi-steady 
hypothesis  seems  strongly  Justified,  One  of  the  few  experi¬ 
ments  on  an  oscillating  body  under  hypersonic  conditions, 
conducted  at  Army  Ballistic  Missile  Agency  and  briefly 
reported  by  Kennet  (Ref,  31) >  reinforces  this  point.  The 
model  depicted  in  Fig,  lOa  was  oscillated  normal  to  an 
=  ^.57  alrstream  at  112,5  cycles/sec,,  and  high-speed 
Schlieren  films  were  made  of  the  flow.  The  extreme  positions 
of  the  bow  shock  relative  to  the  model  are  sketched  in  Pig, 

10b.  The  shock  is  seen  to  follow  the  Instantaneous  displace¬ 
ment  very  closely  except  several  nose  radii  back  along  the 
afterbody.  This  quasi-steady  behavior  is  explainable  in  terms 
of  the  reduced  frequency  based  on  nose  radius,  which  had  a 
typical  value  k  =  2,5  x  10“3  despite  the  rather  high  frequency 
and  low  hypersonic  speed. 

On  the  other  hand,  if  one  proceeds  far  enough  aft  on 
the  streamlined  portion  of  a  lifting  configuration,  a  region 
is  usually  found  where  loads  depend  on  the  local  incidence 
and  are  Insensitive  to  conditions  at  the  nose.  The  methods 
of  Sections  I  and  II  are  adaptable  here  by  arbitrarily  re¬ 
placing  the  actual  fore-shape  with  a  pointed  nose  or  leading 
edge.  This  is  true  despite  the  presence  of  a  hot  entropy 
layer  covering  the  surface,  because  evidence  suggests  that 
pressure  is  often  transmitted  through  this  layer  as  through 
a  boundary  layer  (cf.  Capiaux  and  Karchmar,  Ref,  26,  and  the 
review  of  Sychev's  work  on  pp,  73-74  of  Ref,  2), 

The  size  of  the  zone  of  induced  pressures  between  the 
shoulder  and  the  aforementj.oned  aft  region  is  the  best  measure 
of  the  importance  of  bluntness.  Following  Creager  (Ref.  27) 
and  others,  the  simplified  theories  suggested  in  3.1  below 
merely  add  these  Induced  pressures  to  those  that  would  be 
felt  in  the  absence  of  bluntness.  Conclusions  regarding  the 
extent  of  the  induction  zone  can  be  drawn  from  the  data  and 
analysis  in  such  papers  as  Refs,  26  through  29, 

As  a  typical  example,  Berti*am  and  Henderson  (Ref,  28) 
demonstrate  that  the  normal  force  and  pitching  moment  on  a 
fully-blunted  flat  plate  at  Mgc  =  20  in  perfect  air  can  be 
predicted  without  reference  to  induced  pressures  at  (^  =  20° 
when  the  thickness  ratio  is  0,05  or  less  and  at  «:  =  5°  when 
the  thickness  ratio  is  0.02  or  less.  More  generally,  it  seems 
that  leading-edge  diameters  in  excess  of  c/M*  on  wings  and 
,  on  bodies  at  oc  =  0°  call  for  consideration  of  in¬ 

duction.  But  as  c>C  is  increased  these  limits  become  less 
stringent,  and  at  cK  =  20°  values  of  100  c/mJ^  or  100-6  /m^ 
do  not  appear  unreasonable,  unless  local  pressures  near  the 
shoulder  are  required  accurately. 
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(a)  Geometry  of  Nose  Section 
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''R=f&=0002.5 

(b) Shock  Positions  During  Oscillation 


Figure  10.  Data  on  blunt  model  oscillated  in  an  airstream 


3.1  Approximate  Theories 


No  effort  is  made,  in  this  review  of  approximate 
schemes  for  load  estimation,  to  distinguish  parametric 
ranges  in  detail  or  separate  wing-like  and  body -like  con¬ 
figurations,  The  parameter  6  is  large  over  the  nose 
region  in  all  cases.  Unfortunately,  these  rough  techniques 
are  essentially  the  only  ones  available  today  for  dealing 
with  unsteady  phenomena.  Therefore,  they  are  covered  rather 
sketchily  here,  and  in  3.2  the  more  important  objective  is 
pursued  of  recommending  what  research  is  needed  to  bring 
blunt-body  theories  up  to  the  same  satisfactory  level  of 
development  that  characterizes  those  for  the  pointed  shapes, 

A  blunted  lifting- surface  profile  at  low  incidence  is 
illustrated  in  Pig,  11,  Looking  first  at  the  region  of  large 
inclinations  ,  shown  in  the  inset,  the  loading  there  can 

be  estimated  on  a  two-dimensional  crossflow  basis  by  the 
Modified-Newtonian-Prandtl-Meyer  theory  of  Wagner  (Ref,  30), 
The  same  approach  is  equally  valid  near  the  nose  of  a  body, 
if  the  stagnation  point  is  assumed  to  be  aligned  with  the 
instantaneous  relative-wind  direction  and  streamlines  are 
taken  to  fan  out  radially  from  this  point.  In  the  case  of 
the  negligibly-swept  wing,  for  example,  the  unsteady  motion 
alters  the  instantaneous  to 


(58) 

2a.(x,  y,  t)  being  a  coordinate  describing  the  motion  of 
the  mean  line,  Stjirting  from  ^q.  (38),  one  can  construct 
the  normal  vector  n  and  velocity  vector  "qv  for  the  portion 
of  the  surface  where  the  Newtoniain  Eq,  (I9)  is  used.  Following 
Ref.  30,  Eq,  (19)  is  applied  around  to  the  value  of 
(  On  the  motion  is  small  enough)  where  both  the  pressure 

and  pressure  slope  can  be  faired  smoothly  into  the  Prandtl- 
Meyer  formulation.  The  latter  then  carries  the  calculation, 
again  on  a  quasi- steadv  basis,  around  to  just  behind  the 
shoulder  or  line  of  attachment  of  the  nose  to  the  afterbody. 

The  shoulder  pressure  thus  computed  will  be  a  function 

of  spanwise  distance  y  and  t  on  the  upper  or  lower  surface 
of  the  wing,  and  of  polar  angle  (p  and  t  on  the  body. 

When  the  leading  edge  is  :  circular  cylinder  or  the  nose 
is  a  hemisphere,  results  like  Eqs.  (4,3,17)  and  (4,4,11)  of 
Ref,  1,  which  constitute  improvements  to  higher  order  in  the 
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Typical  cross  section  of  a  blunted,  thin 
configuration  performing  unsteady  motion 
y,  t)  normal  to  a  hypersonic  air- 

stream. 


density  ratio  6  ,  may  perhaps  be  employed  to  adjust  Eq, (19) 

Moreover,  if  the  nose  has  a  large  normal  acceleration 


at*- 


or 


/dt^ 


the  mass  of  dense 


gas  carried  in  the  shock  layer  may  give  rise  to  an  appreciable 
inertia  force.  The  corresponding  pressure  increments  turn 
out  to  be,  approximately. 


(39) 


on  an  unswept  leading  edge  and 


SCp  S  ^Zcose^asf 

Lm  J  ^OO 

(40) 

on  a  hemisphere.  These  results  have  been  developed  from 
Section  3.7  of  Ref.  1, 

Beyond  the  shoulder  over  both  the  compression  and  ex¬ 
pansion  surfaces  at  low  ^  ,  the  pressures  can  be  deter¬ 

mined  following  streamwise  strips  on  the  wing,  meridians 
on  the  body  of  revolution,  and  geodesics  through  an  equi¬ 
valent  pointed  nose  on  noncircular  bodies.  It  is  assumed 
that 

^  =  Ac  -h  f’/S  , 

('ti) 

at  any  point,  whei-e  the  first  part  f^ot,  is  to  incidence, 
camber,  and/or  unsteady  motion,  is  to  be  found  as  dis¬ 

cussed  in  Sections  I  or  II,  including  real-gas  effects  but 
assuming  that  the  particular  surface  is  part  of  a  thin, 
pointed  airfoil  or  body.  The  former  would  have  its  leading 
edge  at  the  upper  or  lower  shoulder,  as  appropriate,  whereas 
the  latter  must  be  arbitrarily  provided  with  an  equivalent 
pointed  vertex,  whose  conical  shape  can  usually  be  drawn  by 
common  sense. 


The  second  contribution  in  Eq,  (40),  an  induced  pressure 
,  can  be  treated  as  independent  o'  ainy thing  but  nose 
shape  and  thickness  when  the  motion  is  small.  Many  alternative 
schemes  are  available  for  estimating  ,  each  distinct 

from  the  others  and  supported  by  suitably  chosen  experimental 
data.  Until  the  conflicts  are  resolved,  one  is  well-advised 
to  choose  the  simplest.  This  appears  to  be  Love's  technique 
(Ref,  32  ,  which  is  supported  by  the  data  of  Ref,  33),  His 
empirical  formula  reads 


Here  d  is  the  thickness  or  nose  diameter,  and  is  axial 

distance  measured  from  the  shoulder,  will  naturally  depend 

on  X,  y.  t  over  the  wing  and  x,  tp  ,  t  over  the  body.  Since 
Eq,  (4l)  was  developed  for  axi symmetric  flows  in  Helium,  an 
improved  version  will  quite  likely  emerge.  Nevertheless,  it 
has  the  advantage  of  starting  from  the  correct  pressure  N 
at  Xs  =  0  and  approaching  in  a  reasonable  asymptotic 

fashion  at  large  distances.  Incidentally,  the  term  -1  which 
appears  in  Eq,  (4l)  for  the  complete  pressure  corrects  for 
the  fact  that  both  and  approach  the  free- stream 

when  y,^^oo  and  the  incidence  is  zero. 

The  cases  of  large  angle  of  attack  oc  and  high  wing 
sweep  yv.  require  special  treatment,  as  discussed  in  Sections 
III  and  IV  of  Ref,  10,  The  basic  philosophy  is  unchanged  from 
the  approximate  procedure  just  described.  The  main  modifications 
are  that  the  computation  follows  1,3,  1,4  and  2,4,  while 

the  induced  pressure  depends  on- distance  5^5  along  a 

mean  line  which  may  be  Steeply  inclined  to  the  stream  dire:j- 
tion.  The  blunt  wing  of  very  low  aspect  ratio  is  perhaps 
best  analyzed  as  a  slender  body,  since  it  constitutes  a  limiting 
form  of  the  latter  with  severely  flattened  cross  sections. 


3,2  More  Refined  Theories 

Table  1  summarizes  the  theoretical  methods  which,  in  the 
authors'  opinion,  will  ultimately  provide  the  most  rigorous, 
accurate  means  of  determining  unsteady  hypersonic  airloads. 

It  has  been  prepared  without  regard  to  the  current  state  of 


TABLE  1 


ULTIMATE  BEST  METHODS  FOR 
UNSTEADY  HYPERSONIC  AIRLOADS  CALCULATION 
Pointed  Configurations 


Parameter  Range 

(Low  to  moderate 
L.E.  sweep) 

(Low  to  moderate 
L.E.  sweep) 


Thin  V/lngs 


Attached  L.E.  shock, 
followed  by 
shock- expansion  or 
characteristics  for 
the  equivalent 
warp-wlng  problem 
(perfect  gas) 


I5-2^M  Ska>SoC=i  Attached  shock, 

"  to  >  follov/ed  by  real-gas 

(Lov;  to  moderate  shock-expansion  or 
L.E.  sweep)  characteristics 

oC  Large  Method  of  integral 

(Low  to  moderate  relations  on 
L.E.  sweep)  windv;ard  side 


A  Large 

A  Large 

COSOC^I 

A  Large 
oC  Large 


Two-dimensional 
piston  solution 

Unsteady  character¬ 
istics  solution  of 
two-dimensional 
piston  problem 

Second-order 
Nev.'tonian  or  method 
of  integral  relations 
on  windward  side 


Slender  Bodies 

Varlatlonal-Ritz 
solution  of 
two-dimensional 
piston  problem 

Conical  nose  shock, 
followed  by 
three-dimensional 
characteristics 
(perfect  gas) 

Conical  nose 
shock,  followed  by 
three-dimensional 
characteristics 
(real  gas) 

Unsteady  charac¬ 
teristics  solution 
of  Sychev's  slab 
problem  (real  gas) 


(  Not 

Applicable) 


continued  next  page . . . 
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TABLE  1 
(concluded) 

Blunted  Conflsuratlons 


Parameter  Range 

Blianted  Wings 

Slender,  Blunted 
Bodies 

66  Small 

(Low  to  moderate 
L.E.  sweep) 

Method  of  integral 
relations  on  L.E., 
follovved  by  real- 
gas  characteristics 

Method  of  Integral 
relations  on  nose, 
followed  by  real- 
gas  characteristics 

OC  Large 

(Low  to  moderate 
L.E.  sweep) 

Method  of  integral 
relations  on  L.E. 
and  v;indv7ard  surface; 
characteristics  on 
leeward  surface 

Method  of  integral 
relations  on  nose 
and  vflndv/ard 
surface  (?) 

oC  Small 

A  Large 

Method  of  integral 
relations  on  forv/ard 
portion,  followed  by 
real-gas  three- 
dimensional 
characteristics 

(Not  applicable) 

OC  Large 

A  Large 

Method  of  integral 
relations  on  L.E. 
and  v;indward  surface, 
followed  by  real-gas 
three-dimensional 
characteristics 

(Not  applicable) 

development  or  to  the  amount  of  computational  labor  that 
will  be  involved,  except  for  the  proviso  that  computers  of 
the  size  of  the  IBM  7090  are  believed  adequate  for  any  prac¬ 
tical  job  that  will  arise. 

Both  pointed  and  blunt  configurations  are  included  in  the 
table,  but  for  the  former  it  will  be  noticed  that  several  of 
the  items  correspond  to  methods  already  discussed  in  Sections 
I  and  II,  That  is,  available  and  proved  ways  already  exist  to 
handle  these  problems  well  enough  even  for  final-design  pur¬ 
poses,  Moreover,  the  improvements  to  be  gained  on  pointed 
shapes  generally  by  proceeding  from  current  theories  to  such 
refinements  as  three-dimensional  characteristics  are  not  con¬ 
sidered  nearly  as  dramatic  as  what  is  possible  when  there  is 
appreciable  blunting.  At  least  this  is  true  when  the  ultimate 
purpose  is  a  loading  or  aerothermoelastic  investigation. 

The  remainder  of  this  section  is  devoted  to  describing, 
with  definitive  references,  those  topics  occurring  in  Table  1 
which  have  not  been  taken  up  previously.  The  reader  will  be 
able  to  deduce  several  recommendations  regarding  the  need  for 
intensified  research  in  potentially  fruitful  areas. 

On  nearly  pointed  wings  of  limited  sweep  the  method  of 
characteristics  for  two-dimensional,  rotaticnal  supersonic 
flow  is  capable  of  cari*ylng  the  calculation  as  far  back  as 
needed  along  any  streamwise  section,  provided  shocks  are 
suitably  inserted  at  the  leading  edge  and  other  places  with 
compressive  turning.  Characteristics  are  a  classical  theo¬ 
retical  procedure,  discussed  by  Ferri  (Ref,  54),  in  Section 
7.1  of  Ref.  1,  and  in  many  excellent  papers  cited  there. 

When  the  angle  of  attack  of  the  thin  wing  becomes  too 
large,  or  when  a  blunt  leading  edge  is  present,  the  shock 
detaches.  The  compression  surface  at  high  incidence  and  the 
blunted  region  are  covered  by  a  fairly  thin  shock  layer  con¬ 
taining  highly  rotational,  often  dissociated  three-dimensional 
flow.  In  the  long  run  the  authors  are  confident  that  the 
integral-relations  method  of  von  Karman-Dorodnitsyn- 
Belotserkovskii  (Refs,  d,  9,  35)  offers  the  most  promising 
general  way  of  dealing  with  such  problems.  Equilibrium 
real -gas  thermodynamics  must  be  included  (Ref,  31),  To  date 
the  Belotserkovskil  scheme  has  been  used  only  for  flows  with 
t',/0  independent  variables  —  two-dimensional,  axlsymmetric, 
conical  and  the  like.  The  authors  have  examined  the  formu¬ 
lation  for  a  fully  three-dimensional  situation,*  however. 


and  see  no  reason  why  a  double  Integration  and  polynomial 
approximation  cannot  be  made  to  yield  ordinary  differential 
equations  in  the  most  important  coordinate.  If  no  more  than 
two  strips  in  each  of  the  directions  of  integration  are  em¬ 
ployed,  an  IBM  7090  solution  seems  entirely  feasible. 

It  is  not  believed  that  three  strips  will  ever  be  required 
in  practice  with  the  integral-relations  method.  Figure  12  is 
reproduced  from  Ref.  35  to  justify  this  observation  and  to 
Illustrate  the  truly  remarkable  convergence  that  is  typically 
achieved.  In  this  figure  the  two-strip  estimate  of  sonic- 
line  location  on  a  sphere  at  M^=  I.85  is  compared  with 
measured  data  and  seen  to  fall  within  the  experimental  scatter. 
The  reader  is  reminded  that  the  sonic  line  represents  a  much 
more  difficult  flow  property  to  predict  than  surface  pressure; 
moreover,  the  shock  layer  is  much  thicker  and  harder  to  analyze, 
by  an  Integral  procedure,  at  this  low  supersonic  Mach  number 
than  in  the  hypersonic  regime.  Figure  13  presents  a  typical 
one-strip  estimate  of  surface  pressure  at  M^=  8.08.  Here  the 
agreement  is  more  than  satisfactory.  In  most  cases  a  single 
strip  will  probably  prove  adequate  for  engineering  purposes. 

On  page  216  of  Ref.  1, Hayes  and  Probstein  point  out  that  this 
technique  can  be  extended  to  arbitrary  shapes  "utilizing  the 
hydrodynamic  equations  in  general  orthogonal  coordinates," 

This  advice  has  not  always  been  taken  in  the  past,  but  it  is 
urged  that  the  simplifications  thereb'^  achievable  warrant  the 
use  of  body-oriented  axes  whenever  feasible. 

Turning  to  other  items  in  Table  1,  it  will  be  noticed 
that  unsteady  and  three-dimensional  characteristics  are  re¬ 
peatedly  referred  to.  For  instance,  on  low-aspect-ratio  wings 
the  two-dimensional  isentropic  piston  solution  of  Ref.  6  can 
no  longer  be  used  when  oc  and/or  M^  b  attain  large  values. 

Then  one  recommends  characteristics  as  adapted  to  the  inde¬ 
pendent  variables  y,  z  and  t.  Moreover,  steady  three- 
dimensional  characteristics  are  the  natural  way  of  computing 
the  supersonic -hypersonic  flow  regions  over  bl\inted  bodies 
and  low-aspect-ratio  lifting  surfaces,  relying  for  initial 
values  and  forward  shock  shape  on  a  Belotserkovskil  analysis 
of  the  subsonic  and  slightly  supersonic  portions  of  the  shock 
layer.  This  technique  has  been  anticipated  for  many  years 
and  is  now  just  on  the  threshold  of  application  (see  Fowell, 

Ref,  yj ,  and  Thornhill,  Ref,  38,  which  contain  comprehensive 
literature  citations).  It  is  believed  to  have  a  rich  future 
in  the  era  of  the  digital  computer,  however,  and  the  versa¬ 
tility  of  a  properly  planned  three-dimensional  routine  with 
steady  and  unsteady  options  is  hard  to  overestimate.  Real- 
gas,  frozen-flow  or  other  such  refinements  can  be  incorporated 
with  considerable  labor  but  no  great  conceptual  difficulty. 
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Figure  12.  Two- strip  Belotserkovskii  prediction 

compared  with  measured  sonic  line  location 
on  a  hemisphere  at  M  =  1,85  in  air. 
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Figure  13, 


One-strip  Belotserkovskii  prediction  compared 
with  measured  pressure  distribution  on  a 
hemisphere  at  =  8.08, 


A  few  miscellaneous  remarks  are  necessary  to  clarifj' 
some  of  the  numerous  implications  of  Table  1  that  can  only 
be  ^treated  very  inadequately  in  a  brief  survey.  For  example, 
more  effort  is  needed  on  circular  and  noncircular  cones  at 
yaw  before  pointed  bodies  can  be  analyzed  over  the  full  range 
of  oC  and  M^6.  The  extension  to  higher  orders  in  the 
incidence  oc^  and  to  ascertain  how  the  shock  detaches  from 
the  vertex  constitutes  a  significant  research  topic.  Only 
when  these  problems  are  solved  will  the  necessary  initial 
data  be  available  for  shock-expansion  or  characteristics 
computations  of  the  flow  aft  over  the  configuration. 

There  presently  exists  a  firm  limitation  of  k^  1, 
with  k  based  on  wing  chord  or  body  3.ength,  upon  the  theories 
proposed  for  bl\ant  low-aspect -ratio  wings  and  blunt  bodies. 
This  is  because  the  Van  Dyke  and  Sychev  similarities  are  not 
strictly  valid  in  the  presence  of  bluntness,  so  that  the 
equivalent- steady -flow  concept  may  fail.  It  is  possible  that 
further  examination  of  results  of  Cherny i  (Ref.  29)  and  other 
studies  reviewed  in  Ref,  2  will  reveal  circumstances  when  the 
similarity  is  preserved.  The  resolution  of  this  question  is 
important  in  connection  with  unsteady  loadings  that  will  be 
met  in  practice. 

Finally,  some  problems  can  be  anticipated  when  treating 
noses  and  rounded  leading  edges  at  incidence.  Very  few 
situations  will  occur  where  the  sonic  line  is  forced  as  far 
around  as  the  shoulder*,  so  there  is  little  reason  to  be  con¬ 
cerned  about  upstream  influences  from  the  afterbody.  Never¬ 
theless,  the  forward  shock-layer  calculation  will  become  more 
difficult  when  the  nose  does  not  have  constant  curvature,  for 
then  the  stagnation  point  or  line  no  longer  faces  directly 
into  the  instantaneous  relative  wind.  Uncertainty  about 
the  location  of  stagnation  will  add  another  unknown  when 
the  method  of  integral  relations  is  applied.  To  the  authors' 
knowledge,  problems  like  inclined  elliptical  leading  edges 
and  nonspherical  noses  have  not  been  studied  extensively 
except  within  the  Newtonian  framework. 


SECTIJN  IV:  THE  EFFECTS  OF  VISCOSITY 
AND  FINITE  REACTION  RATE 


Two  phenomena  which  may  often  have  a  significant  in¬ 
fluence  on  hypersonic  pressure  distributions  have  been  left 
out  of  the  foregoing.  Both  viscous  stresses  in  the  flow  and 
deviations  from  thermodynamic  equilibrium  have  consequences 
that  are  qualitatively  and  quantitatively  different  than  at 
lower  flight  speeds,  but  their  detailed  analysis  requires 
considering  the  physics  of  the  gas  far  more  deeply  than  is 
possible  within  the  present  survey.  This  section  calls 
attention  to  when  certain  of  their  effects  are  expected  to 
be  important  and  gives  clues  as  to  where  thorough  treatments 
can  be  found  in  the  literature. 


Chapters  8  and  9  of  Ref,  1  contain  by  far  the  best  re¬ 
view  of  hypersonic  viscous  flow  and  should  be  carefully  read 
by  anyone  concerned  with  the  problem.  When  one  is  calcula¬ 
ting  loads  on  slender  wings  and  bodies,  the  concept  of  the 
attached  boundary  layer  as  a  thin,  superficial  region,  through 
whose  depth  the  pressure  is  transmitted  unchanged  from  its 
"inviscid"  value  outside,  retains  validity.  But  two  things 
happen  to  maike  its  relative  role  greater:  the  region  of  dis¬ 
turbed  flow  external  to  the  boundary  layer  is  much  reduced 
in  extent,  and  the  layer  itself  is  thickened  by  the  very 
high  temperatures  and  associated  low  densities.  The  latter 
effect  is  much  less  pronounced  when  the  body  surface  is 
fairly  cool  during  a  thermal  transient  than  for  a  wall  at 
equilibrixun  temperature,  so  the  value  of  7^  must  be  ac¬ 
counted  for. 


From  experience  at  lower  speeds  one  will  recall  that 
the  boundary  layer's  influence  on  pressures,  if  any,  comes 
about  through  an  apparent  increase  in  body  dimensions  by 
the  "displacement  thickness"  6*,  For  instance,  in  Fig,  1, 


the  upper  and  lower  surfaces  would  appear  to  have  the  co- 


v-»  o  4-0  o  f  A  o4-<ao/^nT  f*!  r\T.?\ 


In  equations  like  (6)  the  surface  slope  is  altered  by  an 
additive  increment  dS*/  ,  which  can  be  computed 

from  the  standard  theory  of  the  compressible  boxmdary  layer. 
Unsteadiness  in  the  external  flow  naturally  causes  changes 
in  6*,  as  discussed  by  Moore  (Ref,  39)  among  others,  but  at 
reduced  frequencies  below  about  0,3  it  is  believed  that  the 
boundary  layer  can  be  treated  on  a  quasi- steady  basis  (Ref, 
40), 
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On  appreciably  blvmted  configurations,  a  displacement- 
thickness  shape  correction  appears  to  constitute  the  only 
adjustment  needed  for  analyzing  aeroelastic  problems.  This 
conclusion  stems  from  the  observation  that  the  maximum  loads 
on  nearly  any  flight  trajectory  occur  at  comparatively  low 
altitudes  in  the  atmosphere,  where  Reynolds  numbers  are 
relatively  high,  A  revision  will  be  needed  when  estimating 
loads  on  lo/r-wing-loading,  high-altitude  devices  like  in¬ 
flatable  entry  gliders  and  hypersonic  sails. 

Sharp-pointed  configurations,  however,  require  special 
handling.  Near  the  leading  edge  or  vertex  there  will  always 
exist  a  small  zone  where  is  very  large,  so  that 

the  surface  pressure  is  very  much  higher  than  it  would  be  in 
the  absence  of  viscosity.  This  is  the  region  of  "strong 
pressure  Interaction,"  which  is  discussed  in  Chapter  9  of 
Ref.  1,  in  Ref.  4l,  and  in  the  many  other  papers  cited  by 
these  authors.  At  any  given  distance  X  behind  the  leading 
edge,  the  magnitude  of  this  effect  is  measured  by  the  "vis¬ 
cous  interaction  parameter" 

sfC 

(^3) 

In  Eq.  (45) ,  Re»  is  the  Reynolds  number  based  on  fiee-stream 
gas  properties  and  on  the  length  %  : 


%- 
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being  the  dynamic  viscosity  coefficient.  C  is  a  dimen¬ 
sionless  constant  in  a  secant  approximation  to  the  relatlon- 


suip  between  viscosity  and  temperature j  a  suitable  definition 


is  given  by  the  equation 


C 


M/  . 
OO 


(45) 


Values  of  ^  less  than  unity  are  identified  with  v/eak  inter¬ 
action,  when  (Ref,  4l)  "the  self-induced  pressure  gradient  is 


assumed  not  to  affect  the  boundary  layer  growth."  Strong 
interaction  occurs  when 


'p  »/  (46) 

Now  P  A>  ///5c  goes  to  infinity  right  at  the  leading 
edge  or  vertex.  Hence  there  is  always  some  region  of  strong 
interaction.  The  point  with  respect  to  hypersonic  airloads 
estimation,  however,  is  that  the  region  where  ^  will 

nearly  always  be  so  small  that  the  high  pressure  in  this 
region  can  be  neglected.  This  observation  is  at  the  root  of 
the  last  general  restriction  listed  in  the  Introduction. 

Having  dismissed  strong  interaction,  one  has  the  con¬ 
venient  result  that,  in  the  weak  interaction  zone,  6*  may  be 
calculated  for  the  inviscid  surface  pressure  distribution, 
the  incremental  induced  pressure  can  then  be 

determined  from  the  resulting  ,  and  the  process 

is  stopped  at  this  point.  There  is  no  further  coupling  between 
the  boundary  layer  and  the  external  field. 

Formulas  for  are  available  from  Ref.  4l  and 

elsewhere  in  the  literature.  This  increment  is  simply  added 
to  the  inviscid  pressure  obtained  as  described  in  preceding 
sections.  When  the  pointed  leading  edge  is  at  positive  in¬ 
cidence,  the  induced  effect  will  be  smaller  relative  to  other 
sources  of  overpressure.  It  is  also  easy  to  deduce  that  where 
^  ^  0.1  Sb  will  only  be  a  few  percent  of  ht  and  can 
pTObably  be  dismissed. 

Incidentally,  an  illuminating  discussion  of  the  combined 
interplay  of  bluntness  and  viscosity,  which  has  been  overlooked 
here  while  considering  the  loads  problem,  will  be  found  in 
Ref.  42. 


The  influence  of  nonequilibrium  thermodynamics  on  hyper¬ 
sonic  flow  is  taken  up,  among  other  places,  in  Chap.  7  of  Ref. 
1  and  in  Kefs.  l4,  45  and  44.  For  a  first-glance  indication 
of  what  is  invdved,  one  should  look  at  Figs.  17,  l8,  19  and  21 
of  Ref,  14  and  at  Fig.  1  of  Ref.  44.  The  key  question  to  be 
asked  is  whether  the  distance  traveled  by  a  fluid  particle 
during  the  time  required  for  a  given  effect  (accommodation  of 
molecular-vibration  degrees  of  freedom,  dissociation  reaction, 
recombination  reaction,  etc.)  to  adjust  essentially  into 
equilibrium  is  appreciable  by  comparison  with  body  dimensions. 
This  can  be  answered  by  examining  a  parameter  like 
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where  is  the  rate  of  production  of  accommodated  mole¬ 

cules,  new  chemical  species,  etc,  per  unit  volume. 

In  Refs.  l4  and  43,  this  matter  is  studied  primarily 
from  the  standpoint  of  the  fluid  properties  in  the  attached 
shock  layer  ahead  of  a  hypersonic  blunt  configuration.  A 
first  conclusion  is  that  molecular  vibrations  in  air  can 
probably  be  assumed  in  equilibrium  with  the  Instantaneous 
temperature  for  practical  purposes;  they  adjust  in  relatively 
few  mean  free  paths,  and  their  inf luence  on  pressures  is  quite 
small  in  any  event.  The  oxygen  dissociation,  however,  can 
produce  large  deviations  of  ^  and  at  the  higher  alti¬ 
tudes  on  small-radius  noses.  ^ 

Prom  the  standpoint  of  surface  pressure  estimation, 
some  general  observations  regarding  the  dissociation- 
recombination  reaction  are  in  order.  Computed  pressures  in 
the  attached  shock  layer  adjacent  to  a  blunt  nose  are  quite 
insensitive  to  whether  deviations  from  equilibrium  are 
accounted  for  or  not.  Figure  1?  of  Ref,  14  and  Pigs.  7  and 
12  of  Ref.  43  are  clte(i  in  confirmation.  The  farther  the 
flow  expands  back  around  toward  the  streamlined  portion  of 
a  blunted  configuration,  however,  the  more  the  pressure  is 
influenced  by  the  degree  of  recombination.  Accordingly, 
there  will  exist  flight  conditions  of  practical  interest 
where  recombination  rates  must  be  introduced  when  calculating 
loads.  Until  the  methods  for  doing  this  are  systematized  to 
a  point  of  routine  utility,  the  following  suggestion  is  made: 
the  computation  should  be  repeated  for  the  two  extremes  of 
1)  equilibrium  flow  (  G  >>  l)  and  2)  flow  frozen  (G  <•<  1) 
at  the  state  occurring  just  behind  the  bow  shock.  (This 
procedure  will,  of  course,  be  necessary  only  in  connection 
with  the  refined  methods  of  Table  1;  the  approximate  methods 
outlined  in  3.1  more  or  less  bypass  the  whole  problem.)  The 
two  resulting  pressure  distributions  then  provide  limits 
between  which  the  desired  result  lies.  Consideration  of  the 
recombination  values  of  G(Ref.  44)  may  then  be  used  for  an 
estimated  Interpolation,  It  is  of  Inte-rest  that  frozen  flow 
takes  place  at  a  fixed,  effective  value  of  K  (Ref.  1)  and 
is  consequently  easier  to  analyze  than  the  equilibrium  case. 
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SECTION  V:  CONCLUSIONS 


It  should  be  clear  that  a  principal  conclusion  of  this 
survey  is  that  methods  of  unsteady  h'/personic  airload  esti¬ 
mation  for  slender,  pointed  wings  and  bodies  are  in  a  rela¬ 
tively  satisfactory  state  of  development,  v/hereas  a  great 
deal  remains  to  be  done  when  appreciable  effects  of  blunt¬ 
ness  are  present.  The  same  statement  is  generally  true  of 
wing-body  combinations  and  other  more  complicated  configu¬ 
rations,  about  which  it  has  not  been  possible  to  say  much 
here.  The  work  of  authors  like  Savin  (Ref,  45)  and  Scheuing 
et  al,  (Ref,  46)  on  such  "interference"  problems  certainly 
deserves  mention.  A  particularly  interesting  flow  situation 
is  the  one  which  occurs  near  the  concave  intersection  between 
the  body  and  planar  wing  on  the  windward  side  of  a  lifting 
vehicle.  This  has  been  studied  on  a  conical-flow  basis  in 
Ref,  46  and  elsewhere,  and  it  appears  possible  to  predict 
quite  accurately  the  high  pressures  which  are  carried  over 
from  one  element  to  the  other  of  the  combination.  On  the 
other  hand,  typical  fin  and  control- surface  installations 
on  blunted  hypersonic  gliders  will  require  considerable 
further  investigation;  when  separation,  re-entrant  wakes, 
etc.  are  involved,  recourse  to  experiment  will  always  be 
necessary . 

A  few'  additional  conclusions  and  recommendations  for 
continued  research  will  now  be  singled  out  of  the  foregoing 
sections  for  special  emphasis: 

1,  The  use  of  the  quasi-steady  hypothesis  for  nose  or 
leading  edge  regions,  and  the  idea  of  steady  flows  equi¬ 
valent  to  a  given  time-dependent  motion  of  an  elongated 
configuration,  render  the  results  of  steady-state  aerody¬ 
namic  theory  more  broadly  valuable  for  hypersonic  aero- 
elastic  calculations  than  has  been  the  case  in  subsonic  or 
supersonic  flight.  Further  study  is  required  on  the  equi¬ 
valent  wing  and  body  concepts  with  bluntness  and  strong 
entropy  layers. 

2.  Because  of  its  extraordinary  potential  for  the  rigorous 
analysis  of  both  steady  and  unsteady  thin  shock-layer  regions, 
the  method  of  integral  relations  should  be  made  the  subject 

of  an  intensive  development  program.  Three-dimensional  flow 
fields  with  real-gas  effects,  possibly  nonequilibrium  thermo¬ 
dynamics  and  boundary -layer  Interaction  constitute  the  ulti¬ 
mate  goal. 


3,  Syste  '.tic  organization  of  the  three-dimensional  method 
of  characteristics,  both  for  steady  and  two-dimensional  time- 
dependent  situations,  represents  another  very  desirable  and 
attainable  objective.  Real -gas  phenomena  should  once  more 

be  included.  Existing  digital  computing  machines  have  the 
capacity  for  handling  both  three-dimensional  Integral  rela¬ 
tions  and  characteristics,  if  they  are  efficiently  programmed. 
Maximum  versatility  should  be  soijght  after  in  these  routines, 
and  they  will  become  progressively  easier  of  practical  appli¬ 
cation  with  the  appearance  of  computers  with  greater  storage 
and  higher  speed. 

4,  The  influence  of  boundary -layer  displacement  thickness 
on  unsteady  hypersonic  pressures  will  often  have  to  be  ac¬ 
counted  for,  especially  over  the  forward  portions  of  pointed 
surfaces.  For  aerothermoelastic  purposes,  however,  both  un¬ 
steadiness  within  the  boundary  layer  and  zones  of  strong 
interaction  can  nearly  always  be  overlooked.  Another  vis¬ 
cous  phenomenon  which  merits  further  experimental  and  theo¬ 
retical  Investigation  is  crossflow  separation  on  the  leeward 
side  of  bodies  at  Incidence;  this  will  frequently  make  itself 
felt,  even  at  small  angles,  in  a  forward  shift  of  the  center 
of  pressure  and  other  airload  modifications. 

5,  With  regard  to  nonequilibrium  effects  in  hypersonic  air¬ 
flow,  the  single  one  which  may  often  be  expected  to  influence 
both  steady  and  unsteady  surface  pressures  is  the  recombination 
reaction  of  diatomic  Oxygen,  The  aft  portions  of  elongated 
shapes  will  often  be  exposed  to  a  flow  regime  which  falls 
partway  between  the  extremes  of  frozen  composition  and  ther¬ 
modynamic  equillbrliim. 

6,  Most  aeroelastic  loading  research  to  date  has  concen¬ 
trated  on  small  deviations  from  a  steady  trimmed  flight  con¬ 
dition.  Especially  in  connection  with  dynamic  stability, 
more  attention  is  recommended  to  the  ver^  difficult  question 
of  large -amplitude  unsteady  motions. 
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ABSTRACT 


A  review  has  been  made  of  past  work  in  stiffness 
and  vibration  prediction  methods  for  trusses,  cylinders, 
conical  shells,  multi-stage  cylinders,  and  clustered 
cylinders.  A  method  of  stiffness  and  vibration  analysis 
of  trusses  with  teniperature  gradients  is  presented. 

Several  approaches  for  the  solution  of  problems  relating 
to  clustered  cylinders  are  also  discussed.  Since  adequate 
knowledge  of  the  behavior  of  boosters  is  necessary  for 
successful  space  flight,  recommendations  are  made  for 
future  resesurch  in  analytical  predictions  and  tests  to 
siibstantiate  these  analyses. 


PREDICTION  OF  STIFFNESS  AND  VIBRATION  CHARACTERISTICS  OF 
TRUSSES,  MUMI-STAGE  CIIINDERS,  AND  CLUSTERED  CILINDERS 


INTRODUCTION 

With  the  increased  emphasis  on  missiles  and  spacecraft,  the  interest 
in  shells  and  cliistered  cylinders  has  grovn  very  rapidly.  In  the  early 
days  of  ballistic  missiles,  the  diameters  were  small  and  they  were  easily 
idealized  as  simple  shells.  As  the  diameter  of  boosters  becomes  larger 
and  larger,  the  use  of  beam  theory  is  far  from  being  accurate,  since,  in 
addition  to  the  bending  modes,  the  breathing  modes  enter  into  the  picture. 
The  presence  of  adapters  and  bulkheeids  renders  the  analytical  process  even 
more  difficult. 

In  order  to  analyze  the  stiffness  and  vibration  characteristics  of 
cylinders,  varioixs  shell  theories  have  been  used.  Most  of  the  approaches 
have  been  mathematical  in  nature,  ignoring  the  effects  of  thickness  vari¬ 
ation  and  material  degradation  due  to  temperatxxre.  Since  the  development 
of  the  Saturn  and  Nova  concepts,  wide  intei'est  has  been  developed  in 
methods  of  analysis  of  the  stiffness  and  vibration  characteristics  of 
clustered  boosters.  Since  these  clustered  cylinders  involve  a  mounting 
problon  to  take  care  of  the  ten5>erature  e^qpansion  in  the  cryogenic  re¬ 
gime,  one  end  of  the  cylinders  is  usually  fixed,  while  the  other  end  is 
free  to  expand.  This,  of  course,  complicates  the  methods  of  analysis. 

To  analyze  these  clusters  even  with  a  simple  beam  theory  is  in  itself 
very  complicated.  So  far,  no  attempt  has  been  made  to  refine  the  analy¬ 
sis  to  include  the  shell  breathing  modes  of  clustered  cylinders. 

To  alleviate  the  thermal  stresses  in  re-entry  vehicles,  truss  spars 
are  usually  used  in  wing  structures.  The  advantage  of  a  determinate 
truss  is  that  the  members  are  free  to  expand  and  contract  according  to 
their  geometry.  The  thermal  stress  can  be  greatly  reduced  if  ideal  pin 
connection  joints  can  be  achieved.  Unfortunately,  three-dimensional  pin 
connection  is  hard  to  achieve  in  practice.  Secondary  thermal  stresses 
are  bound  to  be  induced  in  the  connections.  To  analyze  and  eveLLuate 
the  vibration  characteristics  of  a  simple  determinate  truss  is  no  great 
task;  but  to  evaluate  the  characteristics  of  trusses  with  joint  restraint 
is  a  difficult  one.  So  far,  no  elaborate  or  rapid  process  has  been  re¬ 
leased.  Since  the  present  paper  is  only  exploratory  in  nature,  it  will 
leave  this  investigation  for  future  presentation.  In  the  area  of  clus¬ 
tered  cylinders,  various  methods  and  investigations  have  been  conducted 
by  Y.  C.  Fung,  Federhofer,  Hermann  and  Mirsky,  and  Yechiel  Shulman. 

Using  the  power  series  expansion  method,  trigonometric  mode  shapes 
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;  method,  Rayleigh- Ritz  methods,  shallow  shell,  and  Flugge's  shell  theory, 

[  some  of  them  found  good  correlation  between  theoretical  and  experimental 

results.  Some  of  the  authors  established  a  comparison  of  the  vibration 
p  frequencies  with  the  variation  of  length  to  diameter,  but  none  of  them 

so  far  have  conducted  an  engineering  approach  which  would  take  care  of 
I  cutouts  and  variation  in  thickness  and  material  properties  from  point  to 

point. 
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It  is  the  intention  of  the  authors  to  introduce  an  engineering 
method  for  finding  the  stiffness  and  vibration  characteristics  of  cyl¬ 
inders,  conic  shells,  and  multiple  staging  through  the  use  of  the  ex¬ 
tension  of  the  force  and  displacement  method  of  Argyris.  The  equations 
for  the  symmetrical  and  anti-symmetrical  loadings  are  presented}  the 
equation  for  cantilevered  shells  and  the  free  shells  is  tabulated.  Be¬ 
cause  of  the  shortage  of  available  manpower  in  programming,  no  complete 
mathematical  data  are  available  for  comparison  with  test  results.  It 
is  hoped  that  this  paper  serves  as  an  elementary  effort  in  the  area  of 
engineering  methods  of  vibrations.  Later  results  will  be  published  when 
the  program  is  further  down  the  line.  Also  included  in  this  paper  '"^ll 
be  a  section  tabulating  the  methods  of  clustered  cylinders  for  the  Flight 
Test  Missile.  It  is  sincerely  hoped  that  these  paragraphs  will  stimulate 
interest  and  research  in  the  areas  of  trusses,  cylinders,  and  clustered 
cylinders . 


SECTION  I;  STATE  OF  THE  ART 


TRUSSES 

In  past  years  the  truss  has  probably  been  the  most  studied  of  all 
redundant  structures.  However,  it  is  only  recently  that  methods  have 
appeared  which  permit  a  ready  solution  to  this  type  of  structure.  The 
previous  methods  required  the  formation  and  solution  of  a  set  of  simul¬ 
taneous  equations.  The  inconvenience  of  solving  these  equations  for  a 
large  structure  usually  resulted  in  the  selection  of  configurations  with 
a  low  degree  of  redundancy,  thereby  minimizing  this  tedious  nvnnerical 
task.  A  significant  advance  was  made  with  the  introduction  of  the  moment 
distribution  method  developed  by  H.  Cross.  This  well  known  method  de¬ 
creased  the  number  of  relationships  required,  but  necessitated  a  large 
amount  of  arithmetical  manipulation. 

The  advent  of  the  electronic  computer  has  stimulated  the  develop¬ 
ment  of  several  new  matrix  methods  of  redxmdant  structural  analyses. 

The  methods  fall  into  two  broad  classifications:  the  method  of  forces, 
and  the  method  of  displacements.  It  has  been  shown  by  several  authors 
that  these  two  theories  are  completely  analogous;  however,  the  ease  of 
applying  them  to  different  structures  varies  greatly.  A  complete  treatise 
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on  the  application  of  the  force  method  to  various  redundant  structures 
was  given  by  Professor  Axgyris  in  195^  (ref.  l).  In  this  paper,  a 
simple,  highly  systematic  method  for  the  analysis  of  a  redundant  pin 
connected  truss  including  the  effects  of  temperature,  initial  strain, 
and  non-linear  stress-strain  relationships  is  presented.  This  method 
is  based  upon  the  formulation  of  self-equilibrating  load  systems  which 
relates  the  member  loads  to  some  unknown  redundant  force.  The  structure 
is  made  statically  determinate  by  cutting  the  redundant  members  and  a 
static  load  system  is  formed.  The  self- equilibrating  load  system  and 
the  static  load  system  are  combined,  together  with  the  flexibility 
matrices  of  the  unassembled  elements,  to  produce  the  true  load  distri¬ 
bution  and  flexibility  matrix  of  the  redundant  structure.  A  tacit 
assumption  is  made  that  the  correct  value  of  the  modulus  of  elasticity 
is  known  in  the  treatment  of  the  effects  of  the  non-linear  stress-strain 
relationship.  This  implies  that  the  correct  stress  level  must  also  be 
known,  thus  indicating  an  iterative  solution  is  required  to  find  the 
converged  value  of  stress. 

A  method  for  computing  the  stiffness  influence  coefficients  of  a 
simple  pin- Jointed  truss  was  published  by  Turner,  Clough,  Martin  and 
Topp  in  1956  (ref.  2).  This  method  falls  under  the  broad,  category  of 
displacement  methods.  The  stiffness  of  the  complete  structure  is  ob¬ 
tained  by  summing  the  stiffnesses  of  the  individual  members,  each  formed 
for  a  common  displacement.  This  analysis  was  later  extended  (ref.  3) 
to  include  the  effect  of  geometric  change  as  the  structure  deflects  under 
load  and  temperature.  The  method  of  treating  the  large  deflections  as 
presented  was  essentially  an  iterative  procedure.  It  should  be  noted 
that  the  method  of  Argyris,  if  extended  to  account  for  the  changes  in 
geometry  between  successive  solutions,  can  also  be  effectively  used  for 
the  analysis  of  structures  possessing  large  deflections. 

A  variation  of  the  force  method  for  analyzing  indeterminate  trusses 
was  presented  by  Wong  in  1959  (ref.  4).  The  basic  self- equilibrating 
stress  systems  \ised  by  Wong  are  essentially  the  same  as  those  used  by 
Argyris.  The  matrices  are  partitioned  in  a  different  manner,  which  leads 
to  a  slightly  different  form,  but  analogous  to  those  of  Argyris. 

In  the  aforementioned  analyses,  the  usual  assumptions  for  a  truss 
structure  have  been  made,  that  is,  frictionless  pin  Joints  and  straight 
axial  members.  None  of  these  analyses  cein  be  conveniently  adapted  to 
include  the  effects  of  rigidly  connected  Joints.  To  rigorously  analyze 
these  effects  would  greatly  increase  the  number  of  redundants  and  need¬ 
lessly  complicate  the  procedures  for  determining  the  stress  distribution 
or  structural  influence  coefficients. 

In  the  proceeding  discussion  no  distinction  had  been  made  as  to 
whether  the  end  resiilts  desired  were  to  be  the  stress  distribution  or 
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the  structural  influence  coefficients.  For  a  truss  with  rigid  Joints, 
if  this  distinction  is  made,  and  a  simplifying  assumption  as  sviggested 
in  ref.  5  is  made,  then  this  type  of  structtire  can  be  treated  with 
little  more  effort  than  the  pinned  truss.  It  is  a  principle  of  ele¬ 
mentary  geometry  that  the  distortion  of  a  truss  structure  is  a  function 
of  the  changes  in  length  of  the  structural  elements.  If  it  cem  be  as¬ 
sumed  that  the  bending  deflections  of  a  member  do  not  change  their 
axial  length,  then  such  bending  cannot  influence  the  overall  truss  de¬ 
flections.  Thus,  the  influence  coefficients  of  a  rigid  Joint  truss 
can  be  computed  approximately  if  all  the  Joints  are  assumed  to  be 
pinned.  With  the  Joint  deflections  being  known,  all  the  angles  of 
the  members  can  be  computed.  The  end  mcxaents  in  any  member  can  now 
be  determined  by  one  of  several  methods  and  a  stress  distribution  re¬ 
flecting  both  the  axial  loads  and  end  moments  can  be  made. 

cmiiDERS 

In  the  work  of  Y.  C.  Fung,  E.  E.  Sechler  and  Kaplan  (ref.  9), 
the  frequency  spectra  and  vibration  modes  of  thin  walled  circular  cyl¬ 
inders  svibjected  to  internal  pressures  are  considered.  It  is  shown 
that  for  very  thin  cylinders  the  internal  pressure  has  a  significant 
effect  on  the  natural  vibration  cheuracteristics .  For  these  cylinders, 
particularly  those  having  smaller  length  to  diameter  ratios,  the  mode 
associated  with  the  lowest  frequency  is  in  general  not  the  siinplest 
mode.  The  exact  number  of  circvnnferential  modes,  n,  which  occur  in 
the  mode  associated  with  the  lowest  frequency,  depend  on  the  internal 
pressure,  p.  The  experiments  and  the  theory  are  in  reasonable  agree¬ 
ment.  For  cylinders  with  freely  svq)ported  ends,  Beissner's  approximate 
frequency  expression  is  adequate  for  prediction  at  high  internal  pres¬ 
sures  for  all  values  of  n,  and  at  lower  internal  pressures  for  n  =  3 
(fig.  1). 

The  work  of  Federhofer  (ref.  23)  who  used  a  power  series  expansion 
for  the  assumed  mode  shapes,  probably  provides  a  good  first  approxima¬ 
tion  for  cones  of  wide  vertex  angles  which  approach  a  concentric  cir¬ 
cular  plate  in  the  limit.  Due  to  the  employment  of  these  mode  shapes, 
however,  the  accuracy  of  these  results,  when  the  other  limiting  case 
of  circular  cj'^linders  is  approached,  cannot  be  expected  to  be  good  un¬ 
less  a  large  number  of  mode  shapes  are  used,  since  the  cylindrical 
mode  shapes  are  trigonometric  in  nature. 

Hermann  and  Mirsky  (ref.  21 )  investigated  the  effect  of  taper 
on  the  vibrations  of  cylindrical  shells  using  the  cylinder's  trigon¬ 
ometric  mode  shapes.  Their  results  showed  that  the  frequencies  of 
the  tapered  shells  are  invariably  higher  than  those  of  the  correspond¬ 
ing  untapered  ones,  for  length-to-radii.s  ratios  greater  than  3. 


Yeohie.!  Shulman  (ref,  20)  studied  the  flexual  vibration  character¬ 
istics  of  conical  shells  with  sanall  vertex  angles  (tapered,  cylindrical 
shells)  for  the  purpose  of  obtaining  more  reliable  resxilts  than  the 
ones  obtained  so  far.  This  is  done  by  using  shell  theories  of  dif¬ 
fering  complexity,  by  using  various  methods  of  solution,  and  by 
en5>loying  different  assumed  displacement  and  suress  functions. 

The  various  shell  theories  \i8ed  include  shallow  shell  theory  and 
Flugge's  shell  theory.  In  general,  the  effect  of  taper  on  a  cir- 
culair  cylinder  is  to  increase  its  membrane  frequencies  and  to  de¬ 
crease  its  bending  frequencies.  The  general  case  contains  a  com¬ 
bination  of  these  zvo  effects  and  therefore  the  frequencies  may 
be  higher,  lower,  or  the  same,  depending  on  the  shell's  geometry 
and  the  particular  vibration  mode  of  interest. 

Herbert  Sanders  used  a  Rayleigh-Ritz  procedure  to  determine 
the  natural  frequencies  for  a  certain  clsiss  of  mode  shapes  of  a 
thin,  conical  shell  built  in  on  the  edge  with  the  smaller  radius, 
and  either  simply  support^id  or  free  on  the  outer  edge.  Tbe  com¬ 
parison  showed  that  the  first  six  computed  frequencies  were  with¬ 
in  55“  of  the  measured  values. 

CrUSTERED  CYLINDERS 

Clustered  cylinder  engines  have  long  been  xised.  Usually  they 
are  held  in  place  by  a  heavy  spider  web  connection  at  one  end  and 
are  free  to  expaLd  at  the  other  end.  Since  they  are  small  in  size, 
their  neutral  axes  coincide  with  that  of  the  shell.  Common  practice 
is  to  idealize  them  as  a  simple  beam.  With  the  introduction  of  the 
Saturn  booster,  the  problem  becomes  much  more  complicated.  To  allow 
the  differential  contraction  from  cryogenics,  foui*  of  the  eight  ex¬ 
ternal  tanks  are  free  to  move  at  the  top  spider  web  connection.  In 
some  of  the  bending  modes  the  external  tanks  might  move  quite  dras¬ 
tically  fix)m  the  nodal  line  of  the  neutral  axes.  In  order  to  under¬ 
stand  the  dynamic  loads  and  fuel  sloshing  effects  on  the  outer  tank 
walls,  it  may  be  necessary  to  idealize  the  eight  external  tanks 
apart  from  the  central  tank.  Among  the  methods  used  are  the  strain 
energy  method,  method  of  least  work,  and  Ifyklestad  method. 
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SECTION  II:  STIFFNESS  AND  VIBRATION  HffiDICTIONS  OF  TRUSSES 


STATICALiy  DETERMINATE  TRUSSES 

Shown  in  fig.  2  is  a  cantilevered  truss  supported  at  7  ^  hori¬ 
zontal  force  and  at  8  by  vertical  and  horizontal  reactions. 


1234567  Members 

0000000  13 
+a/h  +a/h  0  0  0  0  0  35 

+2a/h  +2a/h  +a/h  +a/h  0  0  0  57 

-a/h  -a/h  0  0  0  0  0  24 

-2a/h  -2a/h  -a/h  -a/h  0  0  0  46 

bo  =  -3a/h  -3a/h  -2a/h  -2a/h  -a/h  -a/h  0  68 

-1  0  0  0  0  0  0  12 

-1  -1  -1  0  0  0  0  34 

-1  -1  -1  -1-1  0  0  56 

-1  -1  -1  -1  -1  -1  -1  78 

+d/h  +d/h  0  0  0  0  0  23 

4d/h  -bi/h  -bi/h  0  0  0  45 

+d/h  +d/h  +d/h  +d/h  +d/h  +d/h  0  67 


Figure  2.  Statically  Determinate  Trusses 


226 


Members 


S  «=  bR 


Generalized  di8placement_  v  =  f S  =  fbo^ 

Vert,  displacement  r  «  b'  v  <=  b’fboR 
Flexibility  matrix,  F  =  b'fbo 

From  the  flexibility  matrix,  the  vibration  frequencies  and  mode 
shapes  can  be  obtained. 

For  trusses  with  thermal  gradient,  the  generalized  displacement  v 
V  =  fS  +  H 

where  H  is  the  column  matrix  of  thermal  distoirtions  in  members 
13  to  member  67 


Vertic.  displacement  v  =  b'v  =  b'f(bQR+H)  (5) 

Flexibility  matrix,  F  =  b'f  bo 

If  the  vibration  modes  are  initiated  from  thermally  deflected  position, 
H  matrix  can  be  neglected  eind  the  frequencies  and  mode  shapes  can  be 
derived  as  usual. 
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rg  0  0 
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L  J  0  0 


-0  +a/h  _2a/h  -a/h  -2a/h  -3a/h  -1  -1  -1  -1  -hi/h  +d/h  -Ki/h 

0  +a/h  +2a/h  -a/h  -2a/h  -3a/h  0  -1  -1  -1  -Kd/h  +d/h  -Hi/h 

0  0  +a/h  0  -a/h  -2a/h  0  -1  -1  -1  0  +d/h  -Hi/h 

0  0  +ei/h  0  -a/h  -2a/h  0  0-1-1  0  +d/h  -td/h 

0  0  0  0  0  -a/h  0  0  -1  -1  0  0  +d/h 

0  0  0  0  0  -a/h  0  0  0  -1  0  0  +d/h 


000-10 


Other  matrices  continued  on  next  page. 
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Where  mass  at  any  Joint  is  derived  by  summing  the  mass  of  adjacent 
members  midway  to  the  next  Joint.  Any  additional  weight  at  the  Joint 
is  treated  in  a  similar  manner. 
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ONVil  4^00  to  H 


SmilCmH  IHDETEMDIATE  TRUSSES 


For  staticaUy  indeterminate  trusses,  the  members  it,  36,  and 
58  are  cut  and  indeterminate  values  of  X2  and  X_  are  assigned 
to  form  the  b^  matrix,  (fig.  3)  ^ 
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Stress  in  any  member,  S  =  b^,  R  +  X 


(6) 


Virtual  work,  b’l  v  »  b'l  f  (bg  R  +  b^  X)  =»  0 

(7) 

The  flexibility  matrix  F  «  b'o  f(bQ  -  bjL  (b'^^  f  ^i)"^  ^'l  ^  (®) 


The  vibration  equation  can  be  set  up  as  in  the  previous  case. 


SECTION  III:  ffUFFNESS  AND  VIBRATION  PREDICTION  OF  CONICAL  SHELLS, 
CILINDER^  AND  MULTIPLE  STAGE  CYLINDERS 

The  matrix  force  method  as  presented  first  by  Argyris  (ref.  l) 
was  extended  to  shell  structures  by  Przemieniecki  (ref.  25)  and  later 
by  Argyris  (ref.  29).  These  methods  treat  cylindrical  shells  of 
arbitrary  cross  section  stiffened  by  flexible  frames.  The  method 
presented  in  this  paper  is  an  extension  to  these  works.  The  follow¬ 
ing  analysis  includes  the  effects  of  variable  stringer,  skin  and 
frame  cross  sections,  and  can  be  applied  to  tapered  conical  shells. 
The  present  method  sdso  permits  a  more  arbitrary  external  loading 
condition  than  that  of  Przemieniecki's.  As  the  method  contained 
herein  closely  follows  that  of (ref.  25)  only  a  brief  outline'  of 
the  method  will  be  given  with  special  mphasis  on  the  basic  dif¬ 
ferences.  A  complete  description  of  the  foine  method  is  beyond 
the  scope  of  this  paper  and  therefore  it  is  assumed  that  the  reader 
is  familiar  with  the  basic  method. 

BASIC  STRESS  SYSTEM 

The  basic  stress  system,  the  bo  matrix,  is  derived  from  con¬ 
sidering  the  shell  structure  a  tube  with  four  longerons  (ref.  29) 
subjected  to  the  loading  shown  in  fig.  4. 

Assuming  a  structure  symmetrical  about  its  vertical  and  hori¬ 
zontal  centerlines,  for  simplicity  the  stringer  forces  at  frames 
i  and  i+1  for  the  structures  shown  in  fig.  4  are  given  by: 


The  shear  flows  due  to  the  verticsu.  and  horizontal  forces  for  the 
same  structure  are  given  by; 
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The  ho  matrii:  is  formulated  denoting  the  stringer  loads  as  bog-h 
and  the  shear  fJ.ows  as  hoBf 


The  basic  stress  system  for  the  frames  is  identical  to  that  given 
in  ref.  25  except  for  the  inclusion  of  a  term  to  account  for  the  stringer 
kick  loads  at  frames  vhere  the  stringers  change  direction.  This  addi¬ 
tional  term  is  given  by 
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The  bOf j-ame  frame  is  then  equeJ.  to 

bof  =  bof  Rof 

vhere  bof  is  a  transformation  matrix  vhich  converts  the  loads  on  the 
frame  into  internal  moment."  and  forces  and  Rof  is  given  by: 


flov  component 


From  these  simple  equations  relating  only  to  geometry  of  the  shell, 
the  complete  ho  matrix  may  be  written  as; 

bo  =  bOgt 
^Osk 

bOjf 

SELF-BQUILIBEATIFG  SYSTEM 

The  minimum  number  of  stringers  necessary  to  form  a  self-equili¬ 
brating  load  system  in  a  tapered  shell  circular  or  non- circular  is 
seven  in  an  unconnected  open  circuit.  A  general  self-equilibrating 
load  system  must  satisfy  the  condition  of  static  equilibrium;  there¬ 
fore,  in  any  seven  stringer  systems  the  following  relationships  must 
be  satisfied.  For  simplicity  in  notation,  let  be  the  stringer  load 
at  frame  i  in  bay  i  to  i+1  for  stringer  1,  be  the  length  of  stringer 
1  in  bay  i  to  i-1,  jl  be  the  distance  between  frame  i  and  the  frame  i-1 
and  also  C^i2  and  chord  distance  and  swept  area  between 

stringers  1  and  2  at  frame  i,  respectively  (see  fig.  5)* 
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In  addition  to  the  previous  equations,  some  convenient  relationship 
between  the  stringer  loads  must  be  introduced  in  order  to  assign 
values  to  the  bq  matrix.  The  equation  suggested  in  ref.  25  is; 


These  equations  may  he  assembled  into  matrix  form  and  the  matrix 
inverted  to  give  the  stringer  loads  as  a  function  of  a  generalized  re¬ 
dundant  force  X.  One  column  of  the  hi^^  may  he  represented  as: 

H  '  1”^  ^ 

From  equations  '5  and  ISathe  special  symmetrical  and  aisymmetrical 
loadings  may  he  deduced  hy  the  elimination  of  the  unneeded  eq\iilihrium 
conditions.  The  shesu:  flows  in  the  skin  panels  at  frame  i  in  hay  i  to 
i+l  are  given  hy: 


The  self-equilihrating  shear  flows  may  now  he  related  to  the 
generalized  redundant  force  X.  One  typical  column  may  he  represented 

=  l^lsky  ^ 

The  self-equilihrating  shear  flows  and  stringer  loads  may  he 
transformed  into  concentrated  frame  loads  in  a  manner  similax  to  that 
employed  for  the  basic  stress  system.  This  can  he  seen  for  the  stringer 
component  if  in  equation  ''  the  |host^  matrices  are  replaced  hy  the  ap¬ 
propriate  ^hig^  matrices.  The  frame  self-equiliorating  stress  system 


may  be  calculated  by: 


(19) 


klf  =  I'lfKlf 

vhere  bi^f  is  the  same  as  the  bof  matrix  except  for  the  exclusion  of 
the  external  moment  terms. 

In  addition  to  frames  loads,  there  are  in  general  three  re” 
dundancies  on  each  frame  leading  to  a  bif  matrix.  The  method  of  treat¬ 
ing  these  redundants  for  tapered  shells  is  the  same  as  that  presented 
in  ref.  25. 

Combining  the  b^  matrices  for  the  stringers,  skins,  and  frames, 
the  complete  b^  matrix  becomes: 


FLEXIBILITY  MATRIX 

The  flexibility  matrices  presented  herein  have  been  developed  to 
include  the  effects  of  members  with  tapered  cross  sections  in  order  to 
make  this  method  more  compatible  with  actual  hardware  shells.  For  sim¬ 
plicity,  the  following  assumptions  have  been  made.  For  the  skin  panels; 
the  shear  flow  varies  linearly  and  the  reciprocal  of  the  chord  distance, 
panel  thickness  and  modulus  of  rigidity  vary  linearly.  For  the  string¬ 
ers;  the  shear  flow  varies  linearly  and  the  reciprocal  of  the  eirea  and 
moduliis  of  elasticity  varies  linearly.  For  the  frames;  the  moment 
varies  linearly  and  the  reciprocal  of  the  modulus  of  elasticity  and 
moment  of  inertia  varies  linearly.  The  individual  flexibility  matrices 
for  a  single  element  of  the  skin,  stringer  and  frame,  as  shown  in  fig. 

6,  become; 
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Figure  6.  Flexibility  totrix  and  Thermal  Strain  Notation 

■>/1A 


The  frame  moment  flexibility  matrix  is  identical  to  the  stringer 
flexibility  except  that  the  stringer  area  term  is  replaced  by  the  frame 
moment  of  inertia  and^j[,  i+1  now  represents  the  frame  segment  being 
considered.  The  frame  extensional  flexibility  matrix  may  be  computed 
from  the  following  equation: 


where  A  is  the  frame  cross  sectional  area  aud  AS  is  the  frame 
segment  length. 


From  these  equations  the  conq>osite  flexibility  matrix  can  be  con¬ 
structed  for  the  unassembled  elements  as 


THERMAL  STRAINS 

The  effects  of  cutouts,  initial  straiz^s  and  thermal  gradients  can 
easily  be  treated  by  use  of  the  matrix  force  method.  The  technique  by 
which  cutouts  and  initial  strains  are  treated  is  adequately  presented 
in  ref.  25  and  will  not  be  repeated  here. 

The  thermal  strains  are  computed  in  a  manner  similar  to  the  flexi¬ 
bility  matrices  in  that  they  are  formed  for  independent,  unassembled 
stringer  and  frame  elanents.  The  shear  deformations  in  the  skins  due 
to  the  thermal  gradients,  in  this  case,  have  been  neglected. 


The  equation  for  the  thermal  strains  in  a  stringer  segment  is 
given  by; 


0^  i.  ^  ' 
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where  ^  is  the  stringer  length,  ^  the  coefficient  of  thermal  expan¬ 
sion,  euad  T  the  temperature  6is  shown  in  fig.  6. 


where  AS  is  the  length  of  frame  segment,  d  is  the  frame  depth,  eind 
iikT  is  the  depthid-se  thermal  gradient  as  shown  in  fig.  6. 

The  extensional  thermal  strains  induced  in  a  frame  segment  may 
he  computed  by: 
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where  is  the  outer  cap  temperature  at  r-1  and  e  is  the  distance 

between  the  frame  midplane  and  the  neutral  axis  eis  shown  in  fig.  6. 

COMPOSITE  FLEXIBILITI  MATRIX 

The  xxnknown  self-equilibrating  stress  systems  and  the  frame  re¬ 
dundancies  are  calculated  from  the  generalized  compatibility  equations 
obtained  from  the  unit  load  method.  The  derivation  of  these  equations 
is  thoroughly  discussed  in  ref.  25  and  only  the  results  will  be  shown 
here. 


The  unknown  redundant  forces  may  be  computed  from  the  following 
equation: 

X  =■  -(b 'ifbi)"^  h\fbo  R 
The  true  load  distribution  is  given  by: 

S  =  boR  -  bi  (b'^fb^)"^  ^ 

where  S  is  the  partition  column  of  stringer  loads,  skin  shear  flows 
and  frame  bending  moments  and  axial  loads,  and  R  is  the  external  loads 
H  and  V.  The  shell  flexibility  matrix  for  the  loads  R  if  no  cutouts 
are  present  is  given  by: 

P  =  b’o  fbo  -  b'o  Fbi  (b’l  fbi)"l  fbo 

The  displacements  u  and  v  in  the  x  and  y  planes,  respectively,  can 
then  be  calculated  from  the  following  expression: 


For  the  case  where  there  are  thermal  strains  H  present,  the 
unknown  redundancies  may  be  determined  by: 

X  =  fbi)-"  (  fb^  R  f  b'l 

The  true  load  distribution  for  this  condition  is: 

S  =  bgR  -  bi  (b'l  fbi)"^  (b'l  fb^  R  +  H) 
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EXAMPLE 


In  order  to  test  the  validity  of  any  analytical  approach,  it  is 
necessary  to  compare  the  results  generated  by  that  method  with  some 
generally  accepted  method  or  with  test  data.  Przemieniecke,  in  ref. 

25,  presents  a  ntimerical  example  ^ich  considers  a  uniform  canti¬ 
levered  circular  cylinder  with  a  uniform  edge  frame  loaded  by  a  con¬ 
centrated  radial  load.  This  particular  case  was  chosen  in  order  to 
make  a  direct  comparison  with  results  published  in  ref.  26.  The 
shear  flow  and  frame  bending  moment  agree  closely  with  the  values 
obtained  in  ref.  26. 

A  structure  similar  to  that  described  above  was  tested  by  the 
NADA  (ref.  2^)  and  the  test  data  reported  on  in  ref.  28.  This  struc¬ 
ture,  shown  in  fig.  7>  consists  of  a  radially  loaded  frame  supported 
by  a  four-bay  cantilevered  shell.  The  shell  had  no  stringers  so  that 
the  longitxidinal  load  carrying  members  were  idealized  by  considering 
the  skin  area  to  be  concentrated  at  symmetrically  distributed  locations. 

The  methods  of  analysis  employed  in  ref.  28  were  a  least-work 
method  and  also  a  distributed  stringer  ainaLLysis.  Good  agreement  was 
obtained  between  these  analyses  and  the  test  results.  The  force 
method  was  applied  to  this  same  structure.  A  comparison  between  the 
analytically  produced  results  and  the  test  lata  where  given,  or  the 
methods  of  ref.  28,  are  shown  in  figs.  5,  9^  and  10.  These  figures 
show  comparisons  of  the  frame  bending  moment,  the  longitudinal  stresses 
at  frame  3  ani  the  shear  flow  distribution  in  bay  1.  As  can  be  seen 
from  these  cujrves,  an  excellent  agreement  was  obtained.  The  n\imber  of 
idealized  longit'o^nal  monbers  were  varied  to  determine  their  effect 
on  the  accuracy  of  the  force  method.  It  was  found  that  for  analyses 
with  as  few  as  eight  stringers,  little  variation  was  obtained  between 
this  and  the  more  detailed  anedyses.  It  is  felt,  therefore,  that  for 
all  but  very  complicated  structures,  the  number  of  idealized  members 
may  be  kept  small,  thus  minimizing  the  overall  computational  require¬ 
ments.  The  author  of  ref.  28  had  come  to  this  same  eoueiusiou. 

Unfortunately,  no  data  of  a  similar  nature  have  been  found  for 
a  conical  shell  or  a  shell  with  thermed.  gradient  imposed  upon  it,  so 
that  no  test  verification  can  be  presented  for  the  extensions  made 
to  the  force  method  at  this  time. 
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VIBRATION  EQUATIONS 

In  general,  a  mass  vibrating  in  a  complex  shell  structvire  undergoes 
combined  accelerations  in  all  three  planes.  For  the  types  of  structures 
described  previously,  if  it  can  be  assumed  that  the  Z  component,  i.e., 
the  end  shortening  of  the  cylinders,  can  be  ignored,  then  the  problem  of 
solving  for  die  vibration  frequencies  and  mode  shapes  can  be  greatly 
simplified.  If  sinusoidal  motion  can  be  assumed,  a  generaliaed  accel¬ 
eration  *4  can  be  expressed  as  a  function  of  its  maximum  amplitude  by 


q  =  -  (1  (33) 

where  q  may  be  either  a  translational  or  rotational  displacement. 

A  mass  vibrating  in  two  planes  may,  therefore,  be  divided  into  its 
two  components  u  and  v  and  each  treated  separately  if  the  cross  coupling 
terms  of  the  flexibility  matrix  are  known. 

The  equations  of  motion  of  a  point  mass  m^  vibrating  in  the  x  and  y 
axes  with  amplitudes  u  and  v,  can  then  be  calculated  from: 


Hi  = 

-  ou2  mi  ui 

Vi  = 

-  OJ^  mi  vi 

(34) 

It  has  been  previously  shown  that  the  forces  H  and  V  can  be  ex¬ 
pressed  as  a  function  of  the  shell  stiffness  matrix  and  the  dis¬ 
placements  u  and  V  by: 


where 


(35) 


Equating  the  two  equations  for  the  forces  H  and  V  gives  the  fol¬ 
lowing  equation: 


(36) 


1 

! 

I 


The  coii5)lete  expression  for  the  equation  of  motion  becomes: 


This  equation  can  be  solved  for  its  chsoracteristic  roots  by 
any  one  of  several  methods  developed  for  the  solution  of  inplicit 
matrix  equations. 

MULTIPLE  STAGE  CYLINDERS 


f  The  previous  analysis  was  developed  for  a  tapered  shell  with  a 

single  bay.  An  untapered  shell  can  be  treated  by  the  expressions  pre- 
P  vioxisly  given  by  eliminating  the  second  and  third  relationships  of 

I  equation  IS  and  reducing  the  remaining  equations  to  account  for  only 

I  a  five  stringer  system. 

t  The  method  of  treating  a  cylinder  with  multiple  bays  is  a  simple 

^  extension  to  methods  given  earlier.  Using  these  equations  sis  beusic 
^  bviilding  blocks,  a  cylinder  of  any  size,  limited  only  by  existing 
computing  equipment,  may  be  analyzed. 

The  effect  on  the  basic  stress  system,  the  bo  matrix,  at  frame 
r  i  due  to  the  presence  of  adjacent  bays,  bay  1  throu^  bay  i-1  is 
given  by  the  following  equations: 


V,, 

Jk-J, 


r  1 


I  1 


J- •/‘A 


(37) 
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m;  -- 

1 1 

JS'." 

Zll 

\  ^'-'0 

'^-(,1-1  j  =  l,w 

where  U  • ./  V-  ,  1:  k  ,  sM  k  are  the  horizontal  and  vertical 
forces  and  thei'r  torsional  moment  arms,  respectively  at  stringer  lo¬ 
cations  j  at  frame  k,  and  n  is  the  number  o?  stringers.  These  equ^ions 
merely  sum  the  loads  and  moments  applied  to  these  adjacent  bays.  The 
equation  used  in  conjunction  with  equations  lo 

lead  to  the  complete  br  matrix  of  a  multiple  stage  cylinder. 

When  treating  a  self- equilibrating  stress  system  at  frame  i  the 
shear  flows  on  the  adjacent  sides  of  the  frame  in  general  affect  not 
only  frame  i,  but  also  frame  i-1  and  frame  i+1.  The  stringer  self- 
eSlibrating  loads  at  frame  i  in  bay  i-1,  i  may  be  computed  by  eqimt- 
ing  the  horizontal  components  of  the  stringers  in  bay  i,  i+1  for  which 
the  relationships  have  been  given  previously  in  equations  15  ISe.  . 


SECTIOM  IV;  STIFFNESS  AND  VlbRATION  PREDICTION  OF  CLUSTERED  CYLINDERS 


Presented  in  this  section  is  a  brief  description  of  the  I'lethods  used 
for  analyzing  the  vibration  methods  of  a  proposed  Flight  Test  Ilissile,  The 
Flight  Test  Missile  with  a  solid  propellant  rocket  motor  is  designed  to 
convey  a  nose  capsule  to  high  altitudes  along  various  design  trajectories. 
The  propulsion  system  is  comprised  of  a  cluster  of  four  solid  propellant 
rocket  motors.  The  flight  article  was  aerodynamically  stable  and  contained 
no  guidance  or  control  S3''stem  although  some  thought  was  given  to  later 
adding  a  flight  control  system  in  the  Flight  Test  Missile  with  a  pressure 
tank  in  the  middle.  In  order  to  know  the  basic  frequencies  and  module 
shapes  of  the  pressure  tank  which  is  supposed  to  contain  a  sensing  element 
for  the  guidance  system,  it  is  necessary  to  idealize  the  shell,  the  pressure 
tank,  and  the  four  solid  motors  as  three  coupled  becU.is.  The  solid  engines 
are  considered  to  be  fixed  to  the  shell  at  the  rear  end  and  simply  supported 
at  the  front  end.  The  pressure  tank  was  idealized  to  be  simplj’'  supported 
at  both  ends. 


EQUATIONS  FOR  TRI-COUPLE  BEAM  MODAL  CALaiLATION 

This  section  presents  a  method  by  which  the  natural  frequencies 
of  a  tri-couple  beam  can  be  approximately  determined. 

The  general  matrix  will  first  be  developed  for  a  simple  free-free 
beam,  and  then  the  equations  for  the  tri-couple  beam  will  be  developed 
with  the  use  of  this  basic  matrix.  This  method  is  basically  Myklestad 
Method  except  that  it  considers  the  effects  of  rotary  inertia,  shear 
stiffness,  and  the  initial  boundary  conditions  of  the  additional  beams 
being  considered  that  produce  the  coupling  effect. 

The  actual  beam  is  represented  by  a  beam  consisting  of  Itimped 
masses  lumped  mass  moment  of  inertias  connected  by  constant  El 
and  constant  KAG  beams  (beam  bending  and  beam  shear  stiffness,  respec¬ 
tively).  These  beams  are  considered  massless  (see  fig.  11) • 

The  coordinate  system  is  shown  in  fig.  11  where  the  "z"  axis  is 
pei^endicular  to  the  plane  of  the  paper.  The  sign  for  moments,  shears, 
slopes,  and  deflections  are  shown  in  fig.  11.  The  usual  assumptions  of 
thin  bar  theory  are  made.  Loads  other  than  inertial  loads  are  neglected, 
and  the  elements  of  the  sections  are  assumed  to  be  in  harmonic  motion. 


The  units  for  the  equations  that  are  being  developed  are  as 
follows: 


“i 


luniped  mass  = 


y  =  deflection,  inches 

M  =  moment,  inch-pounds 

S  =  shear,  pounds 

B®  =  slope  due  to  bending,  radians 

Q  ,  .  . 

s'  =  slope  due  xo  snear,  raoians 

Q 

T  =  total  slope,  radians 

2 

El  =  bending  beam  stiffness,  #  (in) 

KAG  =  shear  beam  stiffness,  # 

l2;zj  =  niass  moment  of  inertia  about  c.g. 
of  lumped  mass,  in  (sec)'^ 
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(units  for  equations  -  continued) 
L  =  length  of  heam.  Inches 


»  frequency,  reui/sec. 


The  elastic  coefficients  for  the  i^^  section  of  the  uniform  beam 
with  unit  load  and  moment  are  defined  as  follows: 


Since  the  beam  was  eissumed  to  be  oi^illating  with  simple  harmonic 
motion,  then  y  may  be  replaced  by  -  ,  and  0  with  -  0  this 

will  produce  the  inertia  loading  on  the  beam. 


The  1"^“  section  is  taken  to  the  right  of  mass  i  vhere  Sj^  and. 

Mj^  exist.  From  fig.  11  it  is  seen: 

^i+1  •  Si  +  Yi 

%+l  “  Mi  +  Si  Li  +  mi  uT^  Yi  I*i  +  Izz^  ul^  B®i 

To  determine  B®i+1  it  is  simpler  to  solve  the  angle  B®i  working 
from  left  to  right  (see  fig.ll).  The  slope  due  to  bending  will  be 
calculated  and  then  the  slope  due  to  shear  will  be  added  to  obtain 
the  total  slope. 

B®i  =  B®i+1  +  Li2  (Si  +  mi  oJ^  Yi)  +  %  (Mi  +  B®i) 

2EIi  Eli 

B®i+1  «  -Si  Li^  -Mi  Li  +B©i  1-I22^  \  -Yi  Mid/^Li^ 

2E[i  2EIi 


T®i+1  =  B®i+1 


2  1 

+  Si  +  mi^tT  Yi  _1 _ 

.  KAGi 


yi  “  n+1  +  Li  Si  +  mi  Yi  )  Li^  +  (Si  +  ^ 

3S7 

+  Izzi^  B®i  ■)  Ljg 


Substituting  eq..  ( •^^  )  for  B^i+1 

^i+l  »  Si  Li3  -  Li  +  Mi 

^Eli  KAGi^ 

f-  Li  . 

^  2EI^  -i 


+y±  I  1  +  Ta±ur^  B3i  -  LifflidcT^  1 


If  the  solution  for  a  free-free  beam  is  desired.,  the  boundary  con¬ 
dition  is  applied  to  the  column  matrix,  shear  (Si)  ■  0  and  noaent  (>^)  ^ 
0,  is  \inknoun,  vhile  yi  ■  1  (normalizing  this  end  to  !.)• 

The  matrix  is  mxiltiplied  by  the  column  matrix 


Sn 

H 

0 

Mn 

H 

0 

B®n 

B®1  »  B®1 

T®n 

T®1  »  B®1 

yi  -  1 

The  shear  and  moment  at  the  opposite  end  is  equal  to  zero  for  a 
free-free  beam. 

Hi3  B®1  +  »  Sjj  -  0 

®23  =  «n  =•  0 

If  the  trial  frequency  (  chosen  is  a  natural  frequency,  the 
bovindary  condit'.ons  will  be  satisfied  and  the  determinant  of  equations 
(^3  )  and  {^3*^)  must  equal  zero 

Ni3  K25  -  H15  N23  =  0 

If  the  boxmdary  conditions  are  not  satisfied,  additional  trail 
frequencies  must  be  tried. 

When  a  natural  frequency  has  been  determined,  then  B®1  can  be  de- 

4»  I  0/9  o/i  f  \  o  vyrr  ol  +0+  o  1  cT  r>T\o 

A  WiM  \  ^  ^  f  W  w  ■!  •  w  «.» 

and  deflections  may  nov  be  determined  at  a3JL  stations. 


This  is  continued  until  the  last  station. 


The  equation  will  now  be  developed  for  the  tri-couple  structure. 
The  outer  shell  of  the  Flight  Test  Missile  is  formed  by  beams  "A", 
"C"  and  "D" ,  the  engine  by  beam  "B"  and  the  pressure  tank  by  beam  "E" 
This  is  shown  in  the  diagram  below. 


’D"  Beam 


’C"  Beam 


Beam 


Figure  12.  Beam  Idealization 

The  product  of  the  matrices  of  each  beam  will  be  noted  as  follows: 

A%>^  C^,  D%,  B%,  and  E%  (note  this  is  the  same  as  eq.  (45a). 
The  elements  of  these  matrices  will  be  the  same  as  shown  in  eq.  (46), 
except  that  an  additional  subscript  will  be  added  for  the  particular 
beam. 


"A"  Beam 


^An 

0 

II 

M/vn 

B®An 

T®An 

=  A^T 

Mai  =  0 

■qO  —  n® 

®  A1  -  ®  A1 

t®ai  =  b®ai 

^An 

^Al  =  1 

The  shesLT  (S^q)  =  0  and  the  moment  (M^^)  =  0  at  the  end,  B®A1 
the  unknown  si^ope,  and  y^  is  set  equal  to  one  in  the  normalizing  process. 

SAt.  =  ^^13  B®/n  +  A%5 

hlAn  =  A^23  B®A1  +  a”25 

B®An  =  AN33  B®A1  +  AN35 

T®An  =  AN43  B®A1  +  AN45 

YAn  =  AH53  B®A1  +  AN55 


All  equations  will  be  solved  in  terms  of  3®A1. 


"B"  Beam 


®Bn 

-Sbi 

^Bn 

K 

Mbi  “  0 

B®Bn 

=  3% 

B®B1 

T®Bn 

0^1 

^Bn 

yBl  =  yAn 

The  moment  (Mbi)  =  0  since  the  beam  "B"  is  pin  ended  at  this 
end,  and  the  deflection  at  the  beginning  of  beam  "B"  (ygi)  has  to 
equal  the  deflection  at  the  end  of  the  "A"  beam  (yAn)  since  the  beams 


are  joined  together  at  this  station. 

Sen  =  -B^ll  Sbi  +  B^13  B®bi  +  B»15  y^n  (58) 

Mfin  »  -B^ai  Sbi  +  3^23  B®B1  +  3^25  yAn  (59) 

3®Bn  =  -BN31  Sbi  +  BN33  bObi  +  3N35  (60) 

T®Bn  «  -b”^i  Sbi  +  BN43  b®bi  +  b“45  yAn  (61) 

ygn  -  -3^51  Sbi  +  3^53  3®bi  +  3^55  y^  (62) 


"C"  Beam 


(63) 
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Sen  “ 

^An  ■*■  %1  ■*■  %1 

+  C^12  +  C^13  B®An  +  C^15  ^An 

(64) 

Men  =  C”21 

^An  ■*■  %1  ^ 

+  0^*22  M^n  +  0^23  +  0^25 

(65) 

B^Cn-  0^31 

SAn  +  Sbi  +  Skl 

+  0^32  ^^An  +  C^^33  B®An  +  '^35  yAn 

(66) 

^An  ^  ^EL 

+  0^42  VL^  +  GN43  B®An  +  cNi-S 

(67) 

yen  -  =“51 

^An  ■*■  ^1  ■*■  ®  EL 

+  CN52  +  CN53  BP^n  +  CN55 

(68) 

’D"  Beam 


^Dn  “  ® 


MDn  =  0 

B®]}n 


Dn 


'Dn 


D% 


Sdi  =  Sbq  +  Scn  +  SEn 

^D1  “  %n  “Cn 
B®Cn 


B®D1 


qjO, 


D1 


T®, 


Cn 


^Dl  "^£11“  ^Cn 


Note:  Sj)n  and  Mon  are  equal  to  zero  since  the  shear  and 
moment  at  this  end  are  equal  to  zero. 


SDn  »  D^n 


%n  Sfijj  +  Sejj 


+  1)Ni2  Mi 


Bn 


+  “Cnl 

. 


dNi3  b' 


p 


Cn 


#15 


yrvi  =  0 


(69) 


(70) 


TNWr^i 


I 


t  j.  riNco  T!0 


i  nNlc 


"E"  Beam 

^En 

■%L 

! 

Mgn  =  0 

®  En 

m© 

^  En 

-  E°T 

W  J 

Mjei  ■  0 

n© 

B  El 

^  EL 

(72) 

y  En 

y^l  =  yAn 

Mm,  and  Mg^  are  both  equal  to  zero  since  the  "E"  bean  is  hinged 


at  each  end. 


^  “ 

-#U 

+  #13 

d 

B  El 

+  #15 

y/to 

(73) 

MEn  = 

-#21  Sj3_ 

+  #23 

B® 

^  El 

+  #25 

(74) 

bV 

-#31  % 

+  #33 

b®ei 

+  #35 

yAn 

(75) 

^En“ 

^  -E%1  Sg^ 

+  E%3 

#E1 

+  #45 

yAn 

(76) 

yEn  = 

+  #53 

®®E1 

+  #55 

yAn 

(77) 

From 

eq.  (7^) 

Sei  -  #23 

B®ei  + 

#25 

yAn 

(78) 

E®21 


ygn  =  ypn  (deflection  of  pre88\ire  tank  Emd  outer  shell  are  equal 
at  aft  end) 

Equating  to  ( and  substitvcting  (  yS) 


C3  B®ei  -  #51  Sgi  =  C4  B^ai  ®5 

(79) 

where 

Cl  »  #53  -  #51  #23 

(80) 

#21 

C2  =  #55  -  #51  #25 

(81) 

EN21 


(* 
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G3  “  Cl  -  c”51  E^23 

£^21 

04  -  4*13  0»51  +  aX23  o"52  +  a>'33  o>'53  +  A>'53  [o“55  + 

-  #55  +  #51  #25 

#21  . 

C5  «  A^15  #51  +  aN25  #52  +  AN35  #53  +  A®55  [  #55  +  #51  #25 

B®Bn  =  (slope  of  engine  and  outer  shell  are  equal  at 

aft  end) 

Equating  (^^)  to  (  ^^)  suid  substituting  (7<^) 

C6BeEl  +  C7  %!  -  ®^33  B®B1  .  C8b©A1  +  C9 

C6  =  #31  #23 

#21 

C7  -  #31  +  B^31 

C8  -^^^33  CN31  .  AN23  #32  -  aI*33  #33  +  A»53  BN35  -  #35 

L. 


=  -aNi5  #31  -  aI^25  #32  -  AN35  0^33  +  aI*55  -  #35 


YEN  =  ysn  (deflection  of  engine  and  pressure  tank  are  equal 
at  aft  end) 
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r-: 


Cl 


B®E1  +  B®51  Sbi  “  2^53  B®B1 


“1 


From  eq..  (  7^ 

B®E1  =  C4  B®A1  +  C25  +  C®51  Sri 
C3  C3 

Putting  eq.  (f/)  into  («5^)  and  (^) 
D8  Sbi-  8^53  B®B1  «  C12  B®A1  +  C13  =  K2 


Di  =  AN53  [  b**55  -  csj 

D2  -  A^^53  [  B^55  -  C2| 

D8  =  Cl  C®51  +  B®51 
C3 

C12  =  Dl  -  C4 

C3 

CI3  «=  D2  -  Cl  C5 
C3 

Eq.  (^/)  in 

D7  S31  -  B®33  B®B1  -  CIO  B®A1  +  Cll  »  Ki 
DT  =  C6  (3^51  +  C7 

C3 

CIO  =  c8  -  c6  ck 
03 

CU  «  C9  -  c6  C5 
03 


(90) 

(91) 

(92) 

(93) 

(94) 

(95) 

(96) 

(97) 

(98) 

(99) 

(100) 


J 


(101) 


Solving  {,‘jS)  \J2.)  siraultaneovisly 


Sbi-  KiB  53  -  K2B  33 


B®Bi  -  kid8  -  Kacrr 


BP  »  DT  ^53  -  B«33  d8 
Sgj^  “  Cl^  ®A1  ^^5 


B®E1  =  Cl8  B®A1  +  C19  From  eq,.  iff  D 

Cl8  »  C4  +  0^51  Cl4 
C3  C3 

C19  »  ^  +  C^51  C315 

C3  C3 

Sei  =  C20  B®A1  +  C21  From  eq.  {Jd  ) 
C20  =  #23018  H  #25  a”53 


EN21 


SBa  =  024  B®A1  +  025  From  eq.  (^S^) 


Z2k  -  Cl4  +  B**13  0l6  +  #15  a“53 

C25  «  -^11  C15  +  #13  CI7  +  BN15  AH55 

SEn  *  C22  B®A1  +  C23  From  eq.  (  7J) 

C22  »  -#11  C20  +  #13  CI8  +  #15  A®53 

C23  «  -ePh  C21  +  #13  C19  +  #15  AN55 

Scn  »  C26  bOaI  +  C27  From  eq.  (64) 


026 

«  oHn 

A®13  +  014  +  02oj 

+  0®12  A®23  + 

0^13 

A^33  + 

0^15 

A®53 

027 

=  0®11  1 

^A®15  +  015  +  C2lj 

+  0^12  A%5  + 

0®13 

A®35  + 

0®15 

A®55 

Men  *  ' 

328  bOAI  +  029 

From  eq. 

028 

=  0*^21 

A%3  +  oi4  +  020 

+  0^22  A®23  + 

0^23 

A®33  + 

0**25 

A®53 

029 

=  0^21 

A®15  +  015  +  021 

1+  0^22  A%5  + 

0®23 

AN35  + 

0^25 

A^55 

”Bn  “  ' 

030  bOAI  +  031 

From  eq. 

isj) 

030 

»  -B^21 

014  +  B^23  CI6  + 

B%5  A^53 

031 

»  •.BN2I 

015  +  B**23  CI7  + 

B%5  A^55 

Soi  “ 

l  /  n.\ 

Jt 

C32  =  AJ*13  +  C14  +  C20 

C33  =  AN15  +  C315  +  C20 
SDl  =  C34  B®A1  +  C35 
C34  =022+  024  +  026 


From  eq. 


Up 


035  =  C23  +  025  +  027 


Mm  *  C36  B»A1  +  C37 


036  «  C30  +  C528 
C37  -  C31  +  C29 


From  eq.. 


B®Cn  »  038  B®A1  +  C39  Froitt  ea-  (^> 

C38  *  c^31  [a%3  +  Cl4  +  C2o]  +  0^32  A^23  +  C®33  a”33  +  C®35  A®53 

C39  “  0^31  [a®15  +  CI5  +  C2lj  +  g®32  A**25  +  C^33  a”35  +  0^35  A^55 

ySa  “  B^Al  +  C4l  From  eq,.  (yj  ) 


C40  =  -#51  C20  +  #53  CI8  +  #55  A^53 
C4l  «  -#51  C21  +  #53  C19  +  #55  A®55 
Sjjn  «  CTO  bOai  +  C71  -  0 


From  eq. 


CTO  =  #11  C34  +  #12  C36  +  #13  038  +  #15  C40 
CTl  *  #11  C35  +  #12  C3T  +  #13  039  +  #15  C4l 


Mun  -  CT2  b'^AI  +  CT3  “  0 


From  eq.  (/^/) 


Cj2  =  #21  C34  +  #22  C36  +  #23  G38  +  #25  C40 

CT3  “  #21  C35  +  #22  C3T  +  #23  C39  +  #25  C4l 

The  determinant  of  equations  and  must  equal  zero 

for  a  natural  frequency. 

CTO  B®A1  +  CTl  =  0 

CT2  B®A1  +  CT3  =  0 

CTO  CT3  -  CTl  CT2  =  0 
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MODAL  CALDUUTIONS  FOR 


DTNAMICALLJC  IDEALIZED  FLIGHT  TEST  MISSILE 

Figs.  13,  14,  and  I5  show  brief  sketches  of  the  Flight  Test  Missile 
composed  of  an  outer  shell  (a),  the  engines  (b),  and  the  pressure  tank 
(c).  The  idealized  structvire  is  snown  in  fig.  16.  Beam  "A"  is  the  outer 
shell  which  is  free  at  each  end;  Beam  "B”  the  engine,  is  fixed  at  the 
right  end  suad  pinned  at  the  left,  and  Beam  "C”  is  the  pressure  tank  that 
is  pinned  at  each  end.  Each  beam  has  a  varying  mass  distribution  (m). 

The  first  two  normal  bending  modes  were  calculated  ais  486  cps  and 
27.8  cps,  respectively,  representing  the  launch  condition.  These  modes 
could  also  be  interpreted  as  lateral  modes  because  of  general  symmetry 
about  the  longltudineLl  axis.  Fig.  17  shows  the  Ist  mode  shape,  slope 
and  frequency,  while  fig.  18  shows  the  mode  shape  sad  slope  on  a  lenrger 
scale  in  the  vicinity  of  the  engine.  The  second  mode  similarly  is  pre¬ 
sented  in  figs.  19  and  20. 
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SECTION  V  RECCMffiNMTIONS  FOR  POTUEE  RESEARCH  AND  TEST  P^iKiRAMS 


Since  the  vibration  characteristics  of  trusses,  cylinders,  and 
clTistered  cylinders  have  an  inqportant  bearing  on  fuel  sloshing,  dynamic 
buckling  and  dynamic  loads,  acoustic  fatigue  and  control  systems,  well  planned 
effcrtsfor  the  research  and  test  program  are  warranted.  The  cost  of 
such  a  reseecrch  program  may  be  large,  but  if  the  efforts  are  well  co¬ 
ordinated  between  the  various  government  agencies,  viniversities  and 
private  industries,  the  objectives  can  be  achieved  at  a  much  earlier 
date  and  with  much  less  expense  by  cutting  out  the  duplications  and 
redundancies  that  may  be  initiated  in  various  organizations. 

TRUSSES 

Simple  statically  determinate  trusses  with  hinged  joints  which 
have  been  presented  involve  no  great  task,  but  in'  reality  and  in  fab¬ 
rication  methods,  no  true  three-dimensional  hinged  joint  can  be  made. 

The  various  members  coming  into  a  joint  may  be  connected  together  with 
gusset  plates  in  various  directions.  In  light  aircraft  structures  a 
secondary  stress  introduced  in  these  rigid  joints  can  eiiceed  the  pri¬ 
mary  stress'  in  light  weight  members.  Especiedly  under  large  thermal 
gradients,  the  joints  would  be  twisted  in  vario^ls  directions  and  stresses 
thereby  introduced  can  be  as  large  as  the  primary  stresses.  So  actually, 
most  of  the  statically  determinant  members  are  vmder  a  combined  load¬ 
ing  of  moment  and  axial  stress  and  this  beam  column  action  may  cause 
additional  wei^t  to  be  added  to  the  structural  design.  Trusses  have 
been  widely  used  in  the  Dyna-Soar  program.  Even  though  nothing  has 
been  published  to  date,  we  are  sure  that  at  the  conclusion  of  the 
Dyna-Soar  program  memy  important  analytical  results  and  test  data 
on  trusses  ■will  be  made  known. 

Besides  the  simple  truss  illustrated  in  the  previous  section, 
the  support  conditions  of  trusses  presents  a  difficult  problem.  In 
many  cases,  trusses  foim  an  integral  part  of  a  combined  shell  and 
truss  structure.  In  lifting  body  re-entry  vehicles,  it  is  especially 
hard  to  separate  the  body  and  truss  structure  because  the  trusses  are 
connected  eind  supported  by  frames  of  different  shapes.  It  is  highly 
desirable  to  study  the  •vilsration  and  stiffness  characteristics  of 
three-dimensional  truss  shell  structures  and  initiate  a  test  program 
to  check  out  the  analytical  resxxlts  with  and  without  the  presence  of 
thermal  gradients. 
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CYLINDERS 


Thus  far  we  have  seen  a  mathematical  approach  and  an  engineering 
approach  for  simple  shells  cantilevered  at  one  end.  In  actual  practice, 
none  of  the  flight  vehicles  are  cantilevered  or  in  a  siii5)le  cylindrical 
form.  Many  of  them  will  have  bulkheads,  diaphragms,  domes  and  hemi¬ 
spherical  ends,  and  some  of  them  may  be  pressurized.  Also,  many  of 
them  may  have  hatches,  air  locks  and  cutouts,  various  space  radiators, 
and  auxiliary  equipment.  Analytical  methods  for  these  kinds  of  con¬ 
figurations  will  be  much  more  involved  and  in  certain  instances  can¬ 
not  be  completely  solved.  Since  the  mode  shapes  of  such  complicated 
cylinders  are  hard  to  interpret  without  having  first  an  analytical 
solution,  it  is  desirable  that  we  conduct  more  mathematical  and  engi¬ 
neering  analyses  before  we  xindertake  scale  model  tests. 

CONICAL  SHELLS 

In  many  large  boosters  the  staging  adapters  are  mostly  in  conical 
shapes.  It  will  be  hard  to  underatemd  the  overall  behavior  of  the 
booster  staging  without  knowing  the  individual  behavior  of  the  conical 
shells.  In  adapters,  sections  which,  for  exanqple,  house  an  engine 
compartment,  the  stabilizing  pressures  which  are  fovuad  in  many  of 
the  booster  tankages  are  not  available  to  resist  the  vibration,  motion 
and  acoustic  excitation  imposed  upon  them.  As  the  diameters  of  the 
boosters  become  larger,  and  engine  thrust  becomes  bigger,  it  will  be 
quite  important  to  understand  the  characteristics  of  the  conical  shells 
to  avoid  failure  from  vibrational  and  acoustical  environment. 

MULTIPLE  STAGE  CYLINDERS 

Thus  far  we  have  tried  to  understand  the  vibration  and  stiffness 
of  individual  cylinders  emd  eidapters.  Since  most  of  the  booster 
stagings  eire  made  of  many  individusil  cylinders  and  adapters,  a  com¬ 
plete  understanding  of  their  multiple  staging  is  even  a  greater  task. 

If  the  individual  stages  are  well  analyzed  and  known,  the  multiple 
stages  can  be  solved  accvirately  if  the  matrices  are  partitioned 
properly  and  good  precision  is  retained.  For  small  cylinders,  ex¬ 
perimental  methods  and  techniques  present  no  great  problem  if  fre¬ 
quencies  and  mode  shapes  are  known  beforeheind,  since  the  shakers  and 
recorders  can  be  programmed  accurately  to  the  analytical  modes.  These 
tests  can  be  made  either  in  a  laboratory  or  in  an  open  test  stand.  As 
boosters  become  large,  full  scale  test  is  almost  impossible,  and  methods 
for  simulating  ,ioint  fixity  and  staging  connection  are  extremely  diffi¬ 
cult  even  in  scale  model  testing. 


285 


CLUSTERED  CmNDERS 


The  biggest  problem  in  the  analysis  of  clustered  cylinders  lies 
in  the  computing  capacity  and  mathematical  precision.  The  diffi¬ 
culties  encountered  in  the  con^lete  dynamic  analysis  of  clustered 
cylinders  do  not  lie  solely  in  the  modal  analysis.  In  many  solids 
and  liquids  the  thrust  variation  and  asymmetrical  burning  and  visco¬ 
elastic  cheiracteristics  of  solid  fuel  make  the  complete  understanding 
of  the  booster  dynamics  fairly  difficult.  Since  large  clustered 
liquid  and  solid  boosters  are  being  programmed,  it  is  highly  desir¬ 
able  that  both  governmental  and  private  industries  put  additional 
emphasis  on  vibration  and  stiffness  prediction  methods  and  their 
accompanying  tests. 

CONCLUSION 

The  above  presentation  is  a  simple  and  brief  summary  of  the 
mathematical  and  engineering  approaches  and  prediction  of  the  vi¬ 
bration  and  stiffness  characteristics  of  trusses,  shells  and  clus¬ 
tered  cylinders.  It  is  by  no  means  complete  and  exhaustive;  it 
only  serves  to  excite,  extract,  and  develop  interest  among  govern¬ 
mental  and  private  industries  so  that  additional  attention  can  be 
centered  on  analytical  and  experimental  research.  Since  the  task 
is  gigantic  and  the  cost  is  high,  we  sincerely  hope  that  a  strong 
cooperative  effort  between  different  agencies  will  solve  the  prob¬ 
lems  at  an  earlier  date. 

The  effects  of  end  shortening  have  no  great  influence  on 
vibrption  frequencies  when  the  length  to  diameter  ratio  is  small. 

In  miiltiple  stage  cylinders,  the  picture  may  change  and  its  effects 
are  being  investigated. 
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A  CONSIDERATION  OP  THE  SIMILAEITI  REQUIREMENTS 
FOR  AEROTHERMOELASTIC  TESTS  ON  REDUCED 
SCALE  MODELS 
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ABSTRACT 


The  similarity  requirements  for  model  tests  are 
established  and  different  possibilities  with  regard  to 
relaxations  of  these  requirements  are  examined  with  the  aim 
of  devising  an  acceptable  experimental  technique  for 
representative  tests  on  models  of  reduced  scale. 

It  appears  that  the  representation  of  heating  effects 
must  of  necessity  be  rather  crude,  but  may  nevertheless  be 
adequate  for  aerothermoelastic  research.  Test  techniques 
that  provide  a  reasonably  close  representation  of  flight 
conditions  require  txinnels  with  heated  flow  and  with  sub¬ 
sidiary  radiant  heat  in  the  working  section.  Failing  this, 
models  can  be  constructed  with  an  effective  stiffness 
representative  of  heated  conditions  for  tes'i  ■  in  conven¬ 
tional  facilities. 


LIST  OP  SYMBOI5 


a,b,c 


°P 


k,  kg 


^<f> 

t 

T 


displacements 

suffix  relating  to  body  properties 
specific  heat 

insulation  thickness 

Young's  modulus 
suffix  denoting  full  scale 
acceleration  due  to  gravity 
heat  transfer  coefficient 
thermal  conductivity 

length 

Mach  number;  suffix  denoting  model  scale 

pressure 

Prandtl  number 

exponent  of  Reynold's  nuniber  in  heat  transfer  formula¬ 
tion 

radiant  heating  rate 

exponent  of  temperature  ratio  in  heat  transfer 
formulation 

exponent  of  ten^jerature  for  ten^erature  dependent 
property  <p 

time 

ten5)erature 
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LIST  OP  SIMBOI5  (Cont'd.) 


temperature  difference  j  teniperature  change 

adiabatic  wall  teniperature 

free  stream  tenperature 

skin  tenperature 

velocities 
flow  velocity 
rectangular  co-ordinates 
coefficient  of  thermal  expansion 
ratio  of  specifio  heats  for  gases 
skin  th’ckness  ;  typical  length 
emissivity 

ratio  aircraft  property  :  model  property 

viscosity 

density 

stress  Gonponents 

Stefan-Eoltzmann  radiation  constant 
shearing  stress  components 


Poisson’s  ratio 


A  CONSIDERATION  OP  THE  SIMILARITr  REQUIREMEI^TS 
POR  AEROTHERMDELASTIC  TESTS  ON  REDUCED 
SCALE  MODELS 


INTRODUCTION 

The  problem  of  the  simulation  of  aerodynamic  and  structural 
parameters  between  an  aircraft  and  a  scale  model  for  an  adequate 
representation  of  aeroelastic  effects  xs  one  with  which  the  aero- 
elastic  engineer  is  well  familiar.  In  the  absence  of  kinetic 
heating  effects^  a  degree  of  representation  that  is  adequate  for 
engineering  purposes  can  generally  be  achieved  without  too  much 
difficulty,  and  this,  coupled  with  the  inherent  advantages  of  model 
tests  in  providing  data  in  flow  regimes  where  there  are  analytical 
difficulties,  has  led  to  an  extensive  use  of  scale  representative 
models  for  aeroelastic  work,  particxilarly  for  flutter  investiga¬ 
tions.  It  is  probably  true  to  say  that  wind  tunnel  aeroelastic 
model  tests  are  now  accepted  as  an  essential  part  of  flutter 
clearance  procedures  for  all  aircraft  with  a  supersonic  capability. 
However,  the  effects  of  kinetic  heating  are  not  generally  simulated 
using  current  techniques,  and  although  this  has  imposed  no  serious 
limitation  as  yet  it  is  apparent  that  some  account  must  be  taken  of 
heating  effects  for  future  generations  of  high  speed  aircraft 
(Ref.l). 

Kinetic  heating  will  have  its  influence  on  aeroelastic 
properties  primarily  by  modifying  the  structural  stiffnesses  and  the 
effect  on  stiffness  will  be  in  two  forms;  namely,  a  stiffness  loss 
due  to  a  degradation  of  material  properties  with  temperature,  and  a 
loss  resulting  from  an  unfavourable  stress  distribution  due  to 
thermal  expansion.  The  effect  of  thermal  stress  may  far  exceed 
the  effect  of  material  degradation,  it  may  be  at  its  worst  during 
the  transient  heating  stage  of  the  structure,  and  it  generally 
results  in  a  structural  stiffness  that  is  non-linear  with  displace¬ 
ment  (Refs.  2  and  3). 

The  aeroelastic  engineer  inevitably  strives  for  the  ideal  in 
^  lich  these  thermal  effects,  together  with  the  aerodynamic  and 
.  ructural  properties  of  the  full  scale  aircraft  are  represented  to 
m  iel  scale,  since  in  this  circumstance  model  test  results  and 
:  .pporting  calculations  provide  the  best  grounds  for  confidence  in 


full  scale  behaviour.  A  nuniber  of  investigations  have  been  made  of 
the  similarity  parameters  that  need  to  be  satisfied  for  this  ideal  to 
be  realised  (Refs.Aj  5  and  6),  but  the  outcome  is  far  from  encouraging 
It  appears  that  complete  similarity  can  only  be  realised  for  a  scale 
ratio  of  1  :  1 ,  ajid  attempts  to  circumvent  this  difficulty  by  relaxa¬ 
tions  in  some  of  the  similarity  requirements  have  not,  as  yet,  led 
to  a  generally  acceptable  approach  for  aerothermoelastic  model  tests. 

Accordingly,  in  what  follows  the  similarity  requirements  are 
re-considered  with  a  view  to  establishing  generally  acceptable  (though 
possibly  fairly  crude)  techniques  for  aerothermoelastic  model  tests. 
This  consideration  shows  that  techniques  are  practicable  in  which 
either  models  in  the  same  materials  as  the  aircraft  are  tested  in  a 
gas  other  than  air  to  the  same  scale  of  teirperature  as  the  aircraft, 
or  models  in  different  materials  than  the  aircraft  are  tested  in  air 
to  a  different  scale  of  ten^erature.  In  both  cases  an  approximation 
to  overall  similarity  can  best  be  obtained  by  providing  controlled 
radiant  heat  in  the  tunnel  working  section  to  supplement  the  heating 
provided  by  the  gas  flow. 

In  the  absence  of  heated  flow  tunnels,  the  best  that  can  be  done 
is  to  design  models  with  reduced  stiffness  representative  of  heating 
effect  for  tests  in  *cold‘  flovr.  However,  a  simple  "effective" 
stiffness  concept  may  not  be  adequate  for  all  types  of  structure  and 
work  is  required  to  establish  the  limitations  of  this  approach. 


SECTION  1 :  DETERMINATION  OP  THE  SIMILARITr  RELATIONSHIPS 


The  similarity  parameters  that  need  to  be  satisfied  for  aero¬ 
thermoelastic  work  can  conveniently  be  established  from  a  considera¬ 
tion  of  the  general  equations  for  stress,  displacement  and  temperature 
distribution  of  a  body  immersed  in  a  hot,  flowing  gas. 

The  boundary  layer  flow  of  a  viscous  compressible  perfect  gas  is 
described  by  the  equations  of  motion,  energy,  continuity  and  state 

(Ref. 7). 


A  typical  equation  from  the  three  equations  of  motion  is 


The  equation  of  continuity  is 


dy  dz  ‘  \^dx  dy  dz 


and  the  equation  of  state  may  be  •written 


P  =  P°p’^  \  r 


'1"^ 


(3) 


(4) 


The  temperature  distribution  in  a  body  is  determined  by  the 
heat  input  at  the  surface  and  the  flow  of  heat  internally  by  conduc¬ 
tion  (Ref. 8). 

The  heat  ■transfer  at  the  surface  is  determined  by  the  equation 
(neglecting  solar  radiation) 


—  ri,4 

e  cr  T 


(5) 


Heat  flow  by  conduction  is  determined  by  the  equation 


i- If  i_k  iS. 

3x  ^  dx  dy  B  dy  dz  B  dz  °  dt  * 


(6) 


The  stress  and  deflection  of  an  elastic  body  are  determined  by  the 
stress-strain  relationships,  the  equilibrium  equations  a.nd  the 
surface  forces  (Ref. 9). 

A  typical  equation  from  the  six  stress-strain  equations  is 


SECTION  1.1;  SIMILASITY  LAWS 


For  complete  similitude  in  aerothermoelastic  'behaviour  of  the 
two  bodies,  corresponding  equations  in  equations  1-9  and  10-18  must 

2 

be  identical.  Recognising  that  the 

following  equations  must  be  satisfied; 


A  A  A„ 

P  °p  T 
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The  times  scales  X4.  and  are  distinguished,  t^  relating  to 

ti  tg  1 

the  time  for  oscillatory  or  accelerated  motions  and  tg  to  heat  flow 

times.  It  may  he  legitimate  to  regard  these  two  times  as  inde¬ 
pendent  on  the  assumption  that  heat  flow  is  independent  of  factors 
such  as  the  characteidstic  frequency  spectrum  of  the  boundary  layer 
or  the  vibrational  environment  of  the  body  itself.  This  assumption 
is  apparently  of  limited  validity  since  it  appears  that  boundary 
layer  heat  transfer  can  be  influenced  to  some  extent  by  certain 
frequency  dependent  effects  such  as  the  external  noise  environment. 


The  practice  with  regard  to  aeroelastic  model  tests  in  the 
absence  of  heating  effects  is  to  ignore  Reynolds  number  simulation 
on  the  grounds  that  it  is  relatively  unimportant,  at  least  as 
regards  the  behaviour  of  main  surfaces.  This  assuii5)tion  cannot  be 
supported  when  heating  effects  of  the  flew  are  included.  The 
Reynolds  number  equations  are  equations  21  and  23  which  may  be 
written 

. ^  _L_  _ 

Vp\  \e  " 


V  _  1 


SECTION  2  :  COMPATIBILLTY  OP  THE  SIlffLASITr  EQUATIONS 


In  the  main,  little  control  can  be  exercised  over  the  properties 
of  structural  materials,  in  the  sense  that  once  a  particular  material, 
for  model  construction  has  been  decided  upon  the  properties  E,  ,  o 

and  V  take  up  a  fixed  relationship.  The  same  is  true  for  the 
properties  a  and  kg  ,  for  although  significant  variationa  in  these 

properties  can  sometimes  be  achieved  by  slight  changes  in  the  constit¬ 
uent  alloys  of  the  material  this  is  not  a  controllable  variation.  The 
relationship  between  the  properties  p,  k,  p,  c^  and  y  for  gases  is 

similarly  fixed,  eind  a  continuum  in  the  relationsnip  between  material 
and  gas  properties  is  established  by  the  need  to  satisfy  equation  26. 
It  follows  that  if  the  satisfaction  of  the  similarity  relationships 
depends  upon  a  constant  relationship  between  several  of  the  properties 
of  the  structural  material  or  the  gas  then  ccxnpatibility  is  only 
likely  to  be  achieved  using  the  same  materials  or  gas  for  both  bodies, 
since  to  find  a  different  material  or  gas  with  corresponding  ratios  of 
properties  would  be  largely  fortuitous. 

A  further  feature  to  be  borne  in  mind  is  that  the  same  gravity 

field  necessarily  applies  to  both  bodies  so  that  X  is  normally 

S 

unity*. 

For  wind  tunnel  work  a  measure  of  independent  control  can  be 
exercised  over  the  quantities  T,  p  and  Y,  and  these  are  termed  the 
'’disposable  quantities'*. 

Re-writing  the  similarity  equations  we  obtain 


♦Gravity  ratios  other  than  unity  might  be  feasible  in  some 
circumstances;  for  example  a  manoeuvre  case  for  an  aircraft  provides 
a  gravity  field  greater  than  unity,  as  do  model  tests  on  a  whirling 
arm. 
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\  = 

X-'' 

a 

(36) 

\  ~ 

1  1 

X2  X*^ 

Cp  a 

(37) 

X 

p 

\ 

(38) 

V  = 

\ 

(39) 

\  = 

\ 

ihO) 

Cp  a  L 

(41) 

\  = 

(A2) 

X  = 

g 

X  x-V'' 

Op  a  li 

(43) 

\  = 

(Vf) 

’'p 

(45) 

X  = 

1 

(46) 

Y 
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1 


(47) 


(50a) 


(5ab) 


If  the  requirements  defined  "by  equations  43~50  can  he  satisfied 
for  the  two  bodies,  then  the  disposable  quantities  X ^  and  X^  can 

be  adjusted  to  satisfy  equations  36-3  -  and  the  stress,  deflection,  and 
time  scales  are  then  defined  by  equations  39-42.  However,  sinoe 
equations  45-^0  all  depend  on  achieving  a  constant  relationship 
between  different  ratios  of  material  and  gas  properties,  they  are 
unlikely  to  be  satisfied  except  by  using  the  same  materials  and  gases 
for  both  bodies. 

It  then  follows  from  equation  36  that  the  ten^jerature  scale 
must  be  the  same  for  both  bodies.  Equations  36-50  now  reduce  to 


V  = 


X  =  1 
p 
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The  expressions  for  and  are  inco^^)atihle  irith  the  initial 
assuniptions  except  when  X^  is  unity,  i.e.  complete  similarity  obtains 


only  when  the  two  bodies  are  the  same  in  all  respects,  including  size. 
This  conclusion  has  been  arrived  at  by  many  earlier  investigators 
(e.g.  Refs.  4,  5  and  6). 


SECTION  3:  ABPROXmTIONS  TO  SIMILARITY 


Although  tests  on  full  scale  components  have  their  merits,  the 
nature  of  existing  facilities  limits  such  tests  to  relatively  small 
conponents. 

For  aerothermoelastic  model  work  to  be  of  anything  like  the 
value  of  the  purely  aeroelastic  mode?  work,  and  to  make  the  best  use 
of  available  experience  and  facilities,  the  ability  to  make 
representative  tests  on  small  scale  models  of  full  scale  conponents 
is  essential.  It  is  apparent  that  this  cannot  be  achieved  if  a 
complete  representation  is  attempted,  and  acco*'dingly  some  possible 
approaches  are  examined  that  involve  a  relaxation  of  the  similarity 
conditions.  It  is  worth  bearing  in  mind  that  relaxations  of 
similarity  requirements,  both  with  regard  to  structural  and  aero¬ 
dynamic  parameters,  have  been  necessary  for  all  the  purely  aero¬ 
elastic  models  tested  in  the  past  but  this  has  not  prevented  their 
making  an  indispensible  contribution  to  aircraft  flutter  clearance 
programmes. 


SECTION  3. 1 :  RELAXATION  OP  THE  REYNOLDS  NUMBER  REQUIREMENT 


The  Reynolds  number  equation  can  be  identified  as  the  equation  that 
is  most  difficult  to  satisfy  for  a  reduced  scale  model.  For  tests 
in  unheated  flow  the  assumption  is  generally  made  that  Reynolds 
number  effects  can  be  neglected  entirely  provided  the  Reynolds 
number  for  the  model  is  greater  than  about  10^  (based  on  the  mean 
chord  of  the  surface)  and  this  has  generally  proved  acceptable,  at 
least  for  main  surface  flutter  investigations.  However,  for  heated 
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flow  the  Reynolds  number  is  of  first  order  importance  in  relation  to 
heat  transfer,  which  in  turn  influences  structural  stiffness  and 
hence  aeroelastic  properties.  The  Reynolds  nunher  must  therefore  he 
taken  into  account  for  aerothermoelastic  work,  insofar  as  it  is 
associated  with  heat  transfer  properties. 

Now,  as  an  approximation  equation  5  can  be  replaced  by  the 
equation 


Strictly  speaking  this  formulation  applies  for  an  isothermal 
surface,  but  in  practice  it  appears  to  provide  a  fair  approximation 
for  non-iso thermal  surfaces. 

At  the  same  time  the  heat  transfer  coefficient  h  in  the  above 
equation  is  given  approximately  by  (Ref.10) 


where  A,  r  and  s  are  constants  having  different  values  for  the 
laminar  flow  region  than  for  the  turbulent  region,  and  x  is  measured 
from  the  leading  edge  in  the  laminar  case,  and  from  the  transition 
point  in  the  turbulent  case*.  In  particular  r  =  0. 5  for  laminar 
flow  and  r  =  0.8  for  turbulent  flow. 

With  these  limitations  in  mind,  on  substituting  for  h  in 
equation  65  the  equation  for  the  second  body  (replacing  equation  14) 
is:- 


Hence,  the  siinilarit3’'  equation  26  is  replaced  by 


^  1  X  \  1/3 


(68) 


If  this  equation  is  satisfied  then  heating  rates  for  the  two 
bodies  will  be  to  scale.  Assuming  other  effects  of  Reynolds  number 
can  be  neglected^ it  is  then  no  longer  necessary  to  satisfy  the 
Reynolds  number  equations  21  and  24  independently.  Accordingly, 
referring  to  equations  36-50,  equations  49  £^8.  50  are  replaced  by 
the  single  equation 


and  hence 


It  is  apparent  that  if  the  same  gas  emd  materials  are  used  for 
both  bodies  we  again  arrive  at  the  conclusion  that  compatibility  of 
the  similarity  equations  obtains  only  when  Xj^  a  1.  However,  the 
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number  of  property  dependent  relationships  is  reduced  by  the  above 
procedure  and  the  possibility  of  using  different  gases  and  materiaQ-s 
for  the  two  bodies  merits  further  consideration.  In  the  main, 
properties  of  both  stiructural  materials  and  gases  are  affected  by 
temperature,  and  in  some  cases  significant  anomalies  in  theimal 
properties  as  functions  of  temperature  are  obtained.  A  conpletely 
generaJ.  treatment  is  impracticable  in  these  circumsteinces,  and  some 
siiiplif3ring  assumptions  defining  variation  of  material  properties 
with  temperature  must  be  made. 

For  the  present  piirposes  it  is  assumed  that  within  a  limited 
range  of  temperature  all  temperature  dependent  materieQ.  properties 
can  be  assumed  to  vary  according  to  the  law:- 


^  ^  T 


where  ^  a  value  of  temperature  dependent  property  at  temperature  T 
a  property  vadue  at  reference  temperature 

s^  a  temperature  exponent  related  to  property  <f>» 

Furthermore,  we  assume  that  the  possible  gases  that  could  be 
used  are  such  that 


r\  n 

°p 
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In  this  circumstance  Prand.tl*3  nurdber  remains  constant  independent 
of  temperature,  which  is  in  reasonable  accordance  with  experimental 
data  for  most  gases. 


5tom  equations  36  and  70  obtain 


(72) 


and  from  equation  69  we  then  have 


1 

=  X  2 


(73) 


The  main  aim  is  to  further  the  use  of  small  scale  models,  i.e,  we 
require  1  >  where  X  is  the  ratio  full  scale  property  :  model 

scale  property. 


SECTION  3. 1 . 1 ;  WIND  TTOIREL  TESTS  IN  A  QAS  OTHER  THAN  AIR 


In  considering  the  possible  use  of  a  gas  other  than  air  for 
wind  tunnel  tests,  the  basic  gas  properties  required  are 
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The  inequality  74  follows  from  equation  73  if  assume  that  the 
gas  is  to  further  the  aim  >  1, 

The  properties  of  a  number  of  gases  are  given  in  Table  1  and  the 
air  ;  gas  property  ratios  are  given  in  Table  2,  It  can  be  seen  that 
inequality  74  is  satisfied  by  all  the  gases  considered  whose  density 
is  significantly  leas  than  that  of  air.  For  hydrogen  in  particular 
quite  large  values  are  obtained. 

If  it  i.3  now  assumed  that  the  model  is  constructed  in  the  same 
materials  as  the  aircraft, equations  45»  46  and  73  reduce  to 


O 


91 

d 

C5 

-Pf^ 

•H  -P 

p 

-p 

aS 

®  r 

o 

•H 

<P  ,Q 

o-g 

I'i 

cQ  pq 

°P 

Specific  Heat 

Hatio 

-p  Dynamic  Viscosity  x  1 
Slugs/Pt  Sec 

Conductivity 

BTU/Hr  Ft  °F 

Speed  of  Sound 

Pt/Seo 

Boiling  Point 
°K 

Hydrogen 

0.0054 

3.41 

1.41 

1.73 

0.0950 

4500 

20 

Helium 

0.0108 

1.26 

1.67 

3.80 

0.0800 

3200 

4 

Ife  thane 

0.0435 

0.59 

1.32 

2.17 

0.0175 

1410 

109 

Ammonia 

0.02^8 

0,51 

1.31 

1.95 

0.0123 

1360 

Neon 

0.0534 

0.25 

1.67 

6.2 

0.0270 

1460 

27 

Nitrogen 

0.076 

0.245 

1.M) 

3.5 

0.014 

1095 

79 

Air 

0.078 

0.24 

1.40 

3.6 

0.014 

1090 

90 

Argon 

r\  A  n”7 

\Kf  ( 

0.13 

1  •  ^  r 

-r*  “r  • 

0.0092) 

1050 

87 

Carbon 

Dioxide 

0.120 

0,20 

1.30 

2.90 

0.0082 

850 

195 

It  is  apparent  from  Table  2  that  for  tests  in  hydrogen  not  only 
eire  the  first  two  of  these  equations  closely  satisfied  but  the  values 
of  are  adequate  for  a  wide  range  of  model  tests.  For  tests  in 

pure  hydrogen  the  aircraft  ;  model  scale  is  fixed  at  24, 9  :  1  for  a 
laminar  flow  model  and  5»  94-  :  1  for  a  turbulent  flow  model.  However, 
the  model  designer  will  generally  want  to  work  with  the  maximum  scale 
of  model  that  is  practicable  for  a  given  facility,  eis  this  generally 
eases  fabrication  and  handling  problems,  and  hence  some  control  over 
the  model  scale  parameter  is  desirable,  A  possible  way  in  which 
this  might  be  achieved  (though  less  ideally  than  for  tests  in 
hydrogen)  is  to  use  mixtures  of  gases.  For  example  if  it  is  assumed 
that  the  properties  of  gases  vary  linearly  with  mixture  ratio*  and 
suppose  that  we  require  the  relationshie  \  X  x  1  to  be  satisfied 

P  Op 

for  a  binary  mixture,  then  for  two  gases  mixed  in  the  ratio  1  ;  f 
we  require 

(p^  *  f  Pg)  (°p^  *  f  °p^) 

(Utf  “  ‘“'^(air) 

i.e. 


This  equation  lias  been  solved  for  a  mixture  of  methane  and  helium, 
for  which  f  =  5o19,  and  the  values  of  the  various  property  ratios 
are  given  in  Table  2,  Unfortunately,  although  this  mixture  enables 
tests  on  quite  small  models,  ard  satisfies  the  requirement 
XpX^  X  1,  it  does  not  satisfy  the  requirement  =  1;  On  the 


other  hand  it  may  not  be  necessary  to  satisfy  =  1  identically. 
Aeroelastic  tests  at  transonic  speeds  in  Preon  12  =  1.21)  show 


quite  good  correlation  with  teats  in  air,  so  that  the  effect  of  y  is 
not  too  significant  at  these  speeds.  At  high  supersonic  speeds 
(M  >  2)  there  is  evidence  that  the  presstire  distribution  is  often 
provided  fairly  accurately  by  piston  theory  (Ref.  13)  and  in  this 
theory  y  occurs  only  in  the  form  (l+y)  and  in  association  with  the 
thickness  term.  Hence,  it  may  be  permissible  to  neglect  small 
errors  in  y  for  thin  sxirfaoes  (without  excessive  leading  edge 
blunting)  and  for  panels,  and  the  majority  of  surfaces  for  aero¬ 
elastic  investigations  fall  into  this  category. 


Referring  to  the  similarity  equations  36-48, it  is  now  apparent 
that  the  similarity  equations  that  cannot  be  satisfied  by  laminar  or 
turbulent  flow  models  in  the  same  materials  as  the  aircraft  and 
tested  in  hydrogen  are:- 


\  =  \ 

S  Op  X 


These  in^jly  that  for  tests  in  hydrogen  a  model  of  reduced 
density  is  required  in  an  increased  gravitational  field  and  with 
emissivity  increasing  as  the  reciprocal  of  model  size.  Since  the 
aircraft  surfaces  will  be  designed  for  maxinmm  emissivity,  signifi¬ 
cantly  higher  eraissivities  for  the  model  are  unlikely  to  be  achieved 
since  is  unity,  model  deflections  under  gravitational  load  and 

free  convective  heat  transfer  will  not  be  to  scale:  and  since  \ 

Pb 

is  unity  for  model  and  aircraft  in  the  same  materials,  the  frequency 
parameter  for  structural  oscillations  in  the  gas  will  not  be  to 
scale.  However,  the  effects  of  frequency  parameter  on  flutter 
characteristics  are  generally  small  so  that  failure  to  satisfy 
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X  =  X  may  not  te  important  -  it  can  of  coxirse  be  ignored 
H  °P 

oon^jletely  for  static  aero thermoelaa tic  tests. 


Effects  of  deflection  umder  gravitational  load  are  generally 
negligible  but  the  effects  of  free  convective  heat  transfer  and  of 
emissivity  may  be  of  some  significance.  They  must  be  ignored  for 
present  purposes. 

Within  these  limitations,  models  can  be  constmicted  in  the  same 
materials  as  the  aircraft  to  provide  representative  aerothermo- 
elastic  effects  in  laminar  flow  or  in  turbulent  flew  regions,  but 
one  single  model  does  not  provide  for  representative  investigations 
in  both  regimes  of  flow  simulteineously,  A  model  constructed  to  a 
laminar  flow  scale  will  have  less  than  true  scale  rate  of  heating 
in  turbulent  flow  regions*,  and  vice-versa.  Some  possible  ways  of 
overcoming  this  difficulty  are  considered  in  section  3.2. 


SECTION  3.1.2:  WIND  TUNNEL  TESTS  IN  AIR 


The  similarity  requirements  for  wind  tunnel  tests  in  eiir 
cannot  possibly  be  satisfied  unless  the  model  is  constructed  in 
different  materials  than  the  aircraft,  the  temperature  scale  then 
being  defined  by  equation  72,  namely 


•Since  Reynolds  number  for  the  model  will  be  lower  than  full 
scale,  natural  transition  from  laminar  to  turbulent  flew  may  not 
occur  in  the  correct  location.  Leading  edge  roughness  or  some  other 
device  will  be  necessary  to  "trigger"  the  flow  so  tha.t  it  changes 
from  laminar  to  turbulent  in  the  correct  region  for  transition  on 
the  full  scale  aircraft. 


Pot  t  'sts  in  air  equation  73  "becomes 


-{s  -s,  +r(3  -s  -s  40.5)J/r(l+a  ) 
k  kg  '  k  E  Cp  a' 


(7 


As  an  approximation  it  is  assumed  that 


-"e 


=  3  =0.2 

a 


therefore 


=  0 


^-(0. 8+1,3r)/l.2r 


(7 


Property  values  for  a  nuniber  of  materials  are  given  in  Table  5 
and  ratios  of  property  values  for  full  scale  aircraft  in  duralumin 
and  in  stainless  steel  are  given  in  Tables  4  and  5.  It  can  be  seen 

that  to  obtain  values  of  \  greater  than  unity  the  model  material 


must  have  a  conductivity  and  expansion  coefficient  less  than  that 
of  the  aircraft  material.  The  conductivity  of  duralumin  is  very 
high  and  hence  most  of  the  materials  considered  in  Table  4  provide 
values  of  >  1  for  a  duralumin  aircraft.  The  reverse  is  true 


for  a  nickel  steel  aircraft,  and  for  the  particular  steel  considered 
in  Table  5  only  glass  and  a  low  conductivity  copper  alloy  provide 
values  of  >  1. 


However,  it  appears  that  heating  requirements  in  laminar  or 
burbulent  flow  regions  can  be  satisfied  using  models  constructed 
in  different  materials  Wian  the  aircraft  and  tested  in  a  hot  air 
tunnel  at  a  temperature  scale  different  from  that  for  the  aircraft. 
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12.5 
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o 

• 

C^ 

Tin 

11.7 

Zinc 

16.5 

X  10“^ 

Lb/ln 

E 


Modulus 

Ratio 

Conducty, 

BxU 

Specific 

Density 

--  .  V 

hO/Jrx,-' 

Melt, 

Point 

Hr  Ft 

BTU/ib  °F 

op 

1 

V 

.  I 

Pb 

0.38 

95 

0.21 

174 

1250 

0.39 

15 

0.11 

490 

2500 

0.39 

30 

0.11 

490 

2500 

0.38 

15 

0.13 

280 

3270 

0.37 

40-87 

0.24 

112 

1200 

0.37 

15-200 

0.095 

540 

1940 

0.40 

0,44 

0,20 

169 

2000 

0.38 

53 

0.055 

536 

610 

0.38 

52 

0.11 

550 

2600 

0.37 

242 

0.056 

650 

1760 

I 

0.375 

37 

0.054 

453 

■  446 

! 

0.436 

65 

0.092 

440 

785 

Property  ratios  for  a  duralvunin  aircraft 


Table  5 


Property  ratios  for  a  nickel  steel  aircraft 


Model 

Material 

X 

Pb 

X 

a 

0 

o 

o 

X 

o 

X 

V 

x;^  X 

S  0 

0 

-(Q.».it1.r5.£l 

1.2r 

a 

0 

r  sO.5 
Lam. 

r=  0.8 
Turb. 

Magnesium 

4,40 

0.34 

4. 45 

^0.38 

0.17 

0.46 

1.05 

b ' 

Duralumin 

2.82 

0.44 

2.95 

0.16 

0.53 

1.03 

<  1 

<  1 

Glass 

2.90 

1.17 

3.7 

34.0 

0.55 

0.98 

456 

165 

Titanium 

1.75 

1.10 

1.85 

1.0 

0.85 

1.03 

<  1 

<  1 

Zinc 

1.11 

0.33 

3.4 

0.23 

1.20 

0, 90 

<  1 

<  1 

Tin 

1.08 

0.47 

3.84 

0.41 

2.04 

1.04 

<  1 

<  1 

Carbon 

Steel 

1.00 

0.79 

1.00 

0.50 

1.00 

1.00 

<  1 

<  1 

Cadmium 

0, 92 

0.33 

5.9 

0.28 

2,00 

1.03 

<  1 

<  1 

Copper 

0.91 

0.55 

1.97 

'1.0 

0.075 

1.22 

1.05 

r2.i5 

ri.62 

[<i 

Nickel 

0.89 

0.77 

1,03 

0.29 

1.00 

1.03 

<  1 

<  1 

Silver 

0.75 

0.52 

2,66 

0.06 

1.97 

1.05 

<  1 

<  1 

Similarity  parameters  from  equations  36-1^8  that  are  not  satisfied 
identically  are 


X  =  1 

V 


Pb  \  “o 


X^is  close  to  un'  '-,y  for  nearly  all  the  materials  considered, 
and  the  requir^ent  can  therefore  he  regarded  as  satisfied.  The 


values  of  x9 


are  also  close  to  unity,  and  hence  we  require 


X  Xp,  ii  1,  i,e,  the  model  material  must  he  equally  as  efficient 

Pb  "^0 

as  the  aircraft  material  in  terms  of  stiffness  ;  weight  ratio. 
Magnesium,  duralumin,  glass,  titanium,  carhon  steel  and  nickel  all 
satisfy  this  requirement  approximately,  euid  for  models  in  these 
materials  the  density  requirement  may  he  regarded  as  satisfied. 

For  the  remaining  materials  the  requirement  cannot  he  satisfied  and 
hence  errors  in  frequency  parameter  will  arise  in  oscillatory  tests 
(see  section  3.1.1).  The  X  requirement  is  fortuitously  satisfied 

O 

quite  closely  hy  a  low  conductivity  copper  alloy  model  of  a  steel 
aircraft,  hut  the  requirement  is  not  satisfied  in  most  cases  and 
must  he  ignored.  On  the  other  hand  for  a  duralumin  aircraft,  the 
emissivity  requirement  is  such  that  model  emissivity  must  generally 
he  of  the  same  order  or  lower  than  that  for  the  aii’craft,  and  this 
requirement  can  prohahly  he  satisfied.  For  exaii5)le  if  carhon 
steel  is  used  for  a  model  of  a  duralumin  aircraft,  then  the 
emissivity  is  1.1  times  that  of  the  aircraft  for  a  laminar  flow^ 
model  and  0.36  times  that  of  the  aircraft  for  a  turbulent  flow  model. 
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A  further  feature  to  he  noted  is  that  models  constructed  in 
materials  for  which  <  1  require  testing  under  a  reduced  tenipera- 

o 

ture  as  ccn5>ared  with  the  aircraft.  This  is  generally  an  attractive 
feature,  since  it  reduces  the  demand  on  the  absolute  operating 
tenperature  of  the  tunnel  heat  exchanger.  On  the  other  hand 
refrigeration  of  the  model  may  be  required  to  provide  correct  start¬ 
ing  conditions.  Model  materials  for  which  X^  >  1  are  less 

o 

attractive  by  the  same  token;  for  some  of  these,  representative 
high  speed  flight  conditions  are  unattainable  because  of  degradation 
in  model  material  properties  due  to  a  too  close  approach  to  the 
melting  point. 


SECTION  3.2:  APPROXIMATIONS  TO  OVERALL  SIMEIARITI 


It  appears  from  sections  3.1,1  and  3.1.2  that  provided  the  heat 
transfer  coefficient  satisfies  equation  66  models  can  be  constructed 
in  the  same  materials  as  the  aircraft  for  tests  in  a  gas  other  than 
air  at  unity  ten^jerature  scale,  or  in  different  materials  for  tests 
in  ai.r  at  a  different  temperature  scale.  The  models  will  provide 
complete  representation  in  laminar  _or  turbulent  regions,  but  heating 
effects  are  not  represented  in  both  regimes  of  flow  simultaneously. 
Such  models  are  of  value  for  investigations  of  local  effects  (e.g, 
panel  flutter)  or  for  investigations  where  the  major  load  carrying 
structure  lies  wholly  in  the  laminar  _or  turbulent  flow  regime. 

Since  a  laminar  flow  model  has  less  than  true  scale  heating 
rate  in  the  turbulent  regions  (and  vice-versa  for  a  turbulent  flow 
model)j it  follows  that  if  some  method  of  providing  a  local  increase 
or  decrease  in  heating  rate  can  be  devised,  one  single  model  will 
provide  representative  conditions  in  both  flow  regimes.  The 
possibilities  in  this  direction  merit  consideration. 


SECTION  3. 2. 1 ;  TURBULENT  SCALE  MODEL  WITH  INSULATION  IN  THE  LAMINAa 
PLOW  REGIONS 


A  possible  method  of  reducing  the  heating  rate  in  local  areas  is 
to  cover  the  surface  with  a  thin  film  of  high  conductivity,  whose 
heat  capacity  relative  to  the  wing  structure,  stiffness,  and  mass 
contributions  can  be  neglected. 

Por  a  film  of  thickness  d^  at  x  frcxn  the  leading  edge  and  of 
conductivity  k-  ,  the  effective  heat  transfer  h  at  the  wing 

surface  at  x  is 


where  h^^  is  the  heat  transfer  coefficient  for  the  film  surface  at 
X  and  M  refers  to  the  model. 

We  require 


'jd' laminar 


turbulent 


X  •  e  • 


turbulent 


(79) 


where  P  refers  to  full  scale 
Now  from  equation  66 


gas 


(75) 


and  hence  for  a  model  built  to  turbulent  flow  scale 


where  r  =  r 


1 


0.8 


turbulent 


In  the  laminar  flow  region  of  the  model  r  =  0.5,  =0,8,  therefore 


therefore 


,  ^0.375  ^0.125 

laminar 


k. 

d  =  ^ 


(l-X°-5^5  ^135) 

laminar 


(81) 


For  a  model  built  of  different  materials  from  the  aircraft  and 
tested  in  air 


X 


L 


(69) 
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and  hence  for  a  model  built  to  turbulent  flow  scale  where  r  =  r .  =  0, b 

1 


turbulent 


=  kg  E  a  "  \ 

o 


In  the  laminar  flow  region  of  the  model  r  =  0, 5,  =0.8,  therefore 

^  _  ^0.625^0.5^-0.25,0.375^.125  _  ,0.625  ^.5  ^.51t2 

li,  .  “  ko  HE  a  \  ^  ~  ^ 

laminar  3  o  o 


therefore 


xjO-S  X A  .  ^0.375  A3  ^-0.075\  . 


It  follows  from  equations  81  and  82  that  d  should  increase  in 

thickness  from  zero  at  the  leading  edge  and  inversely  proportional  to 
full  scale  heat  transfer  coefficient. 

Equation  66  for  the  laminar  flow  heat  treinsfer  coefficient  may 
be  written  (Ref.  10) 


1^  =  0-332  kj,  :^-^(Re')°’^(Pr)^/^ 

laminar 


where  Re'  is  Reynolds  number/ft.  For  a  high  speed  aircraft  assuming 
Re’  =  10^,  Pr  =  0. 7  the  laminar  heat  transfer  is 


hp  -  lO^k^ 

laminar 


The  insulant  is  unlikely  to  have  a  lower  conductivity  than  air,  and 
hence  it  follows  that  the  required  values  of  d  are  excessive,  except 

for  values  of  X_  not  greatly  different  from  unity. 


SECTION  3.2.2;  LANINAE  SGAIE  MODEL  WITH  R^IMT  HEATING  IN  THE 
TDEBULENT  PLOW  REGION 


A  possible  way  of  providing  an  increased  heating  rate  in  the 
turbulent  flow  regions  of  a  model  built  to  a  laminar  flow  scale  is 
to  provide  radiant  heating  laii5)3  in  the  walls  of  the  wind  tunnel 
working  section.  In  this  circumstance  the  effective  heat  transfer 
in  the  tvirbulent  flow  region  at  a  point  distance  x  aft  of  the 
transition  point  is:- 


where  is  the  contribution  to  heating  rate  at  x  due  to  absorbtion 
of  radiant  heat. 

We  require 


(~) 

vWlaminar 


turbulent 


\ 


aminar 


R  ^-1 

X 


turbulent 


(84) 


therefore 


Following  the  procedure  of  section  3.2.1  we  obtain;  for  g  model 
built  in  aircraft  materials  and  tested  in  a  different  gas 


(■ 


.0.2 


turbulent 


(85) 


and  for  a  model  built  of  different  materials  from  the  edrcraft  and 
tested  in  air 


R 

_ 2L___ 

(T  -Tj 
'  aw  w' 


=  X. 


-1  .0,5  .0.292 

^  o  o 


1  -X 


-0.6  0.3  -0.225\ 


E 


/  turbulent 


(86) 


Equation  66  for  the  full  scale  turbulent  flow  heat  transfer  may¬ 
be  written  (Ref. 10) 


hp 

turbulent 


).0296  kp 

\  w/ 


(87) 


where  is  the  free  stream  tempera -ture  of  the  air  and  is  the 

temperature  at  the  surface.  For  a  maximum  heat  transfer  it  is 
assumed  that  T  =  T  .  Following  the  same  reasoning  as  in 

Q,  W 

section  3.2.1  it  follows  that 


turbulent 
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A  consideration  of  Tables  2,  and  5  in  relation  to  equations 
85  and  86  indicates  that  the  maximum  rate  of  heating  is 


turbulent 


y 


i.e,  the  radiant  heater  must  be  capable  of  providing  heating  rates 
equivalent  to  full  scale  turbulent  flow  values  (approximately 
itO  Kw/ft^  for  (T  -T  )  =  1000'^).  It  appears  from  Ref.  14  that 

there  is  some  prospect  of  providing  heating  rates  of  the  required 
order  using  banks  of  quartz-tube  lan5)S  lining  the  walls  of  the 
working  section,  and  it  woiild  also  seem  feasible  to  use  a  uniform 
heating  system  and  to  control  the  absorbtion  in  the  different  areas 
of  the  model  by  varying  the  surface  finish.  The  heating  rate 
provided  by  the  lamps  must  tend  to  zero  as  T  T„  ,  and  this 

requires  control  of  the  lanp  supply  voltage  in  relation  to  a 
measurement  of  temperature  on  the  model,  so  as  to  follow  a  pre¬ 
calculated  temperature-time  history.  Very  rapid  control  is  in^ilied 
since  the  time  scale  for  heating  varies  as  the  square  of  the  length 
scale,  and  this  may  prove  the  limiting  factor  in  relation  to  model 
scale. 


However,  the  method  appears  to  have  attractive  possibilities  as 
a  means  of  pi'oviding  overall  similarity  for  an  aerothermoelastic 
model  and  merits  further  investigation. 


SECTION  3.3:  MCDELS  OP  REDUCED  EPEECTIVE  STIFFNESS  TESTED 
IN  'COLD'  FLOW 


Although  the  previous  sections  have  ir.licated  that  an  accept¬ 
able  approach  to  aerothermoelastic  similar,.ty  might  be  achieved 
using  models  tested  in  a  hot  gas  stream^ the  unfortunate  feature  is 
that  suitable  heated  flow  tunnels  of  the  type  envisaged  (see 
section  4)  ar®  conspicuous  by  their  absence.  In  these  circum¬ 
stances  some  attempt  must  be  made  to  design  models  with  a  reduced 
effective  stiffness  representative  of  thermal  effects,  which  car 
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be  tested  in  existing  facilities  (which  generally  provide  little  more 
than  atmospheric  stagnation  temperatures). 

This  approach  can  never  be  wholly  satisfactory,  for  it  presupposes 
that  an  "effective"  reduced  stiffness,  corresponding  to  heated  condi¬ 
tions  for  the  aircraft,  can  be  calculated.  In  fact  the  effects  of 
transient  heating  lead  to  thermal  stress  distributions  producing  effects 
on  stiffness  that  are  highly  non-linear  with  displacement  of  the 
structure.  Hence  the  effective  stiffness  for  a  1g  loading  condition 
for  the  aircraft  may  be  quite  different  from  the  zero  'g*  load 
condition.  Furthermore,  certadn  effects  of  heating  cannot  be 
represented  by  a  simple  "effective"  stiffness  concept.  For  example 
Broadbent  (Ref, I5)  considers  an  effect  of  thermal  stress  which  leads 
to  an  anticlastic  ourvature  (caniber)  of  the  wing  chord  causing  a 
loss  in  flexural  stiffness.  Flutter  then  arises  from  the  aero¬ 
dynamic  coupling  due  to  change  of  wing  camber,  and  not  from  the  loss 
of  stiffness. 

However,  assuming  that  an  effective  stiffness  approach  is 
acceptable,  the  approach  to  be  followed  is  then  the  conventional  one 
for  'cc/ld'  model  tests.  The  similarity  equations  to  be  satisfied 
(neglecting  gravitational  effects)  are  equations  19,  20,  23,  25,  29, 

30,  33,  34  and  35.  From  these  we  obtain,  for  tests  in  air. 


X 

O' 


X 

P 


X 

Pb 


If  these  relationships  are  satisfied,  then  the  Mach  number  for 
the  model  will  be  the  same  as  for  the  aircraft.  Unfortunately 
existing  wind  tunnels  are  such  that  to  satisfy  these  relationships 
generally  presents  some  difficulty.  The  problem  has  been  discussed 
in  detail  by  Lanibourne  and  Scruton  (Ref,  16),  and  it  is  apparent  that 
the  main  difficulty  results  from  the  limited  stagnation  pressure 
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generally  available  in  existing  tunnels.  For  a  model  in  the  same 
materials  as  the  aircraft,  with  skin  thickness  to  the  sane  scale  as 
the  geometric  scale,  this  implies  that  the  pressure  relationship 
cannot  be  satisfied.  This  is  generally  overcome  by  assuming  that 
the  whole  of  the  aircraft  stiffness  lies  in  the  skin,  and  by  varying 
the  skin  thickness  scale  relative  to  geonr.etric  scale  the  effective  E 
for  the  model  becomes  E  where  is  the  ratio  of  skin  thickness 

scale  to  length  scale.  By  using  a  model  skin  thickness  less  than 
the  geometric  scale,  models  can  then  be  tested  in  tunnels  with  lower 
than  full  scale  stagnation  pressure.  The  requirement 

—  1  — 1  il. 

X  =  ^5  Xg  Xl  *  cannot  generally  be  satisfied,  but  this  affects 

only  the  frequency  parameter  and  it  is  assumed  that  this  can  be 
ignored. 


The  limitations  of  aeroelastic  model  tests  in  'cold'  flow  are 
well  known  (Ref, 16),  and  little  further  need  be  said  about  them. 
Obviously,  in  the  absence  of  heated  flow  tunnels,  the  best  use  must 
be  made  of  existing  facilities,  and  this  necessitates  the  use  of  the 
effective  stiffness  concept  so  far  as  heating  effects  are  concerned. 
However,  more  work  is  required  to  determine  the  types  of  structure 
for  which  an  effective  stiffness  concept  is  likely  to  provide  an 
adequate  representation 


SECTION  4;  1I?IND  TUNNEL  FACILITIES 


There  are  very  few  existing  tunnels  that  provide  for  heating 
the  flov.'.  Those  that  do  exist  are  generally  of  the  intermittent 
type  running  from  compressed  air  storage  through  a  pre-heated 
exchanger  into  a  fixed  Mach  number  working  section,  but  even  these 


rai'cl^  provide  stagnaticr 


flight  at  low  a].titude.  Neither  do  they  have  provision  for 


radiant  heater  installations  in  the  tunnel  sidewalls. 


The  stagnation  pressure  and  temperature  appropriate  to  free 
flight  conditions  are  shown  in  Figures  1  and  2.  Free  flight 
conditions  are  appropriate  for  the  conditions  of  section  3. Itlj 
but  for  the  conditions  of  sections  3.1.2  temperatures  and 
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FIGURE  ! 

STAGNATION  PRESSURE  REQUIREMENTS  FOR 
FREE  FLIGHT  SIMULATION 
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0  1.0  2.0  3.0 

MACH  NUMBER 
FIGURE  2 


STAGt:ATI0N  TEMPERATURE  REQUIREMENTS  FOR 
FREE  FLIGHT  SIMULATION 


pressures  greater  than  free  flight  may  be  required*.  Quite  obviously, 
in  these  circumstances,  formidable  engineering  problems  are  involved 
simply  in  providing  a  wind  tunnel  of  reasonable  dimensions  (say 
2'  X  2*)  that  will  withstand  the  temperatures  and  pressures  involved. 

Ideally  of  course,  the  tunnel  conditions  should  be  capable  of 
controlled  variation  during  a  run  so  as  to  simulate  the  aircraft 
flight  plan,  and  this  requires  control  of  stagnation  pressure,  stagna¬ 
tion  tenperature,  Mach  number  and  radiant  heat.  At  the  same  time 
these  quantities  may  need  to  be  varied  rapidly,  since  the  time  scale 
for  model  heating  varies  as  the  square  of  the  length  scale.  For 
such  a  tunnel  to  be  operated  effectively,  complete  automation  of 
tunnel  control  would  probably  be  required.  A  block  layout  of  a 
tunnel  of  this  kind  is  shown  in  Figure  3. 

Returning  to  reality,  there  may  be  some  possibility  of  covering 
parts  of  the  aircraft  flight  plan  using  models  in  existing  tunnels, 
with  the  added  provision  of  radiant  heat  in  the  working  section.  The 
problem  of  generally  low  stagnation  pressure  conditions  in  existing 
tunnels  might  be  met  to  some  extent  by  reducing  model  skin  thickness 
scale  relative  to  linear  scale  (as  in  ’cold*  model  work)  though  this 
will  invalidate  panel  flutter  results  and  results  in  an  increased 
size  of  model  being  required**. 


*Wind  tunnel  requirements  are  alleviated  if  a  model  material  can 
be  used  having  a  higher  coefficient  of  expansion,  a  lower  clastic 
modulus  and  a  lower  conductivity  than  the  aircraft  material  (e.g. 
magnesium  in  relation  to  an  aircraft  in  dural).  A  search  through 
the  metail  alloys  and  plastics  may  be  rewarding  in  this  respect. 


**The  quantities  ^  replaced  by  Xg  ,  Xg 

-1 

Xg,  X  Xg  and  X^  Xg  respectiA'ely  and  only  conduction  in  the  skin 
'  B  B 

plane  is  considered.  Values  c.f  Xjj  in  Tables  2,  4  and  5  then  require 

"•(1+r) 

multiplying  by  a  factor  Xg^" 
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POSSIBLE  TUNNEL  LAYOUT 


SECTION  5:  model  CCJNSTRUCTION 


There  is,  of  covirse,  little  point  in  demonstrating  that  an 
approximation  to  aerothermoelastic  similarity  oan  be  achieved  for 
small  scale  models  if  it  should  then  prove  that  the  difficulties  of 
model  construction  are  insumnountable.  If  the  tunnel  size  is  large 
enough  for  models  to  be  constructed  using  conventional  riveting, 
welding  and  shaping  procedures  the  problem  is  sin^lified,  but  this 
will  rarely  be  the  case. 

The  construction  must  be  a  closer  replica  of  that  for  the  air¬ 
craft  than  is  usually  the  case  for  purely  aeroelastio  models,  and 
the  constiniction  of  the  latter  is  formidable  enough.  Furthermore, 
few  of  the  established  techraques  for  the  construction  of  small 
scale  aeroelastic  models  are  likely  to  be  applicable  in  the  thermal 
case. 


Investigations  of  alternative  methods  of  model  construction  are 
required,  and  in  this  respect  a  technique  at  present  being  developed 
at  R.A,E,  may  ultimately  be  of  value.  This  technique  takes 
cognisance  of  the  fact  that  several  of  the  materials  suitable  for 
small  scale  aerothermoelaatic  models  can  be  deposited  electro- 
lytically  (e.g.  nickel,  cadmium,  tin  and  zinc). 

Nickel  model  wings  of  a  duraliunin  aircraft  ha"  been  made 
successfully  by  this  process,  a  nickel  skin  of  the  required  thickness 
being  deposited  directly  onto  a  prepared  former. 


SECTION  6;  CONCLIE)IN&  REMARKS 


The  foregoing  considerations  indicate  that  an  approach  to 
complete  aerothermoelastic  similarity  can  be  achieved  for  small  scale 
models,  but  models  in  the  same  materials  as  the  adrcraft  must  be 
tested  in  a  different  gas,  while  models  in  different  materials  can  be 
tested  in  air.  In  both  oases  the  wind  tunnels  required  must  have 
provision  for  heating  the  stream  to  full  scale  stagnation  conditions 
(or  higher),  and  controlled  radiant  heat  in  the  working  section  is 
also  necessary. 


Areas  where  experimental  investigations  and  development  work  are 
required  are  in  the  effectiveness  of  radiant  heat  in  a  supersonic 
tunnel  and  its  control  in  relation  to  aerothermoelastic  models,  and  in 
techniques  of  construction  for  these  models.  A  survey  of  existing 
hot  tunnels  would  also  he  of  value  in  indicating  their  limitations 
with  regard  to  the  representation  of  full  scale  flight  conditions, 
thus  providing  a  datum  for  model  similarity  requirements. 
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ABSTRACT 


This  paper  begins  with  a  brief  description  of  the 
aeroelastic  interactions  which  can  influence  the  stability 
and  control  of  a  flight  vehicle.  Next,  some  highlights 
of  the  past  decade's  flight  control  aerothermoelasticity 
research  are  presented,  leading  to  a  description  of  pre¬ 
sent  capabilities.  The  paper  concludes  with  a  discussion 
of  some  future  problem  areas  and  suggestions  for  some  of  the 
research  which  will  be  required  for  future  flight  vehicle 
design . 


FLIGHT  CONTROL  OF  AEROTHERMOELASTICALLY 
AFFECTED  VEHICLES 


INTRODUCTION 

I  will  start  by  quoting  a  poem: 

"Icarus,  dicarus,  dock 
The  vehicle  flew  at  high  Mach 
The  airframe  got  heated 
The  customer,  cheated. 

And  the  company  went  into  hock." 

This  pearl  was  composed  in  1953  by  one  of  my  associates  at  that 
time.  It  commemorates  an  occasion  far  more  serious  than  the  tone  in 
which  it  was  written  and  I  present  it  here  as  a  memento  of  an  early  aero- 
therraoelastic  ulcer  (fortunately,  not  mine),  and  because  it  is  consistent 
with  the  purpose  of  this  paper.  This  purpose  is,  stated  simply,  to  lay 
the  foundations  for  the  more  technical  dissertations  to  follow.  For  the 
benefit  of  the  non-aeroelasticians  in  the  audience, I  will  first  describe 
some  of  the  common  aeroelastic  interactions  important  to  flight  control. 

1  warn  the  audience  that  brevity  forces  upon  me  the  grossest  of  over¬ 
simplifications,  but  I  hope  to  retain  the  essence  of  the  story.  I  will 
next  discuss  some  facets  of  the  history  of  flight  control  aeroelasticity 
research  over  the  past  decade  so  that  I  might  delineate  particular  prob¬ 
lem  areas  and  their  solutions.  I  will  conclude  this  paper  with  some 
thoughts  for  the  future. 

SECTION  I  FLIGHT  CONTROL  AEROELASTICITY 

Let  me  begin  by  describing  briefly  the  areas  and  problems  normally 
considered  by  the  flight  control  aeroelastician.  Briefly,  his  task  is 
to  account  for  the  effects  of  airframe  flexibility  on  all  of  the  para¬ 
meters  of  vehicle  static  and  dynamic  stability  and  response,  and  to  ensure 
that  all  flight  control  requirements  are  met  by  the  flexible  vehicle. 

Let  us  consider  several  illustrations  of  these  effects  of  flexibility 
on  the  various  parameters  of  stability  and  control.  In  our  first  slide* 
we  see  what  used  to  be  regarded  as  a  conventional  airplane.  If  the  wing 


*  In  this  paper,  slides  refer  to  Figures  1  through  7. 
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(shown  enlarged  in  the  insert)  were  entirely  rigid  it  would  carry  the 
spanwise  load  distribution  shown  in  black.  However,  this  wing  is  flex¬ 
ible  and  has  a  line  of  centers  of  pressure  not  coincident  with  its 
own  zero  twist  axis.  Therefore,  the  wing  twists  under  its  own  air¬ 
load.  In  the  case  shown  here  this  twist  brings  on  more  airload  which 
brings  on  some  more  twist  which  brings  on  some  more  airload  until  some 
equilibrium  airload  condition  (shown  dashed)  is  reached.  Note  that 
for  the  same  wing  root  angle  of  attack  the  flexible  wing  will  be 
carrying  more  lift  than  its  rigid  counterpart.  This  situation  will 
exist  for  any  wing  root  angle  of  attack  below  that  associated  with 
stall  somewhere  on  the  wing.  Hence,  the  flexible  wing  shown  here  has 
a  greater  than  its  rigid  counterpart.  The  discrepancy  between 

Ct  -ui  n  Ct  ,  for  the  wing  shown  will  increase  with 

Lq;  (Flexible)  (Rigid) 

dynamic  pressure  or  wing  flexibility  until  we  encounter  the  familiar 
aeroelastic  divergence;  at  which  point  the  of  the  flexible  wing 

^0£ 

tends  to  increase  without  bound  and  the  wing  may  be  destroyed. 


Obviously,  the  C»  required  for  all  stability  and  control  work  on  the 
^  a 


vehicle  shown  on  the  slide  will  be  the  flexible 
the  true  lift  behavior  of  the  vehicle  in  flight.  ^ 


as  this  will  be 
Hence,  we  might 


say  that  an  obvious  function  of  the  stability  and  control  aeroelastician 


is  to  transform  the  aerodynamicists'  Cj^  to  the  more  appro¬ 
priate  C.  ^  (Rigid) 

^  (Flexible) 


What  other  stability  and  control  derivatives  of  the  example 
vehicle  can  be  affected  by  vehicle  flexibility?  All  of  the  deriva¬ 
tives  can  be!  Are  they  all  affected  in  the  same  way?  No,  they  are  not. 
Consider  the  effect  of  wing  bending  on  the  C,  ratio  just  considered. 

% 

Being  an  unswept  wing,  a  reasonable  amount  of  bending  will  change  no 
streamwise  angles  and  hence  will  have  no  effect  on  the  Cl  ratio. 
However,  bending  will  certainly  produce  meaningful  changel^ the  distrib¬ 
ution  of  dihedral  angle  along  the  wingspan.  Hence,  two  vehicles  having 
identical  wings  like  those  shown  in  Slide  1,  except  that  one  is 
relatively  rigid  and  the  other  is  relatively  flexible,  could  be  ex¬ 
pected  to  have  vastly  different  values  on  the  rolling  derivative  due 
to  yaw,  C^p  .  If  these  vehicles  were  traveling  at  speeds  such  that 

the  centers  of  pressure  of  their  lift  distributions  were  coincident 


with  their  elastic  axes,  then  their  would  be  identical  and  equal 

to  the  C.  of  their  rigid  counterpart  while  at  the  same  time  their 
rolling  derivatives,  Cy^  would  be  quite  different. 


In  Slide  2  we  see  a  wing  similar  to  the  one  that  we  just 
considered  except  that  this  wing  is  a  swept  wing.  In  essentially 
the  same  way  as  the  wing  in  the  previous  ligure,  the  airload  is  twisting 
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this  swept  wing.  However,  here  a  component  of  the  dihedral  angle  due  to 
bending  is  felt  by  the  airstreara  as  a  twist  angle.  For  the  swept  back 
wing  shown  here  this  twist  angle  acts  in  such  a  way  a:5  to  decrease  the 
lift  on  the  wing  section.  This  effect  is  best  shown  by  looking  at  the 
wing  in  the  insert  sketch  which  is  shown  greatly  distorted.  This  wing  is 
being  bent  up  by  the  load  L  -  lines  of  equal  height  are  shown  on  the 
wing  as  dotted  lines;  the  highest  being  line  a,  the  ne.ct  highest  being 
line  b,  the  next  highest  line  c,  and  so  on.  From  the  s..etch  we  see  that 
the  typical  streamwise  segment  shown  running  between  dotted  lines  f  and 
g  appears  twisted  to  the  air  stream  since  its  leading  edge,  g,  is  at  a 
lower  elevation  than  its  trailing  edge  f.  In  the  wing  shown  in  this 
slide  ,  this  washout  twist  due  to  bending  overcomes  the  wash-in  twist 
due  to  torsion;  the  net  effect  being  less  lift  on  the  flexible  wing  at 


the  same  angle  of  attack.  Here  we  see  a  case  where 
wing  is  lower  than  C.  of  the  rigid  wing. 


of 


the  flexible 


Now  turning  to  a  vehicle  of  more  modern  configuration  in  Slide  3 
we  find  that  there  is  so  much  opportunity  for  chordwise  deformation 
and  so  little  chance  of  having  a  really  meaningful  elastic  axis  that 
the  concepts  of  bending  and  twist  lose  most  of  their  meaning  in  describ¬ 
ing  the  aeroelastic  deformations  of  this  wing.  However,  putting  this 
vehicle  at  an  angle  of  attack  will  result  in  a  distribution  of  deforma¬ 
tion  along  the  span  and  chord  which  can  be  predicted  and  which  acts  in 
much  the  same  manner  as  the  previous  deformations  to  redistribute  the 
lifting  load  over  the  wing.  Here  again,  for  the  same  wing  root  angle 
of  attack,  the  lifting  pressure  on  the  flexible  wing  is  shown  as  dashed 
lines.  In  this  case  the  mechanisms  producing  the  distortion  are  consid¬ 
erably  more  subtle  than  the  simple  mechanisms  discussed  previously, 
but  they  are  now  well  understood  and  they  combine  to  produce  the  same 


net  effect  as  before,  namely  that  C, 

hx  (Flexible) 


is  different  from 


(Rigid)  ‘ 


Similarly,  in  analogous  fashion,  we  can  demonstrate  that. 


in  general,  all  of  the  remaining  stability  derivatives  will  be  different 


on  the  flexible  vehicle  from  those  of  its  rigid  counterpart.  These 


differences  must  first  be  calculated  and  then  used  appropriately  in  the 


flight  control  design  and  analysis  of  the  flexible  vehicle. 


The  various  stability  derivatives  corrected  in  this  static  or  quasi¬ 
static  fashion  do  describe,  to  an  extent,  even  the  dynamic  properties  of 
the  flexible  vehicle  when  the  elastic  modes  of  the  vehicle  are  reasonably 
remote  from  the  so-called  rigid  body  modes  of  the  vehicle.  Under  these 
circumstances  the  dynamic  stability  or  dynamic  response  equations  derived 
for  the  rigid  vehicle  may  be  used  to  describe  the  flexible  vehicle 
merely  by  substituting  the  stability  derivatives  corrected  for  the  quasi¬ 
static  effects  of  flexibility  for  the  various  rigid  body  stability  deriva- 


tives.  This  artifice  hc.'j  been  used  successfully  in  many  instances. 

However,  when  automatic  control  or  stability  augmentation  feedback 
loops  are  employed,  considerable  care  must  be  taken  to  ensure  that  a 
mathematical  fiction  is  not  the  end  result.  For  instance,  consider 
the  typical  reentry  glider  configuration  shown  in  Slide  4.  We  assume 
a  simple,  single  sensor  feedback  loop.  Let  us  consider  the  longitud¬ 
inal  short  period  degrees  of  freedom  combined  with  one  flexible  body 
degree  of  freedom.  Considering  first  only  the  pitch  and  the  vertical 
translation  degrees  of  freedom,  for  a  severe  reentry  condition  we 
might  encounter  a  root- locus  diagram  like  that  on  the  extreme  lefthand 
side  of  the  next  slide.  Slide  5.  Here  as  we  increase  gain,  the  short 
period  frequencies  are  seen  to  increase.  However,  no  dynamic  instab- 
iltiy  is  shown.  Next  we  modify  our  calculations  substituting  possible 
but  severe  quasi-statit  changes  in  and  Cjjj  giving  us  the  root- locus 

diagram  second  from  the  left  on  our  s?ide.  Dynamic  behavior  prediction 
is  somewhat  modified  but  the  roots-loci  are  similar  in  that  no  instab¬ 
ility  is  shown.  Next  we  rewrite  our  equations  of  motion  to  admit  the 
single  additional  degree  of  freedom  of  body  bending.  The  root-locus 
diagram  second  from  the  right  describes  the  dynamics  of  this  case  and 
shows  marked  decreases  in  stability  with  increasing  gain  and  a  definite 
region  of  instability  involving  the  airplane  short  period  and  flexible 
body  modes.  If  ve  assume  that  our  hypothetical  vehicle  has  a  structure 
which  is  not  thermally  protected  and  we  take  into  account  the  stiffness 
loss  caused  by  aerodynamic  heating,  we  bring  together  the  short  period 
and  body  bending  frequencies  to  produce  even  more  drastic  changes  in 
the  vehicle  stability  as  shown  in  the  root-locus  diagram  at  the  extreme 
right  of  the  slide. 

To  continue  this  basic  description  of  possible  aeroelasticity  effects 
on  flight  control,  I  should  mention  also  that  class  of  quasi-static 
phenomena  known  popularly  as  aeroelastic  control  reversals.  These  effects 
are  possibly  tbe  most  familiar  of  all  the  various  aeroelastic  effects 
on  flight  control.  These  so-called  reversal  phenomena  occur  when  a 
control  force  or  moment  applied  to  the  vehicle  so  distorts  the  airframe 
that  an  aerodynamic  force  arises  which  usually  tends  to  decrease  the 
applied  control  force,  but  which  in  some  cases  may  actually  amplify  it. 

The  name  "reversal"  has  been  popularly  applied  to  this  variety  of 
aeroelastic  interaction  because  under  severe  circumstances  the  aeroeias- 
ticaliy  induced  control  force  or  moment  can  exceed  the  applied  control 
force  or  moment  making  the  vehicle  behave  as  if  a  control  force  of  opposite 
sense  had  been  applied.  Aileron  reversal  is  the  most  common  of  these  ef¬ 
fects  and  this  phenomenon  has  in  the  past  been  responsible  for  severe 
flight  restrictions  on  a  number  of  vehicles. 

To  conclude  this  review  I  should  mention  also  th..  flexibilities  within 
the  haraware  of  a  flight  control  system  can  have  an  important  effect 
upon  the  flight  control  of  the  vehicle.  This  is  a  subject  most  frequently 
overlooked  by  all  but  the  flight  control  aeroelastician  and  the  flutter 
analyst,  both  of  whom  have  long  been  aware  of  the  importance  of  ttii?  area. 
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gure 


Figure  5.  Root- Locus  Diagram 


SECTION  II  CURRENT  STATUS  OF  AEROTHERMOELASTICITY 


I  would  now  like  to  highlight  the  current  status  of  aeroe lasticity 
technology  as  applied  to  flight  control  work  and  to  suggest  some  areas 
where  future  research  appears  to  be  potentially  profitable.  That  I  might 
better  do  this  let  me  summarize  the  status  of  aerothermoelasticity  as 
we  of  the  aircraft  industry  saw  it  in  the  early  fifties. 

Supersonic  flow  was,  in  gross,  well  understood  and  lift  and  drag 
estimates  for  low-aspect-ratio  air  vehicles  were  being  made  with  some 
degree  of  confidence.  Flight  test  results  were  being  obtained  with 
increasing  frequency  to  increase  this  level  of  confidence.  However,  as 
soon  as  one  left  the  area  germane  to  the  simple  parameters  of  vehicle 
performance,  the  available  fund  of  proven  aerodynamic  technology  was 
indeed  small  and  was  certainly  inadequate  for  the  aeroelastic  design 
jobs  which  lay  ahead.  The  importance  of  aerodynamic  heating  was  not 
appreciated  in  many  quarters  and  the  technology  which  the  industry  re¬ 
quired  to  cope  with  aerothermal  problems  was,  at  that  time,  in  various 
early  stages  of  development.  Much  of  this  development  was  marked  by 
heated  but  usually  healthy  controversy. 

The  structural  side  of  the  aerothermoelastic  picture  was,  in 
these  early  days,  even  less  well  illuminated.  "Simple  beamology"  was 
the  common  structural  representation  and  the  fact  that  a  large  number 
of  the  wing  and  tail  structures  then  under  consideration  did  not  have  any 
line,  or  group  of  nearby  lines,  which  could  be  called  an  elastic  axis 
was  not  appreciated  until  a  much  later  date.  This  state  of  affairs 
caused  tl.e  publication  of  very  large  errors  in  many  design  studies  and 
ana  lyses . 

Aerodynamic  load  inputs  were  correspondingly  crude.  The  distribu¬ 
tion  of  lifting  pressure  over  an  arbitrarily  deformed  lifting  surface 
at  high  air  speeds  could  be  calculated  only  at  the  expense  of  truly 
great  computational  labor,  and,  as  a  matter  of  fact,  subsequent  tests  have 
proved  that  even  these  calculations  were  frequently  seriously  in  error. 

The  combination  of  all  of  these  aforementioned  inputs  into  solutions 
tor  aerothermoelastic  effects  on  stability  and  control  was,  strangely, 
in  much  better  shape  than  the  calculation  of  the  inputs  themselves. 

Certain  basic  and  straightforward  solution  forms  had  been  evolved  for 
these  problems  during  the  thirties  and  forties  and  these  forms  proved 
(with  not  many  exceptions)  to  be  easily  adapted  to  the  design  of  aerother- 
moelastically  affected  vehicles  as  they  were  to  their  slower  counterparts. 
However,  the  limitations  of  the  analog  and  digital  computing  machinery 
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available  at  that  time  did  engender  some  severe  computational  hardships. 

This  situation,  wherein  the  method  of  solution  is  better  known  and 
much  more  straightforward  than  good  aerodynamic  and  structural  inputs 
to  the  solution,  has  been  characteristic  of  both  static  and  dynamic 
flight  control  aeroelasticity  during  the  past  decade.  During  the  early 
fifties  there  was  available  no  method  of  proven  accuracy  for  the  calcu¬ 
lation  of  static  or  dynamic  aerodynamic  influence  coefficients.  During 
the  same  period  there  were  available  a  number  of  methods  for  the  calcu¬ 
lation  of  the  deformation  influence  coefficients  of  low-aspect-ratio 
built-up  structures.  Through  these  and  standard  vibration  solutions, 
the  modes  and  frequencies  could  also  be  calculated.  However,  no  one 
really  knew  the  absolute  or  relative  accuracy  of  any  of  these  methods 
since  only  one  or  two  wing-like  built-up  structures  had  ever  been 
tested  to  determine  experimentally  their  deformation  influence  coef¬ 
ficients.  (As  a  matter  of  fact,  when  we  finally  got  around  to  testing, 
some  of  the  published  methods  turned  out  to  be  very  poor.) 

Hence,  to  those  of  us  deeply  involved  wiuh  the  aeroelasticity  of 
flight  control  it  was  vital  that  we  concern  ourselves  with  a  series  of 
topics  not  obviously  related  to  flight  control. 

I  list  some; 

1.  The  development  of  methods  for  the  experimental  determination 
of  structural  deformation  influence  coefficients  for  both 
unheated  structures  and  for  structures  under  steady  state 
and  transient  aerodynamic  heating. 

2.  The  derivation  of  aerodynamic  influence  operators  for  sub¬ 
sonic,  transonic,  supersonic  and  hypersonic  speed  ranges. 

3.  Theoretical  derivations  of  structural  influence  coefficients 

for  built-up  structures,  both  unheated  and  under  conditions 
of  aerodynamic  heating. 

From  time  to  time  I  have  seen  various  engineers  express  surprise  that 
a  topic  such  as  the  rib  and  spar  orientation  of  a  wing  or  its  thermal 
stress  pattern  should  be  of  any  concern  at  all  to  the  aerodynamic  stab¬ 
ility  and  control  analyst.  I  can  only  reply  that  it  would  be  imposs¬ 
ible  to  evaluate  the  flight  control  system  of  the  flexible  vehicle 
without  these  and  many  other  similar  items  of  information. 

Today's  and  tomorrow's  programs  contain  papers  presenting  some 
of  the  latest  outputs  of  these  examinations  of  aeroelastic  inputs. 

Dr.  Covert  will  present  a  dissertation  on  aerodynamic  operators  and 
influence  coefficients  and  Messrs.  Donato,  Batt,  and  Padlog  will 


extend  some  of  this  thinking  into  the  hypersonic  regime  where  non¬ 
linear  aerodynamics  of  lift  has  become  the  rule.  Mr.  Gallagher  will 
also  present  some  of  his  advanced  work  in  structural  operators. 

Thus  even  today,  we  cannot  say  that  the  basic  input  problems 
confronting  the  flight  control  aeroelastician  ten  years  ago  are  all 
solved.  We  can  say,  however,  that  these  are  largely  solved  and  this  is, 
in  itself,  a  fine  state  of  affairs.  Surveying  the  situation  in 
detail  we  find  that  most  of  the  aerodynamic,  thermodynamic  and  struc¬ 
tural  input  data,  so  obviously  lacking  a  decade  ago,  have  been  pub¬ 
lished.  Much  of  this  effort  was  performed  under  research  contracts 
sponsored  by  the  ASD  Flight  Control  Laboratory  and  a  large  part  of  this 
is  published  in  the  various  volumes  of  WADD  Technical  Reports  58-95  and 
58-378.  These  reports  constitute  a  readily  useable  text  and  manual  per¬ 
mitting  a  sophisticated  attack  by  even  a  relatively  junior  analyst. 

SECTION  III  FUTURE  AEROTHERMOELASTICITY 


Now  to  the  future,  there  are  several  areas  where  more  of  such  in¬ 
formation  is  needed.  Hypersonic  aeroelasticity  has  recently  been  studied 
and  this  topic  will  be  covered  in  the  paper  by  Messrs.  Donato,  Batt,  and 
Padlog.  1  am  sure  that  they  will  agree  that  basic  and  applied  research 
in  this  area  is  far  from  complete.  This  is  particularly  true  concerning 
analytical  approaches  to  the  problems  of  hypersonic  aerodynamic  operators 
and  the  prediction  of  structural  stiffnesses  of  severely  heated  and  therm¬ 
ally  stressed  structures.  Two  other  areas  where  work  is  needed  are  those 
connected  with  good  aerodynamic  inputs  due  to  nacelles  and  stores  and  a 
simple  closed  form  technique  for  making  low  cost  aeroelastic  models  from 
a  known  set  of  structural  influence  coefficients. 

Another  area  where  more  knowledge  might  prove  to  be  important  con¬ 
cerns  the  development  of  simple  comparators  whereby  an  appreciation  of 
aerot.hermoelastic  implications  in  the  basic  postulation  of  a  mission  or 
vehicle  requirement  may  be  obtained  at  an  early  stage  in  the  development 
of  the  vehicle.  As  a  result  of  a  recent  consultative  study  for  the  ASD 
Flight  Control  Laboratory,  it  has  become  apparent  that  many  decisions  which 
are  made  during  the  conceptual  stage  of  a  weapon  system's  evolution  can 
be  responsible  for  severe  aerotherraoeiastic  problems  which  become  evident 
at  a  much  later  date.  My  next  two  slides  are  presented  to  show  the  kind 
of  information  which  a  good  aeroelastic  comparator  for  early  design  might 
reveal.  I  must  apologize  here  for  a  deliberate  vagueness  regarding  these 
figures.  Their  ordinates  are  two  trial  comparators  which  we  called  the 
Nose  (or  Chordwise)  Divergence  Comparator  and  the  Wing  Divergence  Comparator. 
Time  does  not  allow  me  to  derive  the  algebraic  expressions  here  and  security 
restrictions  do  not  allow  me  to  present  any  numbers.  It  will  have  to  suf- 
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Figure  7 .  Nose  Divergence  Comparison 


fice  f;o  say  that  the  higher  the  value  of  the  comparator  the  greater  the 
chance  of  encountering  the  design  problems  Implied  by  the  name  of  the 
comparator  of  a  problem  related  to  this.  For  instance,  high  values  of 
the  Wing  Divergence  Comparator  mean  a  relatively  high  probability  of 
encountering  those  problems  associated  with  divergence  such  as  diverg¬ 
ence  itself,  large  aeroelastlcally  induced  Cj^  changes,  large  center  of 

Ot 

pressure  shifts,  etc.  Now  to  the  slides.  The  first  of  these  slides. 

Slide  6,  shows  a  Wing  Divergence  Comparator  plotted  vs.  Mach  number 
for  a  number  of  well  known  future  vehicle  systems.  Proprietary  restric¬ 
tions  prevent  me  from  identifying  the  contractors,  hence  the  vehicles 
themselves.  However  even  under  these  restrictions  we  can  learn  a 
number  of  things  from  these  comparisons.  We  observe  that  future  missions 
will  tend  to  be  aerothermoelastically  severe  from  Mach  1  to  about  Mach  4 
and  there  appears  to  be  ample  Justification  for  advanced  aerothermo- 
elastio  test  facilities  in  this  range.  Slide  6  shows  an  apparent 
marked  absence  of  problem  areas  at  Mach  numbers  higher  than  4.  This 
apparent  drop-off  in  severity  after  Mach  4  may  be  caused  by  the  limited 
amount  of  detailed  data  available  to  the  Flight  Control  Laboratory  on 
advanced  systems  similar  to  those  shown  here.  We  were  able  to  find 
more  data  for  the  comparison  of  nose  or  chordwise  divergence.  This 
comparator  is  shown  plotted  logarithmically  vs.  Mach  number  in  Slide  7. 
Here  we  see  that  some  vehicle  systems  do  tend  to  less  severe  compara¬ 
tor  values  with  increasing  Mach  numbers  as  indicated  on  the  previous 
slide,  while  others  tend  to  more  severe  values.  It  is  interesting  to 
note  that  these  two  trends  are  generally  indicative  of  two  very  dif¬ 
ferent  classes  of  mission.  The  curves  which  increase  with  increasing 
Mach  number  are  typical  of  the  class  of  usually  unmanned  flight  vehicles 
which  we  have  come  to  call  "Interceptors",  while  the  curves  which  de¬ 
crease  with  increasing  Mach  number  are  typical  of  what  we  have  come  to 
call  "flyers".  We  have  barely  scratched  the  surface  in  this  area  of 
aerothermoelastic  comparators  for  the  earliest  stages  of  design  and  a 
great  deal  of  creative  thought  is  required  here. 

Because  of  the  security  and  proprietary  restrictions  which  I  men¬ 
tioned  earlier,  this  slide  and  the  previous  slide  were  presented  more 
to  illustrate  the  kind  of  work  which  might  be  done  than  to  convey  specific 
Information , 

What  else  does  the  flight  control  aeroelastician  need  for  future 
vehicles?  I  feel  that  the  most  pressing  need  is  for  real  understanding 
or  feel  for  the  interplay  of  vehicle  flexibility  and  conventional  dy¬ 
namic  stability  and  response.  There  is  no  absolute  lack  of  analytical 
tools  here,  since  given  enough  computational  time  and  manpower  we  have 
the  technology  to  design  and  analyze  any  reasonable  configuration.  What 
appears  to  be  lacking  is  a  feel  for  trends.  If  I  consider,  say  a  Mach 
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3  transport,  is  my  automatic  control  system  likely  to  be  more  satis¬ 
factory  if  my  wing  torsion  is  below  fundamental  bending  or  vice  versa; 
what  is  the  effect  on  the  dynamic  flight  control  picture  of  the  stiffness 
loss  due  to  aerodynamic  heating,  etc.?  Some  recent  exploratory  efforts 
by  Computer  Engineering  Associates,  Systems  Technology,  Inc.  and  our 
organization  (all  sponsored  by  the  ASD  Flight  Control  Laboratory) 
have  been  very  illuminating.  There  is  much  more  to  be  learned  along 
these  lines. 

I  have  said  that  there  is  no  absolute  lack  of  analytical  tools  for 
the  flexible  vehicle  closed  loop  control  problem.  What  is  lacking, 
however,  is  formalization.  There  is  nowhere  documented  in  text  form 
the  systematic  approach  that  is  to  be  used  in  the  aeroservoelastic 
design  of  a  flexible  flight  vehicle.  Designs  are  currently  handled  on 
a  catch  as  catch  can  basis.  The  successful  manipulation  of  aeroelas- 
tically  caused  and  unwanted  bulges  in  a  Nyquist  locus  is  today  an  art, 
not  a  science.  The  successful  aeroservoelastic  design  of,  say,  a  multi¬ 
loop,  very  flexible,  long  slender  boosted  vehicle  frequently  contains 
lessons  which  are  new  c>nd  highly  instructive  to  even  the  most  experienced 
analyst.  What  is  clearly  required  is  a  formalization  of  aeroservoelastic 
design  techniques  so  that  these  problems  may  be  handled,  perhaps  not  by 
recent  graduates,  but  nevertheless  at  a  far  lower  academic  level  than 
is  required  to  cope  with  them  today.  I  cite  as  an  example  of  the  feasi¬ 
bility  of  such  a  formalization  the  published  formalization  of  static  and 
quasi-static  aeroelasticity  found  in  WADD  TR's  58-95  and  58-378. 

The  foregoing  is  not  meant  to  imply  that  the  design  of  a  flexible 
flight  vehicle  is  a  closed  subject  which  merely  needs  documentation. 

On  the  contrary,  even  though  the  need  for  formalization  of  existing  tech¬ 
nology  is  evident,  this  is,  perhaps,  one  of  our  most  fertile  fields  for 
ingenuity  and  the  inventive  approach.  Messrs.  Gregory  and  Davis  will 
explore  this  area  in  their  paper  later  today. 

Another  productive  area  for  applied  dynamic  aeroelasticity  research 
lies  in  creating  an  experimental  technology  whereby  a  flexible  model  of  a 
vehicle  can  be  flown  in  a  wind  tunnel  so  that  a  flight-test- like  evaluation 
of  its  dynamic  stability  and  load  characteristics  can  be  obtained  at  an 
early  stage  of  design.  The  model-  mounting,  similitude,  and  data  handling 
problems  arc  difficult  but  these  appear  to  be  surmountable.  Late  last  year 
the  Flight  Dynamics  and  Flight  Control  Laboratories  of  ASD  solicited  pro¬ 
posals  on  this  effort  and  my  associates  and  I  were  selected  to  perform 
the  study.  We  are  busily  engaged  in  this  work  at  present  and  I  am  happy 
to  report  that  our  early  technical  results  are  most  encouraging. 
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SECTION  IV 


SUMMARY 


To  summarize,  I  have  described  in  vastly  oversimplified  form  the 
static  and  dynamic  aeroelasticity  of  flight  control.  I  have  discussed 
the  progress  in  this  field  during  the  past  decade  and  I  have  very  briefly 
indicated  a  few  of  the  problems  which  remain  to  be  solved.  There  are 
others.  I  think  it  significant  that  whereas  the  bulk  of  flight  control 
aeroelasticity  research  of  the  past  decade  lay  in  static  and  quasi¬ 
static  aeroelasticity  the  bulk  of  the  coming  decade's  effort  appears 
to  lie  in  the  area  of  dynamic  aeroelasticity  as  it  affects  flight 
control.  I  sincerely  hope  that  these  efforts  are  at  least  as  successful 
as  our  work  of  the  past  decade. 
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APPENDIX  A 


SYSTEM  AEROELASTIC  COMPARATORS 


The  notion  of  a  comparator  has  been  discussed  in  the  text.  The 
derivations  and  comparators  presented  here  are  new  and  their  use  in 
system  and  mission  study  is  somewhat  experimental.  Interpretation 
should  be  made  with  caution  because  it  is  believed  that  there  is  room 
for  further  development  of  the  concept.  It  is  offered  here  as  a  prom¬ 
ising  tool  for  system  study  during  the  earliest  stages  of  aesign. 

1 .  Comparators  for  Static  Aeroelastic  Phenomena 

The  comparators  for  the  static  aeroelastic  phenomena  of  (a)  wing 
divergence  and  (b)  chordwise  or  nose  divergence  are  developed  from 
closed-form  formulations  by  manipulation  of  the  relevant  parameters  to 
yield  simple  but  physically  descriptive  expressions  which  will  be  high 
in  magnitude  for  severe  conditions  and  low  for  mild  conditions.  The 
intent  is  to  develop  a  comprehensive  parameter  made  up  of  vehicle  and 
flight  path  quantities,  said  parameter  having  high  values  for  high 
probability  of  a  serious  problem  and  low  values  for  low  probability  of 
a  serious  problem. 

a.  Wing  Divergence  Comparator 

A  comparator  for  wing  torsional  divergence  may  be  obtained  from 
the  direct  collocation  matrix  expression  for  the  divergence  of  a 


finite  wing, 


'  1*1*1  i«s] 


where  q’^  = 


C  e,  c  "b“  cosytq 
^Ref _ 


360 


The  matrix  I^aJ  ,  although  usually  found  from  a  long  matrix  equation, 


is  made  up  of  only  normalized  distributed  quantities  such  as 


L  '1...  ^  I 


The  divergence  eigen-value,  q  ,  is  made  up  of 


the  dynamic  pressure  q,  a  sweep  angle  function,  and  all  of  the  dimen¬ 
sional  "Reference"  quantities  used  to  normalize  the  components  of  the 
matrix  [[  A J  .  Some  experience  with  static  aeroe lasticity  makes  it 
clear  that  when  going  from  one  wing  to  another  most  of  the  change  in 
divergence  dynamic  pressure  comes  from  the  changes  in  magnitude  of  the 
components  of  q  .  The  distributive  type  changes  in  the  components  of 
[*]  ,  while  not  negligible,  are  almost  always  secondary  in  import¬ 
ance.  Therefore,  for  preliminary  comparisons  of  divergence  "proneness" 
of  a  vehicle  and  its  flight  path,  the  variations  in  [*]  are  ignored 
and  a  wing  divergence  comparator  is  developed  from  the  much  mere  sensi¬ 


tive  (and  more  easily  obtained)  q  .  Since  we  wish  to  operate  further 
•k 

on  q  to  get  the  simplest  meaningful  comparator  let  us  call  our  wing 

*  * 

divergence  comparator  D  =  q  .  Thus,  from  Equation  (1),  (replacing 


cos_A.  by  g(^^  )  for  generality) 


.g(-A.) 


Examining  D*  for  simplifications,  the  sweep  angle  function  g(_A.)  may 

/  -A-ea  \ 


be  crudely  approximated  by  ^1  -  ~Z7v 
range  is  from  1  at  -^ea  =  0  to  0  at 


■)  ^  y\~-  .  and  it. 

/ .  ^ea  ^  iso 


-X>A.  . 


However,  from  the 


This  is  strictly  true  only  for  pure  torsional  divergence  as  any  bend¬ 
ing  terms  in  W  will  be  multiplied  by  a  factor  of  b/£.  However,  going 
thru  essentially  the  same  type  of  reasoning  and  manipulations  that  we 
pf'rfom  here,  the  bending  expressions  reduce  to  a  comparator  identical 
to  the  one  we  will  get  here. 
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preliminary-prelimtnary  designers  viewpoint  sweep  angle  can  be  varied 
over  a  wide  range.  It  would  not  be  fair  to  penalize  (perhaps  severely) 
an  evaluation  of  a  mission  because  the  sweep  angle  of  one  of  the  early 
study  configurations  had  been  selected  by  a  designer  without  full  con¬ 
sideration  of  the  aeroelastic  ..onsequences .  This  angle  would  certainly 
be  changed  in  a  somewhat  later  phase  of  the  design  of  the  system. 

It  is  consistent,  then,  to  eliminate  sweep  angle  from  our  comparator. 
(Note  that  in  comparing  formal  contractor  proposals  which  were  to  lead 
to  a  contract  to  build  a  vehicle,  sweep  angle  would  most  certainly  be 
retained  in  a  comparator.) 

Although  might  be  known  to  some  of  the  submitting  contractors, 

experience  has  shown  that  to  this  date  it  is  seldom  obtainable  from 
their  System  Requirement  study  reports.  Moreover,  stiffness  being 
related  to  strength,  and  strength  being  dictated  by  mission  load  factor 
requirement,  this  latter  is  a  basic  parameter.  The  relationship  of 
to  load  factor  is  determined  by  the  following  reasoning.  The 
configuration  performing  its  maneuver  of  maximum  design  g's  will  have 


a  semispan  lift  of  n  W  ,  that  is,  half  the  inertial  loading,  the 

2  C 

2 

resultant  of  which  may  be  considered  to  act  at  approximately  1/3 


seraispan.  The  wing  root  moment  is  then  =  ^z^t^  . 

My 

related  to  bending  moment  by  f  =  _ l  so  that 

I 

M^  .y  n  W.b  t/2 

Roof'  z  t 


Stress  is 
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at  a  point  y^  along  the  body  axis  (c.g.  as  the  origin  of  y  coordinates) 


sure  of  the  nose  (c.p.)  with  respect  to  the  bending  deforimation  angle 
at  a  point  y 
is  given  hy 

CL. 


"N 


_M _ 

EI(y) 


dy 


Jw  = 


where  M  is  the  applied  aerodynamic  moment  and  e„  is  the  distance  from 

N 

the  nose  c.p.  to  the  c.g.  Replacing  M  by  an  equivalent  force  and 

moment  arm,  OL  becomes 
s 


a. 


F(ejj-y)dy 

EI(y) 


=  F 


y 


(ej^-y)dy 

EI(y) 


But  the  applied  force  is  F  =  (C,  q  S)  ,,  (X 

^  Nose 

which  is  our  nose  divergence  parameter, 


a 

OL 


s  = 


(Ct  q  s)„ 

'  ^  Nose 


Thus,  forming 


(ej^-y)dy 

ITcTT" 


Oi  s 


As  a  comparator,  high  values  will  give  the  indication  of  a  high 
probability  of  a  nose  or  chordwise  divergence  problem  or  a  high 
probability  of  an  aercelastic  effect  related  to  nose  or  chordwise 
divergence,  such  as  an  excess i-,e,  aeroe lastically- induced  canard- 
surface  .  The  integral,  for  comparator  purposes,  should  be 

—  UU 

evaluated  at  a  consistent  y^,  the  c.g.  being  the  most  logical  choice. 
Also,  for  most  configurations  EI(y)  does  not  change  drastically  with  y 
thereby  enabling  the  choice  of  a  typical  or  reference  value.  With 
these  assumptions,  the  integral  may  be  evaluated,  and  the  comparator 
becomes 


fror  one  configuration  to  the  next.  The  same  can  be  said  for  the  ratio 
E(t/c)Root  .  This  also  applies  to  |  ^^Ref  V 
^Root  \  ^^Rcot/ 


the  reference  choice 


being  consistent  from  one  configuration  to  anoth*?r.  Constants  like 
24  are  unnecessary  in  the  comparator.  Therefore,  should  bj 

replaced  by  =  "z'^t’^'^Root * 

Assembly  of  all  the  previous  comparator  logic  yields 

o  — 2u2 

C,  q  c  b 


D  = 


liL. 


n  W^bc_  ^ 
z  t  Root 


(3) 


Since  the  product  of  span  and  chord  is  proportional  to  wing  area  S, 
Equation  (3)  finally  becomes 


* 

D  = 


ii 


C  qS 
Lot  ^ 

n  W 
z  t 


(4) 


The  reader  is  directed  to  the  many  approximations  and  deliberate 
cancellations  which  have  occurred  on  the  previous  pages.  These  are  the 

wr 

"stuff"  of  which  comparators  are  made,  A  feeling  for  the  "ball-^ark" 
magnitudes  of  the  effects  in  question  is  sought,  not  specific  values 
of  these  effects  which,  at  so  early  a  design  stage,  are  impossible  even 
to  approximate  with  any  reasonable  degree  of  accuracy.  Regarding  this 
"ball-patk"  feel,  note  the  physical  interpretation  of  our  comparator 
(Equation  (4)).  The  numerator  is  total  lift  per  unit  angle  of  attack; 
in  other  word.s,  a  measure  of  the  deforming  forces  available  to  act  on 
the  system.  The  denominator,  before  it  was  transformed  thru  strength 
to  weight,  was  stiffness;  in  other  \/ords,  a  measure  of  the  deformation 
resisting  power  of  the  ariframe.  This  is  certainly  a  logical  result. 

b.  Nose  Divergence  Comparator 

A  nose  divergence  comparator  may  be  obtained  by  comparing  the 
angle  of  bending  deformation  of  a  vehicle  with  respect  to  an  input 
pitch  angle.  The  angle  of  bending  deformation  at  the  center  of  pres- 


2 


^^Nose 
2  EI„ 


^^Lai  ^^Nose^N 


Comparatively,  --^'^ ‘ ^ —  should  not  vary  by  magnitudes  from  one 
configuration  tc  t^I'^next,  and  may  be  eliminated.  This  yields  the 
final  form  of  the  comparator, 


* 

=  N  = 


^  ^^Nooe®N 


Although  approached  by  a  very  different  reasoning  process,  note 
the  similarity  to  the  wing  divergence  comparator,  D  . 

II ,  Comparators  for  Dynamic  Aeroelastic  Phenomena 
a .  Flutter  Comparator 

From  many  excellent  investigations  performed  by  NASA  and  ASD  , 
the  so  called  Regier  number  /  its  reciprocal  have 


proven  to  be  good  flutter  parameters.  However,  the  complexity  of  the 
flutter  problem  has,  so  far,  inhibited  the  development  of  a  simple  but 
meaningful  comparator,  involving  other  parameters  in  addition  to  those 
of  the  Regier  number.  Time  does  not  permit  a  complete  investigation  of 
the  flutter  equations  to  yield  the  desired  comparator;  therefore,  until 
such  parameter  is  developed,  it  is  suggested  that  the  Regier  number  be 
used  as  the  flutter  comparator,  or 


From  the  equations  of  mo^ion  of  a  booster  type  configuration  con¬ 
trolled  by  gimballed  thrust,  the  transfer  function  of  pitch  angle  to 
control  thrust  angle  was  derived  by  us  in  a  recent  report  as; 


365 


s 


T  T 

neglecting  aerodynamics.  Now  consider  a  rate  loop  such  as 


e 


For  G  =*  1/s  (crudely  typical  for  a  control  actuator),  then  the 
R 

around -the- loop  transfer  function  becomes 


T  I  /P|  c/x  / 


From  this  expression  it  may  be  seen  that  the  relationship  of 

I  to  /  4-  determines 


I  4-  Xt>  (/  fX,) 

Xt  a/*  c/x 

-  •  -1  J  . 


M^CO^  dx 


Xr  A/|  OX  .  C  Jff  A 

the  stability  whereas  the  gain  /  1" Xt  ^  T  r»(Xr)  o *ji I 

V  I,  / 

determines  the  degree  of  stability. 

Therefore,  since  the  configurations  we  will  consider  should  be  designed 
for  stability,  but  will  probably,  in  their  critical  conditions,  not 
be  excessively  stable,  it  is  the  degree  of  stability  which  becomes  our 
comparator .  Thus 


le  \ 


I 
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Since  the  sensor  slope  affects  stability  and  degree  of  stability  oppositely 
for  comparative  purposes  and  consistent  with  our  ccomparator  philosophy 

will  be  eliminated  and  the  final  form  of  the  comparator  is 
* 

A  =  _  _ 

This  comparator  is  proposed  for  cautious  further  exploration.  To 

ascertain  whether  it  is  a  meaningful  comparator  or  "false  prophet" 

will  require  considerable  further  investigation.  However,  it  does  have 

one  very  satisfying  property.  Namely,  if  we  were  to  list  those  variables 

the  increase  of  which  have  seemed  to  aggravate  our  booster  aeroservo- 

elastic  design  problems  and  form  them  into  a  numerator,  and  then  list 

those  variables  the  increase  of  which  have  seemed  to  alleviate  our 

aeroservoelastic  design  problems  and  form  them  into  a  denominator,  the 

* 

result  would  be  our  comparator  A  . 


dx 


r« 


A 
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9. 


REQUIRED  PARAMETERS 

In  order  to  assess  the  probable  degree  of  aeroelastic  severity 
of  past,  present  and  future  configurations  and  missions,  a  first  attempt 
at  the  development  of  suitable  comparators  has  been  presented.  This 
is  a  summary  of  the  input  information  necessary  for  numerical  compar¬ 
isons  . 

a.  Static  Aeroelastic  Comparators 

(Cj^  q  -  the  total  lift  of  the  wing  per  angle  of  attack 

n^  -  maximum  maneuver  g's  used  to  design  structure 


q  S) 


Nose 


N 

EI(y 


c.g.^Body 


-  total  weight  of  configuration 

-  wing  area 

-  total  lift  on  nose  per  angle  of  attack 

-  distance  between  nose  c.p,  and  configuration  c.g 

-  body  bending  stiffness  at  the  c.g. 


b. 


Dynamic  Aeroelastic  Comparators- 


m 


V  ^R 


mass  ratio  of  wing  -  cross-sectional  for 


CJot 

T  /U 


high  aspect  ratio  wing  generalized  mass  for 
low  AR  wing. 

wing  torsion  resonant  frequency 
autopilot-sensor  gain  (rate  loop) 
pitch  moment  of  inertia  of  configuration 
thrust  to  weight  ratio 

resonant  frequency  of  airframe  fundamental 
elastic  mode 

distance  from  c.g.  to  point  of  control  force 
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ABSTRACT 


The  problem  of  computing  the  pressures  on  an  aero¬ 
dynamic  surface  subject  to  a  smooth  distortion  is  discussed 
in  terms  of  linear  and  second  order  theories  and  an  empiri¬ 
cal  approach.  It  is  shown  that  the  linear  theory  is  valid 
only  for  very  slight  distortions.  The  empirical  procedure 
is  generally  accurate  to  within  5  percent  although  it  is  hard 
to  determine  the  limits  of  application.  The  second  order 
procedures  are  generally  more  accurate  and  appear  valid 
over  a  wide  range  of  Mach  numbers. 
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THE  AERODYNAMICS  OF  DISTORTED  SURFACES 


INTRODUCTION 

Before  discussing  the  aerodynamics  of  distorted  surfaces,  it 
will  be  worth  while  to  be  more  specific  about  the  material  to  be  covered. 
The  intention  is  to  consider  the  distortion  of  the  basic  surface  shape  as 
a  result  of  finite  loading  on  an  elastic  surface,  or  as  a  result  of  non- 
uniform  heating,  or  as  a  result  of  loss  of  strength  due  to  high  tem¬ 
perature.  In  particular,  the  problem  of  calculating  the  aerodynamic 
influence  of  these  distortions  will  be  discussed.  The  origin  of  this 
problem  can  best  be  illustrated  by  elementary  considerations.  The 
local  angle  of  attack  at  any  point  on  the  surface  can  be  made  up  of  the 
rigid  body  part  cCp  and  the  increment  due  to  distortion  A  ajj  .  Thus, 
the  total  local  angle  of  attack  can  be  written  as 


The  load  on  an  elemental  surface  can  be  written  as 


where  the  integration  is  over  the  region  infinitesimal  R,  of  interest. 
Here  Cp  can  be  regarded  as  an  operator  that  converts  the  angle  of 
attack  into  a  distributed  force.  Finally,  the  existence  of  a  structural 
operator  will  be  assumed,  and  will  be  denoted  by  A,  This  operator 
converts  the  load  into  a  local  increment  of  angle  of  attack,  thus, 

=  A(5L)  (3) 


By  substitution  from  Eq.  (2), 


AQ-j^  =  A  .  q^dS  Cp  (a'^)j 


=  A 


{'S' 
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As  long  as  Cp  is  a  smoothly  varying  function  of  the  angle,  the  operator 
can  be  expanded  as  a  MacLauren  series 


Ljq  [dSC  A/qj'dSC  A|q[, 


ac 

ds  ^ 


da  J  ‘  • 


in  which  it  is  assumed  that  the  higher  order  terms  are  smaller  than 
the  first  order  terms.  As  long  as  the  deflections  are  small,  the  elastic 
operator  is  linear,  so 

A»,,=A{q^dS  Cp  dS  •  '  '  <’> 


Note  that  we  have  assumed  the  area  is  unchanged  by  this  process. 
Equation  (7)  can  be  solved  to  give  an  approximation  to  A  O' , 


AAd  = 


M  ^  dS  Cp  (a^) 

-  r — 

'a  =  a. 


This  equation  shows  that  the  assun^ption  of  small  angles  may  not  be 
valid  at  all  times.  When  the  denominator  vanishes  A  O'!)  is  not  even 
defined.  This  corresponds  to  elastic  divergence.  If  the  expansion 
(Eq.  6)  included  second  order  terms,  the  equation  for  A  OTp  would  be 


1  -  q  A  \  dS  C 


2A(qydSCp(aj^))(qArdSCp 


q  A  \  dS  C 


(l.-qA\dSC^  ) 


I 


and  up  to  but  not  including  terms  of  third  order  would  be 


qACdSCfo-  )  fir  C 


qA\dS  C 


qA\dS  C 


Note  that  the  divergence  is  the  same  or  at  least  it  has  one  root  the  same 
as  before.  In  principle,  Eq.  (5)  can  always  be  solved  for  A 
no  matter  what  the  functional  dependence  of  CL  ;  but  at  divergence 
the  Eq.  (5)  is  valid  for  any  Aajj  .  Assuming  that  the  A  orj)  is  known, 
somehow,  then  the  value  for  the  change  in  pressure  coefficient  can 
be  found 


To  a  first  order  Eq.  (6)  gives 

9C 

AC  =  •w— S  Affn 
pda  D 


and  to  a  second  order 


9C 

AC  =  (  +  I 

p  da  Z 


If  desirable,  the  change  in  lift  and  pitching  moment,  or  any  other  aero- 

dynaraic  parameter,  can  be  calculated  from  ACjj.  When  the  first  order 

form  of  Eq.  (6)  is  valid  and  C  (a_)  =  C  then 

^  p  '  R'  p  R 


=C, 


a  qA  CdS  C 

1  r  Pa  ^  .)  Pa 


qA  \dSC 
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and 


This  linear  form  is  a  consequence  of  the  pressure  coefficient  assump¬ 
tions.  More  generally 

,A 

C  -  dS 

Pa  P 

-  qA  \ dSC 

J 

which  is  not  independent  of  angle  of  attack,  even  if  the  first  order  ex¬ 
pansion  of  Cp{oc)  is  valid.  During  the  remaining  discussion  the  problem 
of  calculating  6L  will  be  considered.  The  discussion  will  include  the 
application  of  linear  theory,  second  order  theory  and  a  semi-empirical 
method  of  calculation.  The  basic  outline  of  the  method  and  a  comparison 
with  data  will  be  presented.  Finally,  the  sever  techniques  will  be 
shown  to  be  related  by  use  of  a  more  general  perturbation  technique. 


ANALYSIS 


Classical  Linear  Theory 


The  pressure  coefficient  on  an  arbitrary  surface  immersed  in  a 
supersonic  stream  cannot  be  :;omputed  exactly  except  under  restricted 
conditions:  and  then  only  by  a  numerical  process  called  the  method 
of  characteristics.  When  the  surface  is  smooth,  relatively  plane  and 
not  inclined  at  too  large  an  angle  to  the  relative  wind,  it  is  possible  to 
simplify  the  basic  equations  and  reduce  the  problem  to  that  of  evaluating 
a  surface  integral .  Thi.s  orocedure  is  now  available  in  several  references.* 

49  * 

On  the  upper  surface  (z  =  0),  the  velocity  potential  for  the  perturbation 
velocity 


Sears,  Vol.6,  Princeton  Series 


Ferri,  A., 
Liepmann 


373 


BO  that 


C  =  -  2  ^ 

P  u 


CO 


The  load  on  an  elemental  area  is  6  L,  (positive  upwards) 


6L 


=~i-p  U*r  Cdxdy  =  p  U  C  <j)dxdy 

2  <»  “Ja  P  oooojj^^x 


(18b) 


(19) 


This  equation  can  be  integrated  with  respect  to  x  to  give,  for  a 
surface  of  width  6y, 


6L 


4>(Xjj,  y)  -  4)(>;j.,  y) 


dy 


(20) 


v/here  x^j  is  the  coordinate  of  the  leading  edge  of  the  element, x_  is 
the  coordinate  of  the  trailing  edge.  The  load  carried  at  element  B 
due  to  an  angle  of  attack  distribution  at  A  is  called  the  aerodynamic 
influence  coefficient  and  is  denoted 


K 


AB 


6L 


B 


a 


(21) 


Note  that  can  be  identically  zero  if  A  lies  outside  the  forward 
Mach  cone  of  B.  Finally, 


K 


AB 


J_ 
o , 


P  U 
00  00 


y 

6y 


dy 


(22) 


Consequently,  is  easy  to  compute  from  f  Lg. 

The  evaluation  of  Eq.  (20)  or  (22)  is  not  difficult,  though  tedius, 
once  the  value  of  the  potential  is  known.  However,  the  evalualiun  of 
Eq.  (17)  is  somewhat  more  difficult  for  the  general  case.  This  is 
particularly  true  for  the  class  of  problems  of  interest  here.  The 
6L  is  strongly  dependent  upon  the  surface  slope  in  the  forward 
Mach  cone  from  B  but,  since  the  problem  is  linear,  it  can  be 


resolved  by  superposition  .  Hence,  this  discussion  will  be  limited  to 
the  relative  effectiveness  of  the  techniques  of  determining  <j».  Unfortu¬ 
nately,  the  analytic  evaluation  of  Eq.  (17)  is  only  available  for  a  few 
cases.  Consequently,  the  numerical  procedures  must  be  worked  out. 

One  such  procedure  lias  been  given  by  Etkin  (Ref.  1).  This  method 
provides  a  rigorous  procedure,  based  upon  linear  theory,  for  computing 
tlie  pressure  distribution  and  influence  coefficients.  The  potential  is 
calculated  by  me  ms  of  an  integration  matrix  which  is  based  upon  the 
assumption  that  the  angle  of  attack  is  constant  over  the  integration 
clement.  Etkin  compares  the  results  obtained  with  his  procedure  with 
such  exact  solutions  as  were  available.  In  particular,  for  a  delta  wing 
(Mq  =  2,A  =  30”)  with  supersonic  leading  edges  the  maximum  difference 
between  his  results  and  the  results  from  conical  flow  theory  were  less 
than  one  percent. 

Figure  1  shows  a  delta  wing  with  Mq  =  >\F1  •  The  pressure 
coefficient  is  shown  for  two  positions  in  this  figure  and  is  compared 
with  e.xact  solutions  of  the  same  camber  in  the  case  of  linear  theory. 
Again,  the  agreement  is  good,  being  better  than  two  percent.  It  may 
be  concluded  that  the  integration  procedure  p  oposed  by  Etkin  is  valid 
representation  of  the  linear  theory.  See  Figure  2. 

2.  Classical  Linear  Theory  and  Higher  Order  Theories* 

A  practical  method  of  calculating  the  linea.r  theory  pressure  dis¬ 
tribution  on  an  arbitrary  wing  was  discussed  above.  Since  this  method 
depends 


^  If  w  is  a  Dirac  function  inside  the  forward  cone  and  zero  outside  the 
cone  from  B 


(y-TiA)' 


per  radian 


P  U 
00  00 


f  [*/fx.fv)-e;)2^ 


X'-  •  w 


v-n  .  )2 

'•  -b' 


[x_(Y)-^  .12- 
•  1  ■ 


if  (x-|)=^>/32(y-q)  = 
if  (x-^)^  <  ^(y-r|f 


This  expression  can  be  substituted  in  Eq.  (22). 

*  The  material  in  this  section  is  based  upon  the  Princeton  University 
Press  Aeronautical  Paperback,  Higher  Approximations  in  Aerodynamic 
Theory,  M.  J.  Lighthill  (Vol.  VI,  Div.  E  of  the  series  High  Speed  Aero- 
dynamics  and  Jet  Propulsion,  1957). 
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upon  an  approximate  set  of  equations,  it  is  reasonable  to  seek  more 
exact  solutions  and  attempt  to  prescribe  the  acceptable  error.  The 
linearized  set  of  equations  neglect  three  effects:  the  variable  speed 
of  sound,  the  variation  in  convection  and  the  influence  of  shock  waves. 
By  a  study  of  the  supersonic  flow  past  wedges  and  around  sharp  two- 
dimensional  corners,  it  is  found  that  the  effects  of  the  shock  waves 
can  be  neglected.  Part  of  the  reason  for  this  can  be  shown  in  terms 
of  the  specific  entropy  rise  across  a  shock  just  strong  enough  to  turn 
the  flow  through  an  angle  0.  This  entropy  rise  is  approximately 


Secondly,  it  can  be  shown  that  the  pressure  and  angle  relation  involves 
the  product  of  change  in  pressure  (or  angle)  and  S,  while  the  changes 
in  density,  velocity  and  Mach  number  are  proportional  to  S.  Finally, 
the  shock  wave  is  an  effective  absorber  of  weak  sound  waves  so  that 
any  propagation  oat  to  the  shock  is  hardly  reflected.  The  last  effect 
has  the  consequence  of  allowing  the  flow  to  be  approximated  by  simple 
wave  or  Prandtl-Meyer  Theory.  Figure  3(Fig.E.,  3f  from  Lighthill) 
shows  a  comparison  of  simple  wave  theory,  linear  theory  (Ackeret) 
and  second  order  theory,  Busemann,  with  the  exact  oblique  shock 
results.  Note  that  linear  theory  (Cp  “ generally  10  percent 

in  error  at  the  value  of  0  =  4®  .  Second  order  theory  is  equally 
accurate  up  to  0  =  12*.  Figure  4  (Fig.  E  3g  from  Lighthill)  shows 
a  similar  plot  for  the  expansion  side  and  the  limits  are  about  the  same. 
Note  that  the  linear  theory  under  estimates  the  pressure  on  the  com¬ 
pression  side  and  over  estimates  on  the  suction  side  by  about  the  same 
amount.  This  fortuitous  circumstance  accounts  for  the  success  that 
linear  theory  has  achieved  in  predicting  lift  and  drag  and  indicates 
why  the  moment  is  not  predicted  correctly. 

The  Busemann  second  order  theory  is  a  result  from  an  expansion 
in  the  form 


20  . 


2)^  +  Y 

00 


+  0  (8' 


If  these  two  terms  are  a  good  approximation,  then  it  may  be  assumed 
that  the  effects  of  the  variable  sound  speed  and  convection  are  included 
in  the  analysis  to  some  extent.  A  comparison  with  the  exact  results 
given  in  Figs.  3  and  4  indicate  this  to  be  the  case.  It  can  be  shown 
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Figure  3.  Comparison  of  exact  and  approximate  calculations 
on  compression  side. 

(Figure  E  3f  of  H^her  Approximations  in  Aerodynamic 
Theory  by  M.  J.  Lighthill  -  Vol.  VI,  Div.  E  of  the 
series  High  Speed  Aerocfynamics  and  Jet  Propulsion, 
1957) 
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Comparison  of  exact  and  approximate  calculations 
on  expansion  side 

(Figure  E  3g  of  Higher  Approximations  in  Aerodynamic 
Theory  by  M,  J.  Lighthill  -  Vol.  VI,  Div.  E  of  the 
series  Speed  Aerodynamics  and  Jet  Propulsion, 


(cf  Liglithill  ,p.  19)  that  if  the  first  perturbation  (4>)  is  governed  by 


yz  <|,j  _  =  0  (25) 

the  second  approximation  for  the  potential  (<j)2  )  is  the  solution  of 

4-2  =  (y-1)M2  (j.1^  V"  <1)1  +2M2^V<|.i  .V4,,^  (26) 


The  4)i  corresponds  to  Busemann' s  first  term  and  <j)2  corresponds  to 
Busemann' s  second  term.  The  first  term  on  the  right-hand  side  of 
Eq.  (26)  allows  for  the  variation  in  sound  speed  and  the  second  term 
allows  for  the  convection.  Note  in  passing  that  a  similar  second  order 
theory  has  been  worked  out  for  bodies  of  revolution  by  M.D.  Van  Dyke 
(Ref.  2). 

As  long  as  the  flow  is  two-dimensional,  as  it  is  in  many  cases, 
the  fact  that  the  shock  nearly  absorbs  the  outgoing  waves  allows  the 
use  of  "Shock-Expansion  Theory"  of  Eggers  and  Syvertson  (Ref.  3). 

In  this  theory  (which  presents  the  proof  of  the  extension  of  Epstein' s 
original  Shock-Expansion  Theory)  it  is  possible  to  go  to  somewhat 
higher  Mach  numbers  than  is  the  case  of  the  second  order  theories. 

The  primary  reason  for  the  success  of  the  second  order  and 
shock-expansion  theories  seems  to  be  that  the  first  two  types  of  non- 
linearities  are  included;  the  variable  speed  of  sound  and  the  variable 
convection  process.  Hence,  it  is  of  interest  to  consider  the  possibilities 
for  second  order  theories  of  planar  surfaces  that  will  preclucie  the  re¬ 
striction  to  small  angles  that  is  necessitated  by  the  use  of  linear  theories. 
Beane  (Ref. 4)  has  used  a  result  of  Landahl  (Ref.  5)  to  compute  a  second 
order  correction,  valid  for  moderately  high  Mach  number,  in  a  similar 
application  (Ref  6).  In  this  calculation,  the  distortions  are  represented 
by  classical  linear  theory  and  an  interference  potential  is  calculated 
for  the  distorted  potential  and  the  pressure  distribution  on  the  undistorted 
surface.  Hence,  this  theory  requires  a  knowledge  of  the  exact  pressure 
distribution  on  the  undistorted  wing  from  either  experimental  or  theoret¬ 
ical  results.  This  theory  reduces  to  just  integration  and  while  it  has  not 
been  reduced  to  the  form  of  calculating  influence  coefficients,  there  is 
no  theoretical  restriction.  Further,  since  this  method  is  based  upon 
the  exact  pressure  distribution  at  zero  distortion  through  the  pressure 
coefficient,  it  would  seem  applicable  to  airfoils  having  blunt  leading 
edges . 

A  final  possibility  would  be  that  of  linearizing  the  basic  equations 
about  the  undistorted  flow.  This  process  is  easy  to  carry  out  and 
contains  ail  the  elements  that  would  seem  to  be  necessary;  the  variable 
sound  speed  and  variable  convection  are  included  in  terms  of  the  basic 
flow.  This  equation  has  variable  coefficients  and  cannot  generally  be 
solved.  However,  to  a  first  approximation,  when  wavelengths  of  the 
distortions  are  much  shorter  than  the  characteristic  length  of  the  basic 
flow,  the  form  of  the  solution  is  identical  with  that  given  in  Eq.  (17)  and 
(20).  In  this  use  of  Eq.(17)  and  (20),  it  should  be  recalled  that  (a)  )3  is  now 
based  upon  local  Mach  number  and  integration  is  bounded  by  the  variable 
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Mach  lines  and  (b)  the  C  is  based  on  a  local  q  and  must  therefore  be 
irmltiplied  by  (q/q,^). 

The  details  for  this  approximation  are  given  in  the  appendix. 


3 .  Comparison  with  Experiment 

Up  to  present  the  discussion  has  centered  upon  the  development 
of  a  numerical  procedure  that  is  applicable  to  arbitrary  wings.  The 
limitations  of  linear  theory  were  discussed  in  light  of  higher  order 
theory  and  Beane's  second  order  method  was  outlined.  Since  this 
method  requires  the  use  of  linear  theory,  it  follows  that  Etkin' s 
numerical  procedure  can  be  used  here  also.  In  this  section,  the  linear 
and  second  order  theories  will  be  compared  with  experimental  data. 
First,  the  comparison  with  linear  theory  and  experiment  will  be  dis¬ 
cussed  briefly,  then  the  distorted  wings  will  be  compared  with  the  data. 

Frick  (Ref.  7)  has  presented  a  detailed  comparison  of  the  linear 
theory  with  experimental  data.  He  finds,  generally,  that  the  linear 
theory  is  in  best  agreement  when  the  leading  edge  is  sharp  enough  for 
the  shock  to  be  attached.  Further,  the  agreement  is  generally  improved 
as  the  airfoil  is  thinner.  As  a  rule,  the  calculated  value  for  Cj_,  and 
CL  are  within  five  percent  of  the  measured  value  for  reasonable  air¬ 
foils.  The  pitching  moment  is  not  this  well  represented.  The  distribu¬ 
tion  of  the  theoretical  is  in  qualitative  agreement  with  the  measured 
CL  except  at  places  where  the  characteristic  line  (i.e.,  at  wing-tip  or 
wng-body  junction)  differs  markedly  from  the  free-stream  character¬ 
istic.  This  point  is  mentioned  in  Appendix  A  in  connection  with  the 
use  of  the  more  exact  characteristics. 

Generally,  the  use  of  the  second  order  theory  on  thin  wings  and 
bodies  improves  the  agreement  with  the  experiment  to  the  point  where 
it  can  be  argued  that  the  data  is  more  likely  to  be  in  error  than  the 
calculation.  The  use  of  shock- expans  ion  theory  also  gives  good  results 
up  to  high  Mach  numbers,  as  is  well  known  (Ref.  8). 

The  data  on  distorted  surfaces  is  quite  limited,  the  most  recent 
tabulation  by  Mr.  F.S.  Thomas  of  ASD  was  made  available  by  Mr.  H. 
Max  Davis,  This  data  is  given  in  Table  1. 

Peterson  (Ref.  9)  has  compared  the  data  from  a  rectangular 
wing  having  a  lexagonal  cross  section  with  calculations  based  on 
shock-expansion  technique  and  finds  better  agreement  both  in  level 
and  m  trend  than  with  calculations  based  on  linear  theory  (J?'igs.  b  and  b) . 
He  used  the  local  linearization  to  estimate  the  effects  at  the  tip  and, 
in  complete  agreement  with  Frick's  assertion,  finds  the  local  charac¬ 
teristic  or  Mach  line  to  be  more  effective  in  predicting  the  location  of 
the  jump  in  pressure  at  the  tip  Mach  line. 

Etkin's  procedure  has  been  used  by  North  American  Aviation  to 
estimate  the  effect  of  conical  camber.  This  is  the  classical  linear 
theory  and,  as  was  indicated  above,  is  generally  within  five  percent  of 
the  experimental  results  (in  agreement  with  Etkin's  original  conjecture). 
In  this  application  the  wings  were  tested  at  a  high  enough  Mach  number 
that  the  leading  edges  were  not  transonic. 


TABLE  1 


TABLE  1  (Conf  d) 


TABLE  1  (Coni' d) 


RENlyVRKS  TWIST  CAMBER 


iiACM  miMniR  utiitoo 
UCMf)Cn  •AIA’OII  MCTItOO 


Figure  5, 


o 

o 


TOP  VRrACC 
fWrtOM  tvn'ACC 


tTrCNIUCNIAl 


Comparison  of  approximate  results  with  experimental 
results  -  hexagonal  profile  mid-span 


UACH  uriMOO 

siiNnrM.Amroii.  Mtt»«oo 


Figure  6 


O 

o 


ICK*  'i 

80lf()M  SIMMACtJ 


tyPfOtWfNtAl 


Comparison  of  approximate  results  with  ex^jerimental 
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An  empirical  method  was  worked  by  Zisfein (Ref.lO) .  This 
procedure  is  based  upon  lii^ear  theory  and  a  set  of  correction  elements. 
These  correction  elements  are  based  upon  the  ratio  of  the  experimental 
load  distribution  to  the  theoretical  load  distribution  for  the  case  of  no 
twist.  This  ratio  is  assumed  to  be  a  universal  function.  C.  Bartlett  of 
the  Aerophysics  Lab.,  M.I.T.  has  used  the  data  given  in  NASA  TN-D-5Z8 
to  test  this  particular  assumption.  The  results  are  shown  in  Fig.  7  for 
three  kinds  of  twist.  Further,  Zisfein's  correction  is  based  upon  a 
five  percent  airfoil.  Consequently,  it  may  be  expected  that  the  use  of 
his  simple  approximation  might  be  limited  to  wings  having  only  a  few 
percent  difference  in  thickness.  Zisfein  was  able  to  overcome  this 
difficulty  by  using  the  data  for  the  untwisted  wing,  and  comparing  it 
with  linear  theory.  This  results  in  a  correction  matrix  denoted  by 
Lfl  .  It  is  assumed  that  the  distorted  surface  can  be  represented  by 
a  fifth  order  polynomial. 

Each  term  of  the  polynomial  is  substituted  into  the  classical 
linear  theory,  the  integrations  are  carried  out  and  the  resultant  matrix 
is  multiplied  by  [f]  to  construct  the  load  influence  matrix.  There  is 
here,  at  least,  a  superficial  resemblance  to  Beane's  method.  However, 
the  Lfl  matrix  does  not  include  the  interference  potential  and  its  use  is 
consequently  restricted.  Figure  8  shows  a  comparison  of  the  spanwise 
load  distribution  computed  by  Zisfein's  method  with  the  data  taken  by 
Durgin.  While  the  general  trend  is  predicted,  the  absolute  values 
differ  by  about  five  percent.  The  Zisfein  procedure  may  be  used  when 
shock-expansion  is  not  valid.  On  the  other  hand,  the  application  of 
Beane's  method  tends  to  give  an  improvement  over  classical  linear 
theory  as  shown  in  Figs,  9  and  10. 


Extension  to  Higher  Mach  Numbers 


In  the  usual  derivation  of  the  classical  linear  theory,  it  is  assumed 
that  the  product  of  the  local  Mach  number  and  the  slope  is  small,  i.e., 

M  0  <  <  1,  However,  as  the  Mach  number  increases,  this  requirement 
becomes  increasingly  severe.  Referring  again  to  Figs. 3  and  4,  it  is 
seen  that  to  keep  the  linear  theory  error  less  than  five  percent  that 
M9  .  1.  At  higher  Mach  numbers,  the  second  order  theory  begins  to 
diverge.  However,  the  use  of  shock-expansion  theory  is  still  valid  in 
the  two-dimensional  regions.  The  use  of  a  basic  flow  field,  a  linear 
disturbance  and  the  interference  as  proposed  by  Landal,  Drougge  and 
Beane  can  be  shown  to  be  valid  up  to  Mach  numbers  of  at  least  five. 
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Figure  8,  Comparison  of  measured  spanwise  loading  and  that  calculated 
by  a  semi-  empirical  procedure 
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Figure  10.  Comparison  of  measured  loading  and  that  calculated  by- 
second  order  theory  (curve  (a)  from  Elliott  D.  Katzen, 
"Limitations  of  Linear  Theory  in  Predicting  the  Pressure 
Distribution  on  Triangular  Wings,"  JAS  ,  July  1955,  p515) 


CONCLUSION 


The  distributed  loads  on  distorted  aerodynamic  surfaces  can 
generally  be  calculated  to  within  five  percent  when  the  value  of  the 
product  of  the  slope  and  the  Mach  number  is  less  than  0.1.  The  error 
is  less  than  ten  percent  when  this  product  is  less  than  about  0.?.5. 

This  holds  for  a  rapidly  varying  small  camber  or  more  slowly  varying 
sharper  camber  as  would  be  expected. 

If  a  higher  degree  of  accuracy  is  required,  then  one  of  two 
more  accuratv'.  procedures  is  recommended.  The  first  is  that  due  to 
Beane,  and  the  second  involves  the  use  of  shock-expansion  theory  along 
the  proper  streamline. 

Any  other  procedure,  to  provide  a  higher  degree  of  accuracyj 
must  account  for  the  variation  in  the  speed  of  sound  and  the  non-uniiorm 
convection.  The  development  of  empirical  procedures  suck  as  Zisfein's 
should  account  for  these  effects. 

In  a  summary,  it  is  concluded  that: 

1.  As  long  as  the  wing  is  essentially  two-dimensional  and  if 
the  thickness  ratio  is  less  than  three  percent  and  the  angle 
of  attack  is  less  than  five  degrees,  then  linear  theory  agrees 
well  with  experiment  at  M^o  ^ 

2.  For  thicker  wings  at  moderate  Mach  number  and  angles 

of  attack,  if  the  perturbation  velocity  due  to  angle  of  attack 
(or  camber)  is  added  to  the  basic  velocity  and  then  the  local 
pressure  is  computed,  the  agreement  between  theory  and 
experiment  is  good  as  long  as  the  flow  does  not  separate 
and  the  leading  edge  is  not  sonic  or  blunted. 

3.  At  higher  Mach  numbers,  the  second  order  interference 
velocity  must  be  included  in  the  pressure. 

4.  Whenever  the  streamlines  can  be  estimated,,  shock  ex¬ 
pansion  theory  provides  results  that  agree  well  with 
measurement. 

5.  Since  the  second  order  theory  and  shock-expansion  pro¬ 
cedures  both  include  the  non-linear  effects  of 

a)  variable  convection  and 

b)  variable  sound  speeds, 

it  is  concluded  that  any  procedure  can  be  expected  to  give 
good  agreement  with  calculation  and  measurements  if  it 
includes  these  two  effects. 

6.  Since  one  consequence  of  the  non-linearities  is  the  change 
in  shape  of  the  Mach  lines,  it  seems  that  the  suggestions  in 
paragraph  5  represent  adoption  of  Whitham's  hypothesis. 
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The  results  presented  based  on  the  use  of  local  Mach 
nunnber  tend  to  agree  with  results  based  on  the  use  of 
shock-expansion,  which  lend  credence  to  this  assertion. 

7,  Consequently,  Zisfein's  empirical  procedure  would 
produce  satisfactory  results  as  long  as  the  correction 
matrix  is  based  upon  a  wing  with  a  thickness  distribution 
that  is  similar  to  the  wing  under  consideration. 

8.  For  detailed  application  at  moderate  Mach  number, 
either  the  procedure  given  in  paragraph  2  or  paragraph  7 
seems  adequate.  Since  a  sound  numerical  procedure  is 
now  available  for  the  use  with  linear  theory,  either  method 
can  be  done  with  automatic  computing.  The  method  of 
paragraph  7  does  not  seem  to  be  excluded  from  the  upper 
transonic  range. 

The  most  serious  limitations  on  the  less  empirical  procedures 

are: 

1.  Limitations  in  strongly  three  dimensional  regions. 

2.  Limitations  in  the  upper  transonic  speed  range. 

3.  Limitations  caused  by  premature  boundary  layer 
separation  and  rolling  up  of  vorticity. 

4.  Limitations  due  to  secondary  boundary  potential  flow 
interaction,  this  interaction  is  expected  in  variable 
pressure  gradients,  for  example. 
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APPENDIX  A 


The  basic  laws  that  govern  the  motion  of  a  perfect  inviscid, 
non-conducting  gas  can  be  written  in  terms  of  conservation  of  mass, 
momentum  and  energy.  These  equations  involve  the  six  unknowns; 
velocity,  V.  pressure,  p,  density,  p  and  entropy,  S.  The  latter 
three  variebles  are  called  thermodynamic  variables  and  are  related 
by  a  state  equation.  For  a  perfect  gas  this  may  be  written  as 


P  = 


R  p  e 


(A-1) 


Corresponding  with  the  more  common  expression 

p  =  pRT  (A- la) 

These  two  equations  can  be  used  to  compute  the  local  speed  of  sound 
from  its  definition 

=  V(p/p)  =  YRT  (A- 2) 


The  local  speed  of  sound  can  also  be  related  to  the  conditions  at  infinity 
on  the  same  streamline,  by  the  formula 


a^  +  ^  -1  ^  v^  =  a^  +  v^ 

00  2  00  2 


(A- 3) 


where  the  left  hand  side  of  this  equation  may  vary  from  streamline  to 
streamline . 

Further,  it  is  easy  to  eliminate  variables  and  reduce  the  three 
conservation  laws  to  the  form 


div  V  -  ■■  =  0 


(A- 4) 


The  basic  conservation  laws  that  are  assumed  to  apply  in  the 


field  of  fluid  mechanics  are: 


1.  Conservation  of  mass 


dlv  p  V  =  0 


2.  Conservation  of  n  omentum 


P  J  (v  .  V )  V  J  =~V  p 


3.  Conservation  of  energy 


p  V  .  V  S  =  0 


in  an  inviscid,  non-conducting  fluid. 
Equation  (1)  can  be  written 


V  .  (V  X )  +  div  V  =  0 


if  X  =  Inp 


The  existence  of  a  thermodynamic  state  equation  allows  the  pressure 
gradient  (V  p)  to  be  computed  as 


VP  =  l?)3Vp.|i)  vs 


Thus,  the  law  of  conservation  of  momentum  becomes 


(7.  V)v  =-|e]  vx^ll)  vs 


Multiplying  by  (v.) 


V)  V 


-|?)3V.Vx 


and  substituting 


div  V  - 


=  0 


This  equation  is  valid  throughout  the  flow  field  except  at  shock  waves 
where  the  proper  jump  conditions  must  be  accounted  for. 

Suppose,  now,  that  the  basic  surface  gives  rise  to  a  velocity 
field  v^  which  satisfies  the  equation 


div  V,  - 

D 


'^b  •  % 


=  0 


(A- 5) 


The  positive  x  axis  is  in  the  downstream  direction,  y  is  in  the  span- 
wise  direction  and  z  is  positive  upwards,  forming  a  rectangular, 
right  handed  coordinate  system  whose  origin  is  at  the  leading  edge, 
hence,  for  a  wing-like  or  planar  surface  the  velocity  vector 

^b  =  +  ^b  '"b^ 


lias  a  much  larger  longitudinal  part  (u^)  than  transverse  part. 

The  perturbed  surface  will  give  rise  to  the  velocity  Vj  ,  which 
is  a  solution  to  the  equation. 


div  vj  — 


Vh  •  (V.  .  V)vi 


^b 


2  VI  .  (vj^  .  V)vj^  2ai 

+  — . —  div  V,  i  =  0 


^b 


ab 


{A-7) 


The  energy  equation  gives  aj  ~  (y-i)  M,  v  .  i  hence,  the 
perturbation  term  for  the  speed  of  sound  adds 


(div  v^)vj  ? 


-(y-1)  m. 
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If  it  is  assumed  that  the  perturbation  velocity  is  irrotational,  then 


V,  =  -  V  4) 


(A- 8) 


and,  after  using  the  magnitude  arguments  for  a  planar  surface  the 
equation  for  the  perturbation  becomes 


M  9v 

(1-Mh  (},  +4)  +4.  _  2  -— +  (y-1)  (  V  .  V  )  i  .  V  4>  =  0 

b'  ^xx  yy  ^zz  a^^  9x  b'  ^ 


(A-9) 


The  basic  surface  is  described  by  the  equations 


f,  (x,  y,  z)  =  0 


(A- 10) 


and  the  perturbation  from  the  total  surface  is  assumed  to  have  the  form 
c  fj  (x,  y,  z)  so  the  total  perturbed  body  is  described  by 


f(x,  y,  z)  =  (x,  y,  z)  +  €  f  j  (x,  y,  z)  =  0 


The  function  f  j  is  chosen  to  be  of  the  order  of  f,  ,  hence,  e  represents 
the  fractional  change  coordinate. 

The  boundary  conditions  require  that  the  perturbations  vanish 
at  the  leading  edge  shock  and  the  normal  velocity  components  vanish  at 
the  surface;  for  the  approximation  the  surface  conditions  will  be  satisfied 
at  zero. 


n  n, 

,  ly  bx 

4)  =  u,  €  — i - 

y  b  ? 

"by 


(A- 11) 


n.  „  n, 

,  1  z  bx 

4,  =  uoe  - 

"  2 

%z 


= 


(A- 12) 
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where  is  the  basic  normal  vector  and  nj  is  the  perturbation  normal, 
^hese  c_2nditions  are  satisfied  in  the  mean  plane.  The  definitions  of 
nj^  and  nj  are  given  in  Appendix  B.  Note  in  passing  that 


n  n 

X  X 

V.  =  U,  -  ,  W,  =  u  - 

b  b  n  b  bn 

y  z 


(A-13) 


Note  alpo  that  if  vjj  is  the  uniform  external  stream,  then  Eq.  (9) 
reduces  t''  the  usual  perturbation  equation.  The  extra  term  on  the  left 
hand  side  of  Eq.  (9)  is  related  to  the  usual  second  order  terms  (of 
Lighthill,  M.J.,  ;  Higher  Approximations  in  Aerodynamic  Theory; 
Princeton  Aeronautical  Paperbacks;  Princeton  University  Press,  I960, 
Eq.  2-14;  p.  19) 

In  this  connection,  the  more  common  second  order  equation 
generally  has  the  straight  characteristics  associated  with  Mqo  rather 
than  the  local  Mach  number.  If  one  takes  the  value  of  Vj^  in  (A-9)  to 
be  the  first  order  value  and  the  Mach  number  is  taken  as  the  free  stream 
value  then  this  equation  reduces  to  that  used  by  Landahl  (Ref.  5). 

The  solution  to  Eq.  (9),  subject  to  the  boundary  conditions  (11) 
and  (12)  is,  generally,  difficult  to  obtain.  However,  certain  approxi¬ 
mations  can  be  made  which  will  allow  solutions  under  restricted 
circumstances.  First  assume  that  the  primary  variations  in  Mjj  and 
( (vjj  .  V)  v^j/a^j^)  are  in  the  x  direction  and  secondly  ctssume  these 
variations  are  much  more  gradual  than  the  variations  in  <}>. 

Let 


(V+i) 


then  Eq.  (9)  becomes 


—  /3^  (b  +4*  4*  — k4>  =  0 

^  ^xx  ^yy  zz  ^x 


(A- 14) 


It  can  be  shown  by  direct  substitution  that  if 


(A- 15) 
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the  approximate  equation  becomes  (  if  0) 


(A- 16) 


This  equation  is  the  two-dimensional  form  of  the  Kleln-Gordon  Equation 
which  has  the  singular  outgoing  solution 


l(a,-p)J»(k>/fI^)dl 


t  . . 

P  (y-Ti)^  +  (z-<t>)^  j 


_  2^  r  lUi-PNiiK 

^  L  VI^ 


p*  “  +(z-<|>)^  j  ;  ^  (A- 17) 


and  approximately 


l(x-e)2  -0M(y-ti)*  +(z-<l>)M 


(x-^)*-p^  j^ly-Tl)*  +(z-«l>)^] 


(A- 18) 


So  the  rapidly  varying  perturbation  approximate  singular  solution  <})g  is 


Mx-I) 


^^2 


(A- 19) 


where  R  =  (y-'n)^  +  j 


(A-  20) 
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Hence  the  potential  is 


<j»(x,y.  0)  = W(j)g  (x,y,0)  dS 


(A- 21) 


where  w  denotes  the  velocity  at  the  wing  surface.  Note  that  \-^0 
this  reduces  to  the  usual  solution.  When  x  is  very  small,  the  primary 
contribution  is  from  the  part  of  413  nearest  to  the  equal  sign.  Since 


X-v-EyV  lnpS_.^  |£ 


(A- 22) 


X  is  generally  quite  small.  The  real  effect  then  is  that  of  changing  the 
characteristics  to  a  curvilinear  system.  This  is  an  approximation  to 
Whitham' s  conjecture  (cf  Llghthill  loc  cit p,  85)  that  states  that  ,  The 
small  perturbation  theory  gives  a  correct  first  approximation  throughout 
the  flow,  provided  that  the  value  which  it  predicts  for  any  physical 
quantity.  .  .  is  interpreted  as  the  value,  at  that  radial  distance  from  the 
axis,  on  the  exact  Mach  line  which  points  downstream  from  the  same 
point.” 

A  similar  point  has  been  presented  by  Frick  in  discussing  the 
effects  of  the  body-root  junction.  He  pointed  out  that  the  jump  in  the 
slope  of  the  pressure  distribution  fell  on  the  local  Mach  line,  not 
the  linearized  line.  He  also  shows  evidence  that  linear  theory  agrees 
with  experiment  better  when  the  wings  are  thinner.  It  is  inferred  that 
aa  the  wing  is  thinner  the  characteristics  approach  the  linear  characteristics. 
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ABSTRACT 


The  effect  of  hypersonic  aerodynamic  nonlinearities 
on  static  aeroelastic  equilibrium  solutions  and  the  con¬ 
comitant  stability  and  control  derivatives  are  presented. 
The  classical  two-dimensional  aeroelastic  model  is 
initially  studied  and  the  results  extended  to  more  complex 
three-dimensional  aeroelastic  phenomena.  Methods  for  the 
solution  of  the  nonlinear  static  aeroelastic  interaction 
equations  are  derived,  and  expressions  for  the  flexible  to 
rigid  ratio  of  lifting  pressure,  span  loading,  and  three- 
dimensional  lift  curve  slope  are  developed.  Results  of  a 
sample  problem  are  presented  to  illustrate  use  of  the 
numerical  methods  derived  and  to  display  the  effects  of 
aerodynamic  nonlinearities. 
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LIST  OF  SYMBOLS 


a  aerodynamic  coefficient 

QOj  the  value  of  APi/q  at  a  j  =0 

a  I .  tangent  line  slope 

b  wing  span,  aerodynamic  coefficient 

C  wing  chord 

C  wing  average  chord 

two  dimensional  lift  coefficient 

C;^  two  dimensional  nonlinear  flexible  lift  coefficient 

p  two  dimensional  nonlinear  rigid  lift  coefficient 

^  two  dimensional  nonlinear  lift  coefficient 

C;  two  dimensional  linear  flexible  lift  coefficient 

Zn  two  dimensional  linear  rigid  lift  coefficient 

Co  two  dimensional  lift -curve  slope 

^OL 

Co  two  dimensional  nonlinear  flexible  lift -curve  slope 

^Qtr 

rn 

C?  two  dimensional  nonlinear  rigid  lift-curve  slope 

“Rn 

e  distance  of  the  aerodynamic  center  from  the  wing 

elastic  axis  divided  by  the  chord 
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P 


ft 


I 

2n 

^Fn 


A 

^Rn 

q4/)V' 


K 

ac^e 


% 


n 


i 


ik 

X 


"Lr 

=La 


K 


Me 


SYMBOLS  (CONT) 

two  dimensional  lift  load  per  unit  span 
two  dimensional  nonlinear  lift  load 
two  dimensional  nonlinear  flexible  lift  load 
two  dimensional  nonlinear  rigid  lift  load 
dynamic  pressure 

linear  divergence  dynamic  pressure 

nonlinear  divergence  dynamic  pressure 

aerodynamic  influence  coefficient  associated  with 
n-th  power  of  angle  of  attack  at  the  i-th  reference 
point 

nondimensional  coordinate  system 

three  dimensional  flexible  lift  coefficient 

three  dimensional  rigid  lift  coefficient 

three  dimensional  lift-curve  slope 

three  dimensional  nonlinear  flexible  lift  curve  slope 

three  dimensional  nonlinear  rigid  lift  curve  slope 

arbitrary  function  of  angle  of  attack 

torsional  spring  constant 

elastic  internal  restoring  moment 
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SYMBOLS  (CONT) 


aerodynamic  moment 
free  stream  Mach  number 
aerodynamic  influence  coefficients 
equilibrium  angle  of  attack 

geometric  or  rigid  angle  of  attack  in  Equation  (41) 

elastic  (structural)  angle  of  twist 

aircraft  reference  angle 

built  in  twist  angle 

built  in  camber  angle 

aerodynamic  parameter 

Plower  surface  -  Pupper  surface/q,  lifting 
pressure 

nonlinear  lifting  pressure  component 

thickness  ratio,  maximum  thickness  of  airfoil/ 
chord  length 

nondimensional  chordwise  coordinate 
nondimensional  span  loading 


I 


If 
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.v.v 


SYMBOLS  (CONT) 


] 

j  +  l 

j  -I 

n 

n  =  0,!,2 


D 

F 

R 

N 


SUBSCRIPTS 
i-th  reference  point 
denotes  solution  after  j-th  iteration 
denotes  solution  after  j  +  1st  iteration 
denotes  solution  after  j  -  1st  iteration 
linear 
nonlinear 

denotes  power  of  angle  of  attack 

divergence 

flexible 

rigid 

N-th  or  last  reference  point 


{} 

[  J 
[] 
LI 
{'} 
{“9} 


MATRICES 
column  matrix 
row  matrix 

square  or  rectangular  matrix 
diagonal  matrix 
unit  column  matrix 

rigid  angle  of  attack  distribution  defined  by 
Equation  (44) 


SYMBOLS  (CONT) 

[  O'  j-  equilibrium  angle  of  attack  distribution 

{ot  s}  structural  twist  distribution 

{^g}  rigid  or  geometric  angle  of  attack  distribution 

m  lifting  pressure  distribution 

■[  ]■  distribution  of  remainder  terms  in  Equation  (71 

I^Qn]  aerodynamic  influence  coefficient  matrix 

I  'j  unit  diagonal  matrix 

[^wq]  resolving  matrix 

[  S  j  str\ictural  slope  influence  coefficient  matrix 

[M]=[Lll-q[s]LQ,l]'' 

[A]  =  q[M][Apn/qa] 

l^-'^Pn/Qa]  diagonal  matrix  of  nonlinear  lifting  pressure 

component 

I  J  row  integrating  matrix  performing  integration 

given  by  - 1 

J  f(x)dx 
0 


structural  twist  distribution 


rigid  or  geometric  angle  of  attack  distribution 

lifting  pressure  distribution 

distribution  of  remainder  terms  in  Equation  (72) 

aerodynamic  influence  coefficient  matrix 

unit  diagonal  matrix 

area  resolving  matrix 

str\ictural  slope  influence  coefficient  matrix 


integrating  matrix  performing  integration  given 


NONLINEAR  HYPERSONIC  THERMOELASTIC 
STABILITY  AND  CONTROL  DERIVATIVES* 


INTRODUCTION 


The  objective  of  the  investigation  described  in  this  paper  was  to 
develop  methods  for  determining  the  aerothermoelastic  effects  on 
hypersonic  stability  and  control.  Work  done  in  this  investigation ^will 
be  reported  on  and  published  in  full  in  Reference  1.  The  accurate  pre¬ 
diction  of  stability  and  control  derivatives  for  flexible  vehicles  is 
predominantly  concerned  with  the  determination  of  static  aeroelastic 
effects  on  the  lifting  surfaces  of  such  configurations.  Since  the  field  of 
static  aeroelasticity  is  concerned  with  the  interaction  of  steady  aero¬ 
dynamic  loads  and  structural  deformations,  it  is  necessary  to  have 
accurate  and  practical  methods  for: 

a.  Obtaining  aerodynamic  inputs  to  the  aeroelastic  equations. 

b.  Obtaining  structural  inputs  to  the  aeroelastic  equations. 

c.  Formulating  the  aeroelastic  equations  so  that  they  are  com¬ 
patible  with  the  inputs  from  Items  a  and  b,  and  the  solution 
of  these  equations  to  obtain  the  pertinent  stability  and 
control  parameters. 

The  aerodynamic  input  to  the  aeroelastic  matrix  equations  is 
usually  in  the  form  of  an  operator  called  an  aerodynamic  influence  co¬ 
efficient  matrix.  This  matrix,  when  operating  on  an  arbitrary  angle  of 
attack  distribution,  produces  the  resulting  air  load  distribution.  Use  of 


*The  work  described  here  was  part  of  a  study  performed  under 
Contract  AF33(616)-6653  for  the  AeroSpace  Mechanics  Branch,  Flight 
Control  Laboratory,  Aeronautical  Systems  Division. 
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I'igid  subsonic  and  supersonic  theoretical  lifting  pressures  resulted  in 
linear  relationships  between  arbitrary  angle  of  attack  distributions  and 
the  resultant  distributed  loads.  Tliis  linear  relationsliip  can  be  ex¬ 
pressed  mathematically  as 


(1) 


whereHq  J  is  a  column  matrix  of  lifting  pressures,  [oj  is  an  aero¬ 
dynamic  influence  coefficient  matrix,  and  |a|  is  an  arbitrary  angle  of 
attack  distribution.  Previous  static  aeroelasticity  studies  conducted  at 
Bell  Aerosystems  Company  have  resulted  in  methods  for  obtaining 
supersonic  [q]  matrices.  These  methods  are  discussed  in  detail  in 
References  2  and  3*.  Methods  for  obtaining  subsonic  line  aerodynamic 
influence  coefficients  may  be  found  in  the  literature  (References  4  and 
5).  The  technique  described  in  Reference  2  may  be  used  to  expand 
these  line  matrices  to  field  matrices. 


In  the  hypersonic  speed  regime  use  of  the  "rigid"  theories  of 
aerodynamic  load  prediction  result  in  nonlinear  relationships  between 
distributed  loads  and  arbitrary  angle  of  attack  distributions.  Further¬ 
more  it  has  been  found  that  the  nonlinear  hypersonic  lifting  pressure 
relationships  are  point  functions.  That  is,  the  lifting  pressure  rela¬ 
tionship  at  a  reference  point,  i,  is  a  function  of  the  angle  of  attack  at 
only  reference  point  i.  This  is  in  direct  contrast  to  the  subsonic  and 
supersonic  cases  and  leads,  in  the  hypersonic  case,  to  diagonal  aero¬ 
dynamic  influence  coefficient  matrices. 


*Both  line  and  field  type  aerodynamic  influence  coefficient  matrices 
were  developed.  A  line  aerodynamic  influence  coefficient  is  defined  as 
"that  quantity  which  relates  the  aerodynamic  span  load  at  a  particular 
spanwise  station  to  the  angle  of  attack  at  another  (or  the  same)  span- 
wise  station".  A  field  aerodynamic  influence  coefficient  is  defined  as 
"that  quantity  which  relates  the  local  aeiodynamic  lifting  pressure  at  a 
particular  reference  point  to  the  local  angle  of  attack  at  another  (or  the 
same)  reference  point". 
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The  hypersonic  load-angle  of  attack  relationship  can  be  ex¬ 
pressed  mathematically  as 


where  (Ap/q)j  is  the  lifting  pressure  at  reference  point  i.  The  func¬ 
tion  Fjlttj)  can  take  on  several  forms  depending  on  the  aerodynamic 
configuration  and  theory  being  used.  Typical  mathematical  forms  are 


(“i)  =  Qoj  ^IjCt  J  +  ^2. 

(3) 

Fj  (aj)  =  Qq.  +  qj. 

0, 

(4) 

Fj  (Cj)  =  q^.  SIN  COS  a\ 

(5) 

As  an  illustration,  Equation  (4)  can  be  expressed  in  matrix  form  as 

The  matrices  [Qq]  and  [Q3]  are  defined  as  hypersonic  aerodynamic 
influence  coefficient  matrices.  The  formulation  of  these  matrices  is 
discussed  in  more  detail  in  the  Appendix.  A  complete  discussion  of 
methods  to  determine  hypersonic  aerodynamic  influence  coefficient 
matrices  is  presented  in  Reference  6. 


Structural  deformation  influence  coefficients  constitute  the 


structural  inputs  to  the  aeroelastic  equations.  For  the  linear  case,  the 
defining  equation  is  given  by 

where  the  elements  of-jas}  local  streamwise  slopes  at  the 

reference  points,  [^sj  is  the  structural,  slope  deformation  influence 
coefficient  matrix  and  relates  the  streamwise  slopes  at  the  reference 


points  to  the  lifting  pressures  at  thes''  same  points.  For  the  linear 
case  shown  here  [s  J  is  independent  of  and  .  In  the  case  of 
large  deflections  fsl  becomes  a  nonlinear  function  of  05  j  e 

[s]=[s(a3)]. 
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The  high  temperatures  and  heating  rates  likely  to  be  associated 
with  configurations  in  the  expected  hypersonic  environments  may  very 
well  dictate,  in  the  interests  of  structural  efficiency,  some  form  of 
protected  structure  such  as  one  which  is  ablatively  or  non-ablatively 
insulated,  cooled  or  some  combination  of  these.  However,  these  pro¬ 
tective  measures  are  not  likely  to  preclude  having  a  "hot”  primary 
structure.  Under  these  circumstances,  the  effects  of  modulus  dete¬ 
rioration  and  thermal  stress  on  the  structural  inputs  must  be  con¬ 
sidered.  Very  few  practical  analytical  methods  for  predicting 
deflection  influence  coefficients  for  a  thermally  affected  structure 
currently  exist.  As  part  of  the  work  on  the  present  study,  practical 
analytical  thermal  deformation  influence  coefficient  methods  were 
developed  and  are  reported  in  References  7  and  8.  Additional  work  done 
at  Bell  Aerosystems  Company  in  the  field  of  structural  influence  co¬ 
efficients  is  described  in  References  9  and  10.  Deformation  testing  of  a 
body  and  a  wing-body  combination  was  accomplished  during  the  present 
study,  under  both  ambient  and  thermal  environmental  conditions,  in 
order  to  obtain  influence  coefficients.  This  experimental  work  was 
required  in  order  to  develop  the  necessary  testing  techniques  and  to 
have  available  test  data  to  collaborate  the  validity  of  any  available  and 
any  forthcoming  theoretical  methods.  Results  of  the  experimental 
program  are  detailed  in  Reference  11. 

In  attempting  to  set  up  the  aeroelastic  equations  for  the  hyper¬ 
sonic  speed  range,  difficulties  arise  because  the  aerodynamic  relations 
between  lifting  load  and  angle  of  attack  are  no  longer  linear,  as  they 
were  for  the  subsonic  and  lower  supersonic  ranges,  and  because  the 
structural  relations  between  load  and  deformation  (when  considering 
large  deflections)  are  also  nonlinear.  Technical  efforts  in  this  study 
were  restricted  to  using  nonlinear  aerodynamic  inputs,  along  with 
linear  structural  inputs,  to  generate  a  nonlinear  formulation  of  the 
acioclastic  problem  and  to  employ  various  numerical  techniques  to 
effect  an  aeroelastic  solution.  In  essence,  the  present  study  extends 
those  methods  previously  developed  for  supersonic  aeroelasticity  dis¬ 
cussed  in  Reference  12. 

A  brief  resume  of  the  contents  of  this  paper  follows.  First,  the 
various  aspects  of  static  aeroelastic  phenomena  that  are  affected  by  the 


Reference  to  Section  II  of  this  paper  or  Reference  6  will  reveal 
numerous  other  types  of  aerodynamic  nonlinear  forms.  Also,  in  the 
interest  of  simplicity,  the  two-dimensional  aeroelastic  model  is  con¬ 
sidered  to  have  no  control  surface. 

A.  EFFECT  OF  AERODYNAMIC  NONLINEARITIES  ON  TWO- 
DIMENSIONAL  STATIC  AEROELASTICITY  MODEL 

In  an  effort  to  determine  the  effects  of  aerodynamic  nonlinear¬ 
ities  on  static  equilibrium  solutions,  consideration  is  given  to  the 
classical  two-dimensional  airfoil  shown  in  the  following  sketch.  (See 
References  12,  13  and  14.) 


For  this  mathematical  model  a  linear  solution  is  well  known  and  there¬ 
fore  will  serve  as  a  basis  of  comparison  with  the  nonlinear  solution. 
The  classical  aeroelastic  solution  for  this  two-dimensional  problem  is 
based  on  the  assumption  that  the  aerodynamic  lift  coefficient,  c^  ,  is 
linearly  related  to  the  angle  of  attack,  a  .  This  linear  relationship  is 
given  by  the  expression 


introduction  of  nonlinear  aerodynamic  relationships  arising  at  hyper¬ 
sonic  speeds  are  examined.  Then  hypersonic  aeroelasticity  is  intro¬ 
duced  through  the  consideration  of  the  classical  two-dimensional  aero- 
elastic  model.  This  derivation  is  extended  and  a  numerical  method, 
capable  of  predicting  the  three-dimensional  static  aeroelastic  response 
of  an  aircraft,  is  developed.  Use  is  made  of  these  results  to  derive 
expressions  for  the  flexible  to  rigid  ratios  of  lifting  pressure,  span 
losding,  and  three-dimensional  lift  curve  slope.  Finally,  results  of  a 
sample  problem  are  presented  to  illustrate  use  of  the  numerical 
methods  developed  and  to  indicate  the  effects  of  aerodynamic  non- 
linearities  on  hj^ersonic  stability  and  control. 


SECTION  I:  DISCUSSION  OF  HYPERSONIC  NONLINEAR 
STATIC  AEROELASTIC  PHENOMENA 


The  various  aspects  of  static  aeroelastic  phenomena  that  are 
affected  by  the  introduction  of  nonlinear  aerodynamic  relationships 
arising  at  hypersonic  speeds  are  examined  in  this  section.  The  signi¬ 
ficance  and  effects  of  aerodynamic  nonlinearities  are  revealed  in  their 
simplest  form  by  the  analysis  of  the  classical  two-dimensional  aero¬ 
elastic  airfoil  model.  The  results  of  this  analysis  are  then  used  in 
Section  H  as  a  guide  in  the  development  of  solution  procedures  for  the 
analysis  of  nonlinear  aeroelastic  behavior  associated  with  a  three- 
dimensional  lifting  surface.  Emphasis  is  placed  on  the  effects  of 
hypersonic  aerodynamic  nonlinearities  upon  the  equilibrium  angles  of 
of  attack  and  the  ratios  of  flexible  to  rigid  lift  coefficients  and  lift- 
curve  slopes. 

Although  not  all  static  aeroelastic  parameters  are  discussed  in 
this  section,  it  is  felt  that  the  solutions  presented  will  give  an  insight 
into  the  effects  of  aerodynamic  nonlinearities  on  static  aeroelastic 
solutions.  It  is  noted,  for  the  sake  of  simplicity,  that  only  one  type  or 
mathematical  form  of  aerodynamic  nonlinearity  is  discussed  here. 


X 
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In  order  to  obtain  a  simple  exact  solution  which  will  reveal  the 
characteristics  of  nonlinear  static  aeroelastic  phenomenon,  the  rela¬ 
tionship  between  the  lift  coefficient  and  the  equilibrium  angle  of  attack 
is  assumed  to  be  of  the  following  nonlinear  form 


The  second  term,  ba^  ,  on  the  right  hand  side  of  Equation  (9)  repre¬ 
sents  the  nonlinear  contribution  to  the  lift  coefficient.  It  should  be 
realized  that  for  this  two-dimensional  problem.  Equation  (9)  is  the 
counterpart  of  the  nonlinear  lifting  pressure  —  angle  of  attack  relation¬ 
ships  discussed  in  Section  II  and  in  Reference  6. 


The  equation  of  static  equilibrium  for  the  aeroelastic  model  will 
now  be  formulated.  The  aerodynamic  moment  per  unit  span  or  applied 
moment  per  unit  span  about  the  elastic  axis  is  given  by 

Mq  =  ^  ec  =  qec^c^  (10) 

where  I  =  lift  load  per  unit  span 

c  =  chord  of  the  wing  section 

e  =  distance  of  the  aerodynamic  center  from  the  wing 
elastic  axis  divided  by  the  chord 


In  order  to  simplify  the  presentation,  the  zero  lift  aerodynamic  pitch¬ 
ing  moment  about  the  aerodynamic  center  has  been  neglected. 
Eliminating  the  lift  coefficient,  ,  from  Equation  (10)  by  use  of 
Equ[5tion  (9),  results  in 

Mg  =  qec^  (aa  4  ba^)  (11) 


If  K  is  defined  as  the  torsional  spring  constant  of  the  model,  then 
the  relationship  for  the  elastic  internal  resisting  moment  per  unit  span 
is  given  by 

Me  =  KOg  (12) 
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where  Og  is  the  elastic  (structural)  angle  of  twist  as  shown  in  the 
foregoing  sketch. 

In  order  to  satisfy  static  equilibrium  conditions,  the  externally 
applied  aerodynamic  moment,  Mq  ,  must  equal  the  elastic  internal 
resisting  moment.  Me  .  This  condition  together  with  Equations  (11) 
and  (12)  yields  the  following  equilibrium  equation 

KOg  =  qc^e  (aa  +  ba^).  (13) 

By  definition,  the  equilibrium  angle  of  attack,  o  ,  is  equal  to  the  sum 
of  the  structural  angle  of  twist,  a  g  ,  and  the  geometric  angle  of 
attack,  a  g  ,  i.e., 

a  =  ag  +  Cg  •  (14) 

Eliminating  from  Equations  (13)  and  (14)  results  in  the  following 
quadratic  expression  in  the  unknown,  a  . 


K 


qc^eb 


■)  a  + 


K 


qc^eb 


ag=0 


or  in  nondimensional  form 

aq 


^  an'  '  bfl 


where 


bag 
K 

ac^e 


qba 


ba, 


=  0 


(15) 


(16) 


The  symbol  q^^  represents  the  divergence 

dynamic  pressure  for  the  corresponding  linear  case,  i.e.  when  the 
coefficient  b  in  Equation  (9)  equals  zero. 


1 .  Solution  for  Equilibrium  Angles  of  Attack 

The  exact  solution  of  Equation  (16)  is  given  by 


) 


q 

qo^ 


(17) 
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It  should  be  noted  that  if  the  coefficient  b  (and  hence  /i  )  is  set  equal 
to  zero,  the  classical  solution  for  the  corresponding  linear  problem  is 
obtained;  i.e. 


The  relationship  between  the  dynamic  pressure  ratio  and 


the  equilibrium  angle  as  given  by  Equation  (17)  is  depicted  graphically 
in  Figure  1  for  various  values  of  the  parameter  /x  .  The  static 
stability  ranges  deduced  from  Equation  (17)  are  also  shown  in  Figure  1. 
The  circular  symbol  indicates  the  point  of  neutral  stability,  the  dashed 
curve  indicates  the  condition  of  unstable  equilibrium  and  the  solid 
curve  refers  to  the  condition  of  stable  equilibrium.  Hence,  the  diver¬ 
gence  of  the  two-dimensional  model  is  indicated  by  the  circular  sym¬ 
bols.  At  these  points -|^=co,  which  is  the  criterion  for  divergence. 

dq 

The  curves  in  Figure  1  clearly  indicate  the  effect  of  the 
aerodynamic  parameter,  b  ,  on  the  equilibrium  angle  of  attack  for  the 
case  where  the  aerodynamic  center  is  forward  of  the  elastic  axis.  For 
constant  values  of  a  g  and  a  ,  it  is  evident  that  increasing  b  , 
positively,  increases  the  magnitude  of  the  equilibrium  angle  of  attack 
for  a  given  value  of  q  . 

Equation  (17)  has  also  been  replotted  in  Figure  2  to  show 
the  variation  of  the  equilibrium  angle  of  attack  with  Og  .  As  shown  in 

this  figure,  is  positive  and  is  held  constant,  increasing  the  mag¬ 
nitude  of  Og  increases  the  equilibrium  angle  of  attack  more  than  a 
proportional  amount. 

2.  Solutions  for  Ratios  of  Flexible  to  Rigid  Lift  Coefficients 

and  Lift  Curve  Slopes 

For  purposes  of  determining  the  performance  and  stability 
and  control  of  a  flexible  aircraft,  it  is  desirable  to  know  the  effects  of 
structural  flexibility  and  aerodynamic  nonlinearities  on  the  lift  coeffi¬ 
cient  and  lift  curve  slope.  These  results  are  usually  presented  in  the 
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=  0;  AND/OR  b  = 


■fPW-?^ 


form  of  ratios  of  flexible  to  rigid  lift  coefficients  and  lift  curve 
slopes. 

The  first  parameter  to  be  discussed  is  the  ratio  of 
the  nonlinear  flexible  lift  coefficient,  c,  ,  to  the  nonlinear  rigid 

lift  coefficient,  c,  •  The  nonlinear  lifting  load  for  the  two- 
^Rn 

dimensional  model  is  given  by 

h  -- 

For  the  flexible  case  Equation  (19)  can  be  written  as 

?F  " 

"  ‘>^11 

and  for  the  rigid  case  as 

h  =  qcc; 

H  n  ip 


(19) 


(20) 


(21) 


Using  Equation  (9),  the  nonlinear  lift  coefficient  for  the  flexible  case 
can  be  written  as 


% 


=  aa  +  ba 


and  for  the  rigid  case  as 


=  aog  +  bag 


(22) 


(23) 


Use  of  Equations  (22)  and  (23)  in  Equations  (20)  and  (21)  yields  the 
expression 


'A 


n  _ 


R, 


Rn 


a  a  +  ba*^ 
2 

aag  +  bag 


(24) 
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'an  • 


where,  again  /x  =  Og  • 

The  ratio  of  lift  coefficients  given  by  Equation  (25)  is  shown  in  Figures 
as  a  function  of  q/Q-,  and  fi  .  As  before  the  circle  symbols  denote 

points  of  neutral  stability.  The  curve  for  =0  yields  the  ratio 
Cl  /Cl  i.e.  the  linear  case,  b  =  0.  The  increase  in  this 

ratio  over  the  linear  case  as  fi  increases  for  constant  values  of 
q  /  q  should  be  noted. 

An  additional  parameter  of  interest  is  [— - )  / [— - 

^  R  n  ^ 

which  will  indicate  the  nonlinear  aerodynamic  effect  upon  the  lift 
coefficients.  The  desired  ratio  can  be  expressed  as 


(^) 

I  +  /X 


Equation  (26)  is  shown  graphically  in  Figure  4  as  a  function  of  q  /q^ 

and  /i  .  Increasing  Cg  or  b  increases  the  ratio  for  a  constant  value 
of  q/q^^  . 

A  pertinent  parameter  to  consider  in  aeroelastic  analyses 
is  Cl  /Cl  ,  the  ratio  of  the  nonlinear  flexible  lift  curve  slope 
'  R n 

to  the  nonlinear  rigid  lift  curve  slope.  The  lift  curve  slope  is  defined 
by  the  expression 

c,  =  .  (2r 

(’Cl  d  rt 
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or,  since  in  this  case 


“g  ^  “ref 


Use  of  Equation  (9)  permits  co  to  be  written,  for  the  nonlinear 
flexible  case,  as  “ 


C;  =  (  a  +  2ha)  - — 

da, 

r  n  \ 

Likewise,  for  the  nonlinear  rigid  case 


=  a  t  2ba, 


since  in  the  rigid  case  a=  Og  .  Use  of  Equations  (29)  and  (30)  give  the 
desired  result  as 

The  ratio  (-^)  can  be  obtained  by  use  of  Equations  (14)  and  (17).  The 
/ 

derivative  (-^g— )  is  obtained  by  the  use  of  the  same  equations  and  is 
'dag ' 

given  by  the  following  expression 


where 


R 


1/2. 


-  2  fi  -\]  -4/i  (/i  +  l) 


(33) 


The  ratio  c;  /c;  >  as  defined  by  Equations  (31)  and  (32),  is 

^“Fn/ 

shown  in  Figure  5  as  a  function  of  q  /q and  M  • 


SECTION  II:  METHODS  FOR  OBTAINING  THREE-DIMENSIONAL 
NONLINEAR  STATIC  AEROELASTIC  SOLUTIONS 


Several  methods  capable  of  predicting  the  static  aerothermo- 
elastic  response  of  lifting  surfaces  have  been  developed.  Emphasis 
has  been  placed  on  the  formulation  of  methods  which  take  into  account 
the  nonlinear  aerodynamic  characteristics  discussed  briefly  in  the 
Introduction  and  in  more  detail  in  Reference  6.  The  discussion  in  this 
section  is  consistent  with  the  assumption  that  the  surface  being 
analyzed  is  a  diverging  type  surface,  i.e.,  for  a  given  rigid  angle  of 
attack  distribution  the  flexible  loading  on  the  surface  is  greater  than 
the  rigid  loading.  Another  way  of  describing  a  diverging  type  surface 
is  to  say  that  it  possesses  a  finite  divergence  dynamic  pressure.  The 
methods  presented  are  also  directly  applicable  to  nondiverging  type 
surfaces;  however,  the  differentiation  oetween  the  types  of  surfaces  is 
necessary  in  the  presentation  of  the  figures. 


AU  of  the  methods  developed  are  somewhat  similar  in  that  they 
all  make  use  of  an  iterative  process  to  effect  a  solution.  However,  they 
differ  with  regard  to  the  particular  mathematical  representation  of  the 
nonlinear  lifting  pressure-angle  of  attack  relationship  that  is  employed. 
Of  these  methods,  detailed  consideration  is  given  only  to  the  more 
general  method  referred  to  as  the  "Nonlinear  Lifting  Pressure  Compo¬ 
nent  Method". 
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In  this  report  the  comparable  hypersonic  equations  are  given  as: 

Aerodynamic  Equation 

{^}-  Kl{'}*hlW 

Structural  Deformation  Equation 

{-}  =  ^  [3]  {^} 

Angular  Equilibrium  Equations 

{4  =  (“sj+W 

{“9}  =  ‘‘ref{'}+  “b.  {1}  +  {“bj 


(38) 


(39) 


(40) 

(41) 


The  nomenclature  of  Equations  (38)  through  (40)  will  be  used  in  the  re¬ 
mainder  of  this  paper  since  it  is  more  convenient  for  the  formulation 
and  solution  of  the  nonlinear  static  aeroelastic  problem. 

In  the  first  linear  method,  which  results  in  an  exact  solu¬ 
tion  and  is  referred  to  as  the  closed  form  solution,  the  equilibrium 

angles  of  attack  are  obtained  directly  by  the  elimination  of  •{  05}  and 

>■  from  Equations  (38)  through  (40)  and  solving  for  |  a  j-  .  The 

equilibrium  angles  of  attack  are,  consequently,  given  by: 

{.}  ,  [ll|-q  [S][Q,1J''  {{ag}Fq[s][Qol  {O}'  (^2) 

It  will  be  noticed  that  the  determination  of  {<2}  from  Equation  (42)  in¬ 
volves  the  computation  of  the  inverse  matrix  I  -  q  ^Sj  [Q|]  J"'* 

evaluation  of  t  ^  inverse  matrix  may  be  avoided  by  use  of  a  second 
method. 
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A.  DISCUSSION  OF  METHODS  OF  SOLUTION 


1.  Linear  Methods 

Before  discussing  the  Nonlinear  Lifting  Pressure  Compo¬ 
nent  Method  for  obtaining  solutions  to  the  nonlinear  static  aeroelastic 
problem,  two  commonly  employed  methods  (Reference  12)  for  solving 
the  linear  static  aeroelastic  problem  are  briefly  reviewed. 

Considering  the  case  of  the  wing  and  control  surface  being 
nonindependently  flexible  and  neglecting  control  surface  deflections, 
the  equations  which  are  used  in  the  solution  of  the  linear  static  aero- 
elastic  problem  are  given  by  (in  the  notation  of  Reference  12): 

Aerodynamic  Equation 


{(^11 = 

(34) 

structural  Deforma.tion  Equation 

-  H  [».-.]  {(^)J 

(35) 

Angular  Equilibrium  Equations 

{“}  = 

(36) 

“ref  {“b} 

(37) 

In  Reference  12,  •[  j  is  the  built-in  angle  of  attack  distribution  of 
the  rigid  lifting  surface.  As  such,  it  is  made  up  of  three  parts: 

(1)  ■  ®bc  ’  “  built-in  camber 

(2)  ■  ^bf  ■  “  built-in  twist 

(3)  ^b-  •  1  }  “  incidence  of  the  wing  reference 

'  axis  with  respect  to  the  aircraft  reference 
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The  second  method  gives  an  approximate  solution  to 
Equations  (38)  through  (40)  in  the  form  of  an  infinite  matrix  power 
series  and  is  referred  to  as  the  series  solution  (Reference  12).  A 
series  solution  can  be  obtained  by  either  expanding  the  inverse 
matrix  of  Equation  (42)  into  a  binomial  matrix  power  series  or  from  an 
iterative  (relaxation)  process  performed  using  Equations  (38)  through 
(40).  The  latter  means  of  determining  the  series  solution  will  be 
demonstrated  because  it  does  provide  some  physical  insight  into  the 
problem  and  because  it  is  used  in  the  static  nonlinear  aeroelastic 
development  to  follow.  To  simplify  the  derivation,  logj-  is  first  elim¬ 
inated  from  Equations  (39)  and  (40)  to  give  the  equilibrium  angle  of 
attack  as  a  function  of  the  local  lifting  pressures,  thus, 

H  =  •  («) 

As  an  aid  in  the  development  and  understanding  of  the 
series  solution  and  other  methods  to  be  discussed  late.,  use  will  be 
made  of  the  general  graphical  representation  of  Equations  (38)  and 
(43),  shown  in  Figure  6,  for  a  single  reference  point. 

The  series  solution  is  developed  by  first  considering  the 
lifting  surface  as  being  perfectly  rigid.  From  Equation  (08)  it  can  be 
seen  that  on  the  rigid  surface  the  lifting  pressure  is  made  of  two 
parts:  1)  a  starting  lifting  pressure,  Q^j  jljj  2)  a  pressure  obtained 

from  an  operation  on  the  rigid  angle  of  attack,  bil  {“g}-  Any  iterative 
or  relaxation  process  should  be  started  with  the  total  initial  value  of 
one  of  the  variables.  In  this  case,  this  could  be  the  total  value  of  the 
rigid  angle  of  attack  distribution,  i.e.,  |agj  plus  the  angular  distri¬ 
bution  that  causes  Iq^I  ||\.  Since  the  angular  distribution  that  produces 
I  1  f  1  L  I  l  J 

L^oi  1*/  iri  this  formulation  of  the  problem,  it  becomes 

necessary  to  do  a  first  relaxation  on  [Qo]{  I }  before  arriving  at  a  start¬ 
ing  value  of  |a|  .  In  the  present  case,  this  results  in  having  as  a  first 
approximation  for  |  a  j  the  following  representation: 

{“}o  =  {“9]  =  {“g}+  {i}- 
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LIFTING  PRESSURE 


Figure  6.  Illustration  of  Linear  Series  Solution 


Next  the  first  approximation  to  the  lifting  pressure  indicated  by  point  B 
in  Figure  6  is  computed  using  Equation  (38)  with  {  a}  =  {“g}  • 


Thus, 


Since  the  structure  is  actually  flexible,  the  pressures 


m 


cause  the  structure  to  deform  (or  relax).  The  new  deformed  angle  of 
attack  {ct  }|  can  be  computed  using  Equation  (43)  with-^^^^j-  =  , 


That  is 


{“}  --''[s]  {Klfi}  +[Qil{“g}}+  fg} 


where 


{Sg}  =  q[s]  [Qo]  {  I  }  +  {cg}  •  (48) 

In  the  computation  of  |  a  |  ,  which  is  indicated  by  point  C  in  Figure  6, 


it  was  assumed  that  the  pressure 


m, 


was  constant.  However,  for 


a  flexible  structure  an  increase  |  a  J  will  cause  an  increase  in 

which  in  turn  increases  }  ,  etc.,  until  the  ec^uilibrium  condition  is 
reached.  Hcncc,  the  next  approximation  to  |a  |  is  obtained  by  repeat¬ 
ing  the  above  iterative  process  as  illustrated  in  Figure  6  by  the  path 

ABODE  to  point  G  where  the  values  of  and  |a}  satisfy  the 

equilibrium  conditions  of  the  problem.  The  solution  obtained  after  the 
j  til  approximation  is  expressed  as 


•r^#’vT-^--*v»--T^^^-a  i-y,  -.» ■yf'-Wf'’y\  «*'^'*'%'» 


{a}  =[[ll4-q[s][Q,l  +  q2[[s][Q|l]  +•  •  •  +  ^'[[sliQi  f]  {  “g}  .  («) 


It  should  be  noted  that  the  binomial  series  expansion  of  Equation  (42) 
also  yields 


W  =  [I'l  +  'iNN  *-'i^[[s][Q|1]^  +q®[[s][Q,l]  +  --]  {Sg }  (50) 


2.  Application  of  Linear  Series  Method  of  Approach  to  the 
Nonlinear  Case 


The  iterative  procedure  used  to  obtain  a  linear  series 
solution  can  be  readily  applied  to  the  situation  where  the  aerodynamic 
lifting  pressure  angle  of  attack  relationship  is  nonlinear.  The  proce¬ 
dure  for  the  determination  of  a  solution  to  the  aerodynamically  non¬ 
linear  aeroelasticity  problem  will  be  indicated  wj'h  the  aid  of  Figure  7. 


As  explained  in  the  Introduction,  at  hyper "^onic  speeds  the 
local  lifting  pressure  at  a  reference  point  can  be  expressed  explicitly 
in  terms  of  the  local  angle  of  attack  at  the  same  reference  point  by  the 
relationship 


F; 


(^i) 


(51) 


where  Fj  (Cj )  represents  any  function  of  the  local  angle  of  attack.  A 
typical  form  of  Equation  (51)  is  graphically  illustrated  in  Figure  7.  In 
general,  Fj  ( a  j)  may  be  different  for  each  selected  reference  point. 
All  relationships  of  the  form  of  Equation  (51)  can  be  assembled  and 
written  in  matrix  notation  as 


(52) 


The  problem  is  to  solve  Equations  (43)  and  (52)  for  the  equilibrium 

values  of 
yields 


-[aj  and  •  Eliminating 


/AlI  from  these  equations 

I  j 


Figure  7.  Illustration  of  Nonlinear  Series  Solution 


{a}  =q[s][F(a)l{l}+  jag} 


Due  to  the  presence  of  the  nonlinear  lunctions  of  a  j  in  the 
aerodynamic  matrix  ^  F(a)j,  Equation  (53)  cannot  be  solved  directly  by 

matrix  inversion  as  was  done  for  the  linear  case  (see  Equation  (42))  to 
obtain  a  closed  form  solution.  However,  the  alternate  iterative  or 
series  solution  method  of  approach  can  be  used  to  obtain  a  solution 
from  Equations  (43)  and  (52)  in  an  identical  manner  as  was  done  for  the 
linear  situation  in  Section  II, A, 1.  As  indicated  in  Figure  7  by  the  point 
G,  the  correct  solution  occurs  at  the  point  of  intersection  of  the  linear 
structural  deformation  lifting  pressure-angle  of  attack  curve  and  the 
nonlinear  aerodynamic  angle  of  attack-lifting  pressure  curve,  i.e., 
when  Equations  (52)  or  (51)  and  (43)  are  simultaneously  satisfied. 

In  accordance  with  this  iterative  method,  the  following 
computational  steps  are  performed. 

(1)  The  iterative  process  is  initiated  by  assuming 
|aj=|a|  =|ag|  and  computing  using  Equation  (52), 

a  first  approximation  to  the  pressures,  i.e.. 

This  approximation  is  shown  in  Figure  7  by  point  B. 

(2)  Let  =  I"— j-  ,  and  compute,  from  Equation 

(43),  the  next  approximation  to  the  angles  of  attack, 


{a}  =  o[s][n=o)l  {'}  +  {“g} 


This  approximation  is  shown  in  Figure  7  by  point  C. 
Physically,  this  assumption  is  essentially  equivalent 
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to  assuming  that  the  pressures 


m, 


are  constant 


and  allowing  the  structure  to  deform  or  relax  to  a 
new  pseudo  equilibrium  state. 

Let  { compute,  using  Equation  (52), 
the  pressures  which  are  indicated  by  point  D 

in  Figure  7  thus, 


h>i  {'} 


This  equation  is  used  to  compute  the  next  approxima¬ 
tion  to  the  angles  of  attack.  If  this  iterative  process 

is  continued  until  4-1  >  evident  that 

the  path  DEF  to  point  G  will  be  followed.  The  suc¬ 
cessive  approximations  to  the  equilibrium  angles  of 
attack  obtained  from  this  iterative  procedure  can  be 
summarized  as  follows 


{“}o  =  {“4 

W,  = '’HK'L  {'}  +  S} 


lal 

l  J2 


oFsl  Ffa.  'll  r  I  1  +  •Fcff,]' 

■L  JL  ‘  ''ll  L  J  I 


{a}.  =  +  {.,} 
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For  illustrative  purposes  let  the  nonlinear  lifting  pressure- 
angle  of  attack  relationship,  Equation  (52),  be  of  the  form 

Then,  in  accordance  with  Equation  (57),  the  first  three  successive  ap¬ 
proximations  to  the  equilibrium  angle  of  attack  are 

+q[s]  [Q2][l5gl  H-q[s]  [q,  ]  [og]  +  [s]  [Qj]  [Sg"]]  {{^g} 

+  q  [s]  [Q|1  {5g}  +  q  [s]  [Q;]  [Sg]  {ag}  } 

It  will  be  noted  that  for  the  corresponding  linear  case, 
i.e.,  for  [Og]  =  [o  |  ,  the  above  expressions  will  reduce  to  the 
linear  series  solution  given  by  Equation  (49). 

Various  additional  approaches  involving  different  degrees 
of  complexity  can  be  used  to  formulate  methods  capable  of  obtaining  a 
solution  to  the  aerodynamically  nonlinear  aeroelasticity  problem. 
However,  only  one  of  these  methods,  which  is  considered  to  be  suffi¬ 
ciently  general  and  ol  practical  applicability  is  presented  in  the  follow¬ 
ing  section. 
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B.  DEVELOPMENT  OF  GENERAL  PURPOSE  NONLINEAR  LIFTING 
PRESSURE  COMPONENT  METHOD 


1.  Representation  of  Nonlinear  Lifting  Pressure-Angle  of 
Attack  Relationships 


The  method  of  solution  presented  in  this  section  is  based 
on  a  versatile  representation  of  the  nonlinear  lifting  pressure-angle  of 
attack  relationships.  The  Nonlinear  Lifting  Pressure  Component 
Method  uses  the  folloxving  mathematical  representation  of  the  lifting 
pressure-angle  of  attack  relationship. 


Apt 


'  =  Fj  (ctj)  =  Qq.  4-  a,  a.  + 


Ap 


ni 


where,  by  definition,  the  term 


^Pni 


‘Ij 


is  given  by 


^Pni 


I  _ 


=  F.  (aj)  -  H  -  G.  Gj 


(60) 


(61) 


If  an  a  j  is  factored  from  the  last  two  terms  on  the  right 
hand  side  of  Equation  (60),  the  lifting  pressure-angle  of  attack  rela¬ 
tionship  at  a  reference  point,  i,  is  represented  by  the  following  form 


Ap 


Qq.  + 


APni^ 


qa. 


(62) 


Apn- 

If  the  expression  — is  considered  to  be  independent  of  Oj  , 

then  the  slope  of  the  lifting  pressure-angle  of  attack  relationship  given 

by  Equation  (62)  can  be  considered  as  composed  of  the  sum  of  two 

parts, one  of  which  is  a  linear  slope,  d,  ,  and  the  other  a  nonlinear 

APni  ' 

secant  slope,  - . 

q  O; 


For  a  lifting  surface  containing  N  reference  points,  the  set 
of  lifting  pressure-angle  of  attack  relationships  can  be  represented  in 
matrix  form  as 
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(6: 


{ ^}  =  [QoU'}  +[[Qi1  ^  [-^1]  {“} 


Equation  (63)  will  now  be  combined  with  Equation  (43)  in 
ord  ,r  to  obtain  a  solution  for  the  equilibrium  angle  of  attack.  Eliminat 

ing  from  Equations  (43)  and  (63)  results  in  the  expression 

Ap, 


{“}=q[s]|Q,l  M“g}  • 


Rearranging  Equation  (64)  into  the  following  form 

^Pn 


;['l-<.[s]iQ,l-q[s][^l]W=  W+q[sj[5ol{'}  (6' 


and  factoring  out  the  matrix  expression  [N-^[s][  Q,]j  =  [M]"'froi 
the  left  hand  side  of  Equation  (65)  results  in 

[m]-'  |l]-[M]q  [s][^l]{<'}=  {5g} 


(6( 


or 


[L'l  -[H  4s][^l]{“}=  M{“g} 


(6^ 


For  convenience,  let  the  expression  which  contains  the  nonlinear 
secant  slope  term  be  defined  as 

[A] 

and  also  let 


{“ol  =  [m]  {ag} 

Equation  (67)  can  now  be  written  as 

[l]  .  [A]l{ci}  =  [m]  {Sg} 


Solving  Equation  (70)  for  |  a  |  ,  while  considering  j^Aj  to  be  inde¬ 
pendent  of  I  a  I  ,  results  in 


{a}=  [[,]-[A]]‘  M{a,} 


(71) 


A  solution  for  |a  |  can  be  obtained  from  Equation  (71)  by  an  iterative 
process.  However,  each  iteration  requires  computing  the  inverse 


This  can  be  avoided  by  expanding  the  inverse  matrix 


[M-N]" 

reduces  to 


into  a  matrix  power  series. 


Doing  this,  Equation  (71) 


{a}  =  [[l]  [A]  [A]^  [A]*+  .  .  .]  [MjfSg}  +  {r}  (72) 


where  the  matrix  |  R  j  is  a  remainder  term.  It  should  be  noted  that  a 

solution  can  be  obtained  from  Equation  (72)  by  assumingj  r}  =  {  o} 

and  iterating  the  remaining  expression.*  However,  the  remaining 
truncated  expression  will  be  an  approximate  representation  of  equilib¬ 
rium  conditions  and  hence  better  convergence  characteristics  and  more 
accurate  results  would  be  obtained  if  the  remainder  term  were  in¬ 
cluded.  The  remainder  term  will  now  be  determined. 


Equation  (70)  can  be  rearranged  into  the  following  form 
{a}  =  [M]{5g}  +  [A]  {a}  (73) 


*It  should  be  noted  that  for  the  matrix  power  series  given  by  Equation 
(72)  to  converge,  the  absolute  value  of  the  largest  eigenvalue  of  Fa] 
must  be  less  than  one.  (See  Reference  12,  p  317.) 
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A  comparison  of  Equations  (72)  and  (73)  reveals  that  the 
term  |^m]  -[agl  in  Equation  (73)  represents  the  first  term  in  the  series 
expansion  of  Equation  (75)  and  the  term  j^Aj  {  a  |  equals  the  remainder 
term  |r  j-  after  the  first  term  in  the  series.  The  expression  for  the 
remainder  term  |r]-  after  the  first  two  terms  in  the  series  can  be  ob¬ 
tained  as  follows:  Premultiply  Equation  (70)  by  I'l  ^  M]  ,  thus 

[i'l  ^  [A]][Lil  -[A]]{a}  =  [[,l  ^[A]]M{a-,}4,l.[A]]{aJ,74) 

or 

[['l-[Af]{“}=[[']^[A]]K}  (75) 

and,  upon  rearranging  Equation  (75), 

{a}.[[,l.[A]]K}.[Af{a}  (76) 

where  the  term  equals  the  remainder  term  |r  j-  in  Equation 

(72)  if  the  first  two  terms  in  the  series  were  only  used. 

_  2 

K  Equation  (70)  is  premultiplied  by  ,  the 

following  equation  is  obtained 

[i'l  ^  [A]  -  [Af  ][[,  1  -  [A]]  {a}  .  [M  ^A]  .  [A]^]{ao}(77) 


[['l-[An{“}=[['l^[A]^[Af]{ao} 


and,  finally 


{a}.[[,l.[A]^[A]^]{a„}  .[Af  {.} 
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where  the  term  [a]'  jaj- equals  the  remainder  after  the  first  three 

terms  in  the  series.  The  continuation  of  the  above  process  will  pro¬ 
duce  equilibrium  relations  which  include  additional  terms  in  the  series 
given  by  Equation  (72).  All  the  equilibrium  relationships  are  now 
summarized  starting  with  Equation  (73). 

{a}"'={ao}.[A]{a} 


{af'  =  [[,l.[A].[Af]{ao}.  [Af{a}  OT 

*  •  * 

•  «  • 

{.f’.[[,l.[A].[Af.  .••.[A]^-']{aJ.[A]^{.} 

”  [a]1K}*  [Af  {<■}  • 

(81) 


where  the  superscript  (  k  )  denotes  a  specific  equilibrium  relationship. 


It  should  be  emphasised  that  each  relation  of  the  form  of 
Equation  (81)  is  an  exact  representation  of  equilibrium  conditions  as 
defined  by  Equations  (39),  (40)  and  (63).  Consequently,  a  solution  may 
be  obtained  using  any  one  of  Equations  (81)  in  accordance  with  an 
iterative  process.  With  regard  to  Equations  (81),  the  iterative  process 


is  initiated  by  setting  [aJ  =  [o  j  .which  essentially  linearizes  Equa¬ 


tions  (81)  (i.e. 


APn 


■]  =  lol 
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As  an  illustration  of  the  manner  in  which  any  one  of 
Equations  (81)  effect  a  solution,  the  computational  step  by  step  results 
obtained  by  use  of  Equation  (76),  for  which  k  =  2  ,  will  be  ex¬ 
plained  with  the  aid  of  Figure  8. 

(1)  The  initial  approxim  ^tion  is  obtained,  as  stated 
above,  by  setting  [A]  =  [O]  in  Equation  (76).  This 
results  in 

{a}^=[M]{5g}  (82) 

The  linearized  approximation  is  shown  by  point  A  in 
Figure  8. 

(2)  The  next  approximation  is  obtained  by  first  evaluat¬ 
ing  [a (do)]  by  setting  {a}  =  {qIq  in  Equation (68). 

Then  the  next  approximation  is  obtained  from 
Equation  (76)  and  results  in 

[L'1  +  Wo 

and  is  shown  as  point  E  in  Figure  8.  it  will  be 
noticed  that  the  path  followed  in  this  single  compu¬ 
tation  is  BCDE. 

(3)  By  setting  -[a]-  =  -[aj-i  ,  determining  [A  (a  , )  g 

from  Equation  (68)  and  letting  [a  ]  =  [A(a|)  g 

Equation  (76)  the  next  approximation  is  obtained  as 

{“Iz  =[['!■" Wo-" Wi 

This  approximation  is  illustrated  by  point  G  in 
Figure  8. 


Continuation  of  these  computational  steps  will  result  in  an 
approximate  solution  as  indicated,  in  Figure  8,  by  point  H,  which 


satisfies  the  condition  |  a  |=  { <2  .  The  computational  steps 

performed  in  accordance  with  this  method  can  be  summarized,  for  the 
general  case,  as  follows: 


{“}o=  [“]  {“g} 

{“L-"  N“o)]l  {“}o  (85) 

{a}2=  s'  [A(a|)]2  {a}o  +  [A(a|)]^  {a}| 

_r  =  0 


SECTION  m:  THE  EFFECT  OF  AERODYNAMIC  NONLINEARITIES 
ON  FLEXIBLE  HYPERSONIC  STABILITY 
AND  CONTROL  DERIVATIVES 


Methods  for  determining  the  effects  of  flexibility  on  stability  and 
control  derivatives  for  the  case  of  both  linear  aerodynamic  and  struc¬ 
tural  inputs  have  been  presented  in  detail  in  Reference  12.  This 
section  of  the  present  paper  deals  with  the  effects  of  nonlinear  aero¬ 
dynamic  inputs  (while  still  retaining  the  linear  structural  inputs)  on  the 
flexible  derivatives.  As  was  done  in  Reference  12,  expressions  for  the 


flexible  to  rigid  ratios  of  the  derivatives  of  interest  have  been  devel¬ 
oped.  The  reader  is  referred  to  References  15,  16  and  17  for  com¬ 
prehensive  discussions  of  such  derivatives  as  associated  with  the 
rigid  aircraft. 

It  should  be  recognized  that  the  derivatives  are  obtained  basic¬ 
ally  in  the  same  manner  as  was  done  for  the  linear  case  in  Reference 
12.  That  is,  for  a  given  set  of  rigid  input  angles,  the  flexible  and 
rigid  nondimensional  lifting  pressures  are  obtained,  these  'dis¬ 

tributions  are  integrated  to  give  nondimensional  span  loadings,  and 
these  y  distributions  in  turn  are  integrated  to  give  either  lift  or 
moment  coefficients;  finally,  these  coefficients  are  then  differentiated 
with  respect  to  the  variables  of  interest  to  yield  expressions  for  the 
desired  stability  derivatives. 

In  the  discussion  that  follows  only  the  case  of  a  diverging  type 

surface  is  considered,  i.e.,  where  C.  >  Ci  .It  will  be  obvious  to 

the  reader  that  the  developed  techniques  and  procedures  can  also  be 
readily  used  for  a  nondiverging  type  surfa<’e.  In  addition,  only  the  ex¬ 
pression  for  the  flexible  to  rigid  ratio  of  for  the  main  lifting 

surface  (wing)  of  a  flight  vehicle  is  derived.  The  necessary  approach 
to  determine  other  pertinent  stability  and  control  derivative  ratios 
should  be  obvious  from  the  Ci  ^  development. 

A.  C  L  3  (WING) 

Clq  is  defined  as  the  slope  of  the  wing  C|_  vs  cip^p 

curve.  The  lift  coefficient,  resulting  from  lift  on  the  wing  due  to  angle 
of  attack,  is,  of  course,  given  by 

Cl  =  4  /cly  (86) 


where 

*  y 
'  “  (I7i) 


(87) 
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or,  in  matrix  form,  as 

CL  =  [iJ{r}  (88) 

CC I 

where  /  =  is  the  nondimens ional  span  loading  on  the  surface. 

Thus,  the  equations  for  the  flexible  and  rigid  C^'s  are  given 
respectively  by 

C,^=[.J{y}^  (89) 

cu,  =  [.  J  {y}^  (90) 

The  span  loadings  are  obtained  by  integrating  the  lifting  pressure 
distributions  in  the  chordwise  direction,  i.e.,  for  a  given  spanwise 
station. 


c  ^I.O/ApN.-^ 


where 


t.e.  i.e. 


or  for  all  the  stations,  in  matrix  form,  as 

{r}=  m[’]{^}* 

For  the  flexible  and  rigid  cases.  Equation  (93)  becomes 

{A  -  lIU'lM, 


(94) 


In  order  to  make  the  development  of  the  expressions  for 
more  definitized,  a  specified  mathematical  type  of  relationship  between 

and  a  will  be  assumed  in  the  discussion  that  follows.  This 
does  not  detract  at  all  from  the  generality  of  the  approach  to  be  shown, 
but  does  help  to  clarify  the  steps  of  the  procedure.  The  relationship 
used  is 


Combining  Equations  (89),  (94),  (96)  and  (90),  (95),  (97)  results  in 

=Lp=ujifU‘]{N{'hhlNKNK}} 


jog}  is  defined  as 

[°gl  ^  “ref  ['1  ■‘■“bj  [' 


(100) 


*It  should  be  realized  that  tor  the  particular  nonlinear  case  being  con¬ 
sidered  here,  as  well  as  for  the  general  nonlinear  case,  the  lifting 
pressures  (and  Ci_^  )  are  a  function  of  other  angles  besides  jag  j  , 

e.g.,  control  surface  deflection  angle,  damping  in  roll  angle,  sideslip 
angle,  etc.  However,  in  the  development  for  C|_^  being  presented, 

only  the  case  of  jag]-  as  input  will  be  considered. 


A 


{“g}=  °REF{'}  +  abi{'}-^{“bt} 


(lOi; 


It  should  be  noted,  since  ajj.  and  |  are  not  functions  of  otpEp-  . 
that  I  I.  tJ 


L<^ciref  L  I^^refJ  I  i 


Referring  to  Equations  (98)  and  (99),  and  realizing  that 


(102; 


(103; 


the  flexible  and  rigid  expressions  for  Ci_  may  be  obtained  by 
differentiating  these  equations  with  respect  to  a  pgp  >  i*e., 


It  should  be  recognized  that  in  writing  the  expression  for  C|_  , 

^  R 

advantage  has  been  taken  of  the  relation  given  by  Equation  (102) 

r  aaq  1 

to  eliminate  from  the  equation.  The  flexible  to  rigid  ratio  of 

the  lift  curve  slopes  is  then,  of  course,  given  by 


NLiiL'JiNl'h 


where  the  subscript,  n  ,  has  been  added  to  designate  "nonlinear". 
Methods  for  obtaining  the  solutions  for  the  equilibrium  angle  of  attack 

distribution  -[a]-  have,  of  course,  been  presented  in  Section  11.  The  dis- 

tributions  of  —  ►are  obtained  simply  by  graphically  or  numeri- 

cally  differentiating  |ci|with  respect  to  a  rep  ,  i.e.,  for  the  given 

Mach  number  and  q  of  interest,  this  just  involves  running  a  number 

of  solutions  for  •[ctj-  with  different  values  of  a^^pas  inputs,  and  then 

d  a 

using  such  data  to  obtain  -7 -  for  all  the  reference  points  at  the 

da  Rpp 

desired  values  of  a^pp 

As  might  be  expected,  the  expressions  for  both  the  flexible  and 
rigid  CL(j' s  ,  as  well  as  their  ratio,  are  functions  of|agj.  ;  is 

an  explicit  function  of  {agj-  ^vhile  is  an  implicit  function  of|ag]- 

since  a  j  and-^^-^"£^  functions  of  {c*g}.  It  is  of  interest  to 

obtain  the  corresponding  expressions  for  the  flexible  to  rigid  ratio  of 
Clq  for  the  linear  case  (by  setting  j^Qp]  =  [o^  in  Equation  (106)) 

Using  the  notation  of  Section  n,  the  linear  expression  for  | o|  is 

_ 1 _ 


given  by 


{a}=  [[ll-c[s][Q,l]"{ag} 


(108) 


r  aag  ■]  f  *) 

J  _ 2 _  ^  -  J  I  ^ 

I  daREPJ  I  J  ’ 


(109) 
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Hence,  Equation  (107)  may  be  rewritten  as 


a 


^La 


(110) 


While  it  is  not  obvious  from  examination  of  Equation  (107)  that  the 

linear  expression  for  the  C|_^  ratio  is  independent  of  lag j-  ,  this  fact 

becomes  quite  evident  from  inspection  of  the  alternate  linear  formula¬ 
tion  as  given  by  Equation  (110). 


For  this 


It  is  of  some  interest  to  consider  the  special  case  of 

^bj  {'}  =  {“bt}=  1°}  ’  {‘*9}=  “ref{'}  ,  ^  . 

case  it  can  be  shown  for  a  rep=  0 ,  that {a|  = -[oj- but -j  = 

j^l'j-q[sj  |^Q|]  {’}•  Hence,  the  expression  for  the  nonlinear 

flexible  to  rigid  ratio  of  the  lift  curve  slope,  as  given  by  Equation  (106), 

-1  -I 


reduces  to 


■L 


{ag}={o} 


which,  when  compared  with  Equation  (110),  is  seen  to  be  identical  to 
the  expression  for  the  linear  flexible  to  rigid  ratio  of  C[_  ^  .  A 

typical  plot  of  ^  ^  ^  REF”  (with{ag|=  a  ref  { '}  ) 

for  constant  Mach  number  and  altitude  is  presented  in  Figure  9;  both 
the  linear  and  nonlinear  curves  are  shown. 


*This  is  also  the  form  of  the  C[_q 
on  Page  289  of  Reference  12. 


ratio  for  the  linear  case  as  given 


than  two  to  contend  with,  it  is  almost  mandatory  that  carpet  graphs  be 
used  to  present  the  aeroelastic  results  applicable  to  a  flexible  flight 
vehicle.  Perhaps  the  best  method  of  presentation  of  such  results  is  to 
plot  a  separate  carpet  graph  for  each  Mach  number  considered,  and  on 
each  graph  use  a  and  altitude  (  h  )  as  the  two  variables.  A 


typical  graph  of  this  type  is  shown  in  Figure  10  for  a  clipped  delta  wing 
having  a  45 -degree  swept  leading  edge  at  a  free  stream  Mach  number 
of  8.  This  carpet  indicates  the  increased  severity  of  the  nonlinear 
effects  on  the  wi  g  lift  curve  slope  as  the  rigid  angle  of  attack 
is  increased  and  the  altitude  is  decreased. 


Now  that  adequate  numerical  methods  have  been  developed  to 
handle  the  introduction  of  nonlinear  aerodynamics  in  the  aerothermo- 
elastic  stability  and  control  picture,  future  required  work  in  this  field 
entails  the  inclusion  of  nonlinear  structural  inputs  due  to  large  deflec¬ 
tions,  along  with  the  nonlinear  aerodynamic  inputs,  in  the  formulation 
of  the  static  aeroelastic  problem,  and  the  development  of  methods  for 
the  solution  of  the  increasingly  complex  resultant  etiuations  for  the 
flexible  stability  der  ivatives  of  interest. 
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APPENDIX 


HYPERSONIC  AERODYNAMIC  INFLUENCE  COEFFICIENT  MATRICES 


The  concept  of  an  aerodynamic  influence  coefficient,  or  an  array 
of  such  coefficients,  which  is  called  an  aerodynamic  influence  coeffi¬ 
cient  matrix,  has  been  previously  discussed  in  Reference  2.  In  that 
reference  an  aerodynamic  influence  coefficient  was  defined,  for  a 
swept  wing  in  supersonic  flow,  as  "that  quantity  which  relates  the 
aerodynamic  span  load  at  a  particular  spanwise  station  to  the  angle  of 
attack  at  another,  or  the  same,  spanwise  station”.  This  definition  is 
based  on  a  physical  model  in  which  each  chord  of  the  wing  is  at  a  con¬ 
stant  angle  of  attack,  that  is,  there  are  no  local  variations  of  angle  of 
attack  in  the  chordwise  direction.  This  concept  was  labeled  the  line 
approach.  Consideration  of  local  variations  of  angle  of  attack  in  the 
chordwise  direction  leads  to  the  field  approach.  In  this  approach  a 
field  aerodynamic  influence  coefficient  is  defined  as  "that  quantity 
which  relates  the  local  aerodynamic  lifting  pressure  at  a  particular 
reference  point  to  the  local  angle  of  attack  at  another,  or  the  same, 
reference  point.”  Methods  for  generating  aerodynamic  influence  coef¬ 
ficient  matrices  for  these  two  approaches  were  developed  in  Refer¬ 
ences  2  and  3.  The  concept  of  an  aerodynamic  influence  coefficient  in 
hypersonic  flow  will  now  be  introduced. 


Consider  the  half-span  swept  wing  shown  in  the  sketch  belov/  with 
the  hypersonic  "pressure  loadings”  and  at  points  i  and 

M  I  ^  j 

j ,  respectively.  R  has  been  demonstrated  in  Reference  6  that  the  lift¬ 
ing  pressure  at  point  i  is  a  function  of  the  angle  of  attack  at  point  1  only 

and  not  at  j  as  well.  Likewise,  (-^^).  is  a  function  of  a.  only.  In 
this  manner  the  "influence”  of  a-  upon  the  does  not  exist. 

Also,  a .  does  not  affect  (-^).  .  Therefore,  one  only  needs  to  con- 
sider  the  basic  relationship  between  (^).  and  a.  in  order  to  deter¬ 
mine  the  desired  aerodynamic  influence  coefficients.  Aerodynamic 
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influence  coefficients  in  the  hypersonic  case  are  defined  as,  "those 
quantities  which  relate  the  aerodynamic  load  (or  pressure)  at  a  partic¬ 
ular  point  to  the  angle  of  attack  at  the  same  point  and  only  that  point". 
This  definition  will  yield  diagonal  influence  coefficient  matrices  since 
the  off-diagonal  elements  are  zero.  The  off-diagonal  elements  relate 
the  aerodynamic  load  to  angles  of  attack  at  other  points  than  the  one  in 
question  and  this  relation  or  influence  does  not  exist  in  the  hypersonic 
case.  The  above  definition  can  best  be  shown  mathematically.  In 
general,  it  may  be  written  that 


iM) 

^  ^  1 

=  Fi(ai). 

(A-1) 

T’ypical  forms  of  f’  j  (ffj ) 

=  Q2-  <2.  ^ 

1  1 

(A-2) 

Fi(ai> 

-  Qi.il-  +0 

■ '  1  1  “l 

(A-3) 

459 


Fi(ai) 


=  q 


a. 

I 


(A-4) 


Fj(a  j )  =  sin  a.  cos  (Jtj 


(A-5) 


The  quantities  q.  ,  q,  ,  q^  ,  etc.  are  hyper v«onic  aerodynamic 

influence  coefficients  as  previously  defined.  The  subscripts  o  ,1  , . . ., 
n  on  the  influence  coefficients  are  equal  to  the  powers  of  a  •  which 
they  premultiply.  The  influence  coefficients  are  functions  oi  numerous 
aerodynamic  parameters  such  as  chordwise  position,  airfoil  thickness 
ratio  and  Mach  number.  The  numerical  value  and  mathematical  form 
of  the  coefficients  vary  with  airfoil  shape  and  the  hypersonic  flow 
phenomena  under  consideration. 


The  aeroelastic  interaction  solution  developed  in  Section  II 
assumes  that  the  lifting  pressure  at  a  point  is  of  the  general  form 


( 


Ap 


q 


=  a 


Ap 


+  a. 


a. 


Ap„ 


(A- 6) 


where  the  term  (—2-^).  i!3  the  non-linear  component  of  the  lifting 

pressure  as  shown  in  the  sketch  below.  This  term  is  usually  a  quad¬ 
ratic  or  cubic  equation  in  a  j  or  a  trignometric  function  of  a .  . 


The  aerodynamic  influence  coefficients  and  a,  can  be  deter- 

mined  from  the  basic  lifting  pressure  expressions  or  can  be  chosen  in 
an  arbitrary  fashion  in  order  to  expedite  the  method  of  solution 
described  in  Section  11.  In  some  instances,  Equation  (A- 6)  will  consist 

Ap 

of  only  the  nonlinear  portion  of  the  lifting  pressure  ( •  In  these 

M  f 

cases  the  aerodynamic  influence  coefficients  Oq  and  a  j  need  to  be 

specified  before  an  aeroelastic  solution  can  be  obtained.  Equation  (A-5) 

is  a  sample  case  of  this.  However,  in  the  majority  of  cases  (— 

can  be  easily  determined  by  inspection  of  the  basic  lifting  pressure 
relationship. 


Equations  (A-1)  to  (A-6)  can  very  readily  be  put  in  matrix  form. 
This  is  highly  desirable  since  it  preserves  existing  static  aeroelastic 
notation  and  matrix  techniques  previously  developed  in  supersonic 
aeroelasticity  studies.  For  example.  Equation  (A-3)  can  be  written  in 
matrix  form,  for  N  reference  points,  as 


1 

'  1  r  J 


/A 

V**- 
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The  diagonal  matrices,  LqI  ,  are  denoted  as  aerodynamic  influence 
coefficient  matrices.  In  order  to  generate  aerodynamic  influence  co¬ 
efficient  matrices,  it  is  necessary  to  use  the  results  of  theoretical 
investigations  such  as  those  discussed  in  Reference  6  to  calculate  the 
elements  in  the  [Q]  matrices.  It  is  noted  here  that  if  an  Aeroelasti- 
cian  had  experimental  lifting  pressure  data,  it  could  be  mathematically 
described  such  that  [Q  ]  matrices  of  the  above  form  could  be  obtained. 

The  theoretical  investigations  of  Reference  6  have  used  existing 
hypersonic  pressure  prediction  methods  to  generate  inputs  to  the  [qI 
matrices.  The  theoretical  work  of  Messrs.  Dorrance,  (Reference  18); 
Ivey,  Klunker  and  Bowen  (Reference  19);  Grimminger,  Williams  and 
Young  (Reference  20);  Cheng  (Reference  21);  Lees  and  Probstein 
(Reference  22);  and  Creager  (Reference  23)  were  used  extensively  to 
formulate  the  basic  lifting  pressure  functions  and  the  resultant  aero¬ 
dynamic  influence  coefficients.  Graphical  presentations  of  the  influence 
coefficients  were  devised  in  order  to  aid  the  Aeroelastician  to  easily 
obtain  IqI  matrices.  The  graph.c  were  designed  so  that  only  t'  '  per¬ 
tinent  parameters  upon  which  the  aerodynamic  influence  coefficients 
depend  are  shown.  Therefore  in  practice  the  Aeroelastician  need  not 
have  knowledge  of  hypersonic  aerodynamics  as  such  but  only  a  working 
knowledge  of  the  basic  parameters  upon  which  the  influence  coeffi¬ 
cients  depend.  Once  the  influence  coefficients  are  determined  they  are 
just  arranged  in  the  proper  diagonal  position  in  the  LqI  matrix  of 
interest.  Figure  11  presents  a  sample  graph  of  the  aerodynamic  in¬ 
fluence  coefficient  q_  obtained  for  a  slender  sharp  nose  airfoil  with 

a  half-diamond  cross-sectional  shape  using  Dorrance’s  method 
(Reference  18).  Inspection  of  Figrire  11  reveals  that  is  a  function 

of  streamwise  position  (reference  point  location)  ,  Mach  number 

Mco  and  thickness  ratio  v  (  t  =  maximum  thickness  of  airfoil/ 
chord  length). 


Use  of  Dorrance's  work  has  led  to  the  following  general  form  for 
the  lifting  pressure 


q.^H- 

I 


(A- 8) 
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^ '  Figure  11.  Sample  Carpet  Graph  of  Aerodynamic  Influence 

;■;  Coefficient  q^.  —  Half  Diamond  Airfoil  Section, 

t-  Dor  ranee's  Method 
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K- 


(A-9) 


or  in  matrix  form,  for  N  reference  points 

m-W 

Equations  similar  to  Equation  (A-9)  have  been  obtained  using  the 
methods  proposed  by  the  aforementioned  investigators.  Numerous 
carpet  graphs  such  as  that  shown  in  Figure  11  have  been  obtained 
using  Dorrance's  work,  as  well  as  others,  and  are  to  be  presented  in 
Reference  6. 
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FLIGHT  CONTROL  OF  HYPERSONIC  VEHICLES 
WITH  A  TEMPERATURE  SENSING  LOOP 
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ABSTRACT 


The  concepts  of  optimum  control  theory  are 
applied  to  the  general  problem  of  controlling  the 
descent  of  a  hypersonic  re-entry  system  in  an  in¬ 
completely  defined  environment.  It  is  shown  that 
the  effects  of  thermoaeroel astic  deformations  and 
other  variables  which  alter  the  vehicles  character¬ 
istics  as  well  as  the  uncertainties  arising  from 
undefined  environmental  conditions  can  readily  be 
handled  by  an  optimum  adaptive  macro-micro 
controller.  Because  of  the  magnitude  of  the 
changes  to  be  expected  in  atmospheric  character¬ 
istics  from  point  to  point  about  the  earth  and 
from  day  to  day  in  a  time  sense,  it  is  concluded 
that  preprogrammed  descents  whose  success  i s 
predicated  on  the  assumption  that  a  statistical 
standard  atmosphere  will  be  encountered  are  likely 
to  cause  destruction  of  a  re-entry  vehicle  or 
failure  to  perform  an  assigned  miss'on. 
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aiGHT  CONTROL  OF  HYPERSONIC  VEHICLES  WITH  A  TEMPERATURE  SENSING  LOOP 


INTRODUCTION 


It  is  appropriate,  I  think,  to  begin  any  discussion  of  a  control 
problem  with  an  analysis  of  the  system  to  be  controlled,  its  mission 
in  life  and  the  nature  of  the  environment  in  which  the  system  is  to 
function.  The  control  problem  we  need  to  consider  here  is  somewhat 
complicated  by  the  dual  restrictions  that  neither  the  nature  of  the 
environment  in  which  we  are  going  to  operate  nor  the  specific  char¬ 
acteristics  of  the  system  to  be  controlled  can  be  established  ahead 
of  time  wit*'  any  degree  of  precision.  Moreover  it  is  entirely  prob¬ 
able  that  i.ie  characteristics  of  the  system  will  change  with  time 
and  as  a  function  of  the  nature  of  the  flight  path  followed  in  the 
atmosphere.  In  the  light  of  these  statements  it  would  be  rather 
careless  of  us  to  presume  at  the  outset  that  we  have  a  linear  problem 
to  deal  with,  and  accordingly  our  lack  of  information  becomes  even 
greater  since  we  cannot  make  use  of  the  great  simplifications  pro¬ 
vided  by  the  use  of  linearized  control  theory. 

In  spite  of  the  opening  statements,  our  position  is  by  no  means 
hopeless,  and  as  a  matter  of  fact  it  is  hardly  novel,  on  the  con¬ 
trary  it  is  possible  to  achieve  a  control  solution  without  undue 
complication  provided  only  that  we  do  not  try  to  oversimplify  the 
problem  too  early  in  the  game.  The  problem  we  face  is  no  different 
in  principle  than  the  problem  faced  by  a  pilot  flying  an  airplane 
which  is  unfamiliar  to  him.  To  fly  the  airplane,  he  has  no  need  to 
know  the  precise  value  of  nor  the  control  effectiveness 

parameters  nor  does  he  need  to  know  any  numbers  spelling  out  the 
stability  parameters  associated  with  the  airplane.  What  he  does 
need  to  know  is  that  a  given  control  motion  results  in  a  given 
rotation  about  one  of  the  airplane  axes,  he  requires  warning  of  an 
inpending  stall,  and  a  rough  knowledge  that  tr.ero  are  some  limit- 
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plane.  If  the  airplane  is  flyable  in  the  first  place,  the  pilot 
can  quickly  adapt  himself  to  its  characteristics  even  if  the  air¬ 
plane  is  completely  marginal.  Thus  the  Wright  brothers  never  had 
flying  I  ess  ions,  but  somehow  managed  to  fly  their  first  airplane 
which  would  be  considered  totally  unacceptable  and  possibly  un- 
flyable,  under  current  military  specifications. 
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1  think  then  that  it  is  clear  that  we  do  not  need  to  have  a 
great  deal  of  precise  information  on  hand  to  effect  control,  but  it 
is  essential  that  we  do  have  information  on  the  direction  of  response 
to  a  given  control  action  and  as  to  the  limitations  which  we  need  to 
observe  to  avoid  destruction  of  the  vehicle  we  want  to  control.  In 
the  absence  of  this  information  control  is  indeed  inipossible.  It  is 
essential  also,  that,  at  least  at  sensor  locations  there  shall  exist 
the  same  trend  of  response  for  short  term  actions  as  for  long  term 
action,  otherwise  sensed  data  becomes  useless  for  the  particular 
control  problem  at  hand.  In  other  words  we  require  consistent  short 
and  long  term  response  characteristics  of  the  system. 

In  the  absence  of  preconceived  data  concerning  the  nature  of 
our  vehicle  and  its  environment,  one  needs  to  make  measurements 
along  the  way,  however  this  involves  new  problems  based  on  sensor 
location,  response  and  accuracy  limitations,  and  it  is  possible 
to  have  too  much  data  to  handle  just  as  it  is  possible  to  have  too 
little.  It  is  evident,  I  think,  that  we  want  to  optimize  data  ac¬ 
quisition  and  handling  requirements  from  the  :tandpoint  of  achieving 
the  simplest,  least  expensive  and  most  reliable  system. 

When  we  deal  with  re-entry  systems  which  because  of  their  basic 
nature  cannot  avoid  operation  at  elevated  temperatures,  structural 
deformation  can  occur  even  in  the  absence  of  large  applied  loads, 
and  in  the  event  that  we  have  both  high  loadings  and  high  temperatures, 
then  we  may  expect  to  encounter  rather  severe  temporary  warping  as 
well  as  permanent  structural  deformation,  even  though  destructive 
failure  does  not  occur.  At  hypersonic  velocities  even  relatively 
minor  deformations  alter  the  pressure  distribution  over  the  vehicle 
with  the  result  that  both  heating  and  aerodynamic  coefficients 
become  a  function  of  aerothermoelastic  effects,  and  conversely. 

Evidently  these  interactions  can  be  minimized  by  keeping  both 
the  temperature  and  aerodynamic  loadings  as  small  as  possible,  and 
any  flight  control  system  for  an  advanced  flight  vehicle  should  be 
capable  of  accomplishing  both  these  purposes.  To  summarize  our 
problem  we  have  that; 

(a)  Our  environment  of  operation  is  incompletely  defined. 

(b)  Our  vehicular  characteristics  are  unknown. 

(c)  We  must  limit  sensor  requirements  to  a  minimum. 

(d)  Our  vehicle  must  be  controllable  in  that  it  exhibits 
consistent  short  and  long  term  response  characteristics  at  least 
at  critical  sensor  locations. 

(e)  The  control  system  must  seek  to  minimize  both  temperature 
and  structural  loadings  while  still  accomplishing  the  mission  of 
the  entire  system. 
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If  we  presume  that  our  mission  is  to  go  from  some  point  (con¬ 
ceivably  outside  of  the  atmosphere)  to  a  given  geographical  location 
on  the  surface  of  the  earth,  then  we  shall  show  that  in  spite  of 
the  aforementioned  restrictions,  a  control  system  can  be  constructed 
to  do  the  job  while  maintaining  the  integrity  of  our  vehicle  and  its 
contents.  To  this  end  our  mission  requirements  are: 

1.  Our  vehicle  must  be  flown  safely. 

2.  It  must  achieve  a  desired  longitudinal  range. 

3.  It  must  achieve  a  desired  lateral  range. 

We  shall  now  consider  environmental  and  vehicular  characteristic 
uncertainties  in  more  detail. 

ENVIRONMENTAL  AND  VEHICULAR  CHARACTERISTIC  UNCERTAINTIES 

The  operating  environment  of  any  high  speed  vehicle  is  the 
earth's  atmosphere  whose  characteristics  vary  considerably  with  time, 
place  and  altitude.  At  sea  level  the  temperature  may  reach  a  peak 
of  perhaps  I 60°  F  and  achieve  a  minimum  value  of  about  -100°  F, 
although  these  two  extremes  are  not  likely  to  occur  at  the  same 
geographic  location.  On  the  cold  day  the  barometric  pressure  is 
likely  to  be  high,  whereas  under  high  temperature  conditions  it  is 
generally  low.  Barometric  pressures  at  sea  level  vary  from  about 
27"  Hg  to  32"  Hg.  Considering  these  extremes,  the  ratio  of  maximum 
to  minimum  densities  which  might  be  encountered  at  sea  level  is 
obtained  from  the  equation  of  state  as 

^max.  459.6  +  l60  32  „ 

5“  '  459.'^  -"'100  97  ’ 

min. 

This  is  an  extreme-val ue  ratio  and  such  a  change  in  air  density 
is  not  likely  to  be  encountered  at  sea  level  unless  we  travel  from 
an  extreme  desert  region  to  some  point  above  the  arctic  circle. 

At  re-entry  altitudes  the  observed  density  variations  are  con¬ 
siderably  greater  than  at  sea  level  showing  a  ratio 


p 

max.  _  g 
^min. 

on  the  basis  of  data  contained  in  reference  I.  The  causes  for  this 
scatter  are  far  from  well  defined;  part  may  be  due  to  computational 


473 


procedures,  part  +o  instrumentation  problems  and  so  on,  but  there  is 
little  reason  to  believe  that  the  atmospheric  density  does  not,  in 
fact,  display  at  least  the  density  variation  exhibited  by  the  test 
data.  If  we  are  somewhat  optimistic  and  assume  that  we  must  cope 
only  with  a  fourfold  density  variation  at  any  given  altitude  in  the 
re-entry  region,  then  we  find  that  working  from  a  nominal  standard  or 
model  atmosphere,  we  may  first  encounter  a  sufficiently  dense 
atmosphere  to  produce  tangible  aerodynamic  effects  over  a  spread  of 
altitudes  of  +  30,000  ft.  from  the  assumed  standard.  What  this  means 
is  that  the  exact  geometric  altitude  at  which  re-entry  is  initiated 
is  not  a  defined  quantity.  Moreover  the  heat  transfer  coefficient  is 
roughly  proportional  to  VpV^  ,  so  that  a  factor  of  four  on  density 
involves  a  change  in  heat  transfer  coefficient  of  about  2. 

The  fact  that  the  characteristics  of  the  atmosphere  vary  with 
time  and  geographic  location  is  seen  to  militate  strongly  against 
the  use  of  a  preprogramming  control  system  designed  on  the  assumption 
that  standard  or  averaged  atmospheric  characteristics  are  going  to 
be  encountered  during  re-entry  and  descent.  But  our  problem  is  more 
involved  than  this  since  even  v^ere  the  atmosphere  completely  defined 
for  us  we  would  still  have  to  know  quite  a  bit  about  our  aircraft's 
characteristics  if  we  hoped  to  standardize  our  flight  path  to  any 
degree,  and  we  have  no  guaranteed  theories  or  substantial  fund  of 
test  data  which  establish  aerodynamic  characteristics  or  actual  heat 
transfer  coefficients  for  re-entry  velocities. 

Some  astonishingly  comprehensive  work  has  been  accomplished 
by  various  investigators  in  the  area  of  heat  transfer  in  hypersonic 
*low  fields  and  reference  4,  presents  a  seemingly  all  inclusive  re¬ 
lation  for  heat  transfer  in  the  vicinity  of  a  stagnation  point  which 
we  understand  has  stood  up  well  under  experimental  investigation, 
however  there  is  a  marked  difference  between  computing  heat  transfer 
with  a  known  pressure  distribution  and  attempting  to  estimate 
structural  temperatures  in  a  flow  field  which  is  not  completely 
defined.  Unfortunately  it  is  this  type  of  flow  field  which  exists 
around  a  hypersonic  winged  airplane,  so  that  even  were  there  no 
structural  deformations  to  contend  with,  ther-^  ©Msts  considerable 
question  concerning  the  exact  values  of  heat  transfer  coefficients, 
for  instance,  at  a  wing  fuselage  junction  of  a  vehicle  at  an 
arbitrary  angle  of  attack  and  an  arbitrary  angle  of  eirie  el  ip. 

Lest  this  uncertainity  be  viewed  too  lightly,  let  us  remember  that 
even  today  we  have  no  theories  adequate  to  predict,  analytically, 
the  pressure  distribution  on  and  in  the  vicinity  of  an  a'rplane 
such  as  a  Piper  Cub,  so  that  for  airplanes  such  as  these  we  still 
need  to  use  empirical  techniques  to  properly  locate  a  source  of 
static  pressure  for  air  speed  measuring  purposes. 

When  we  now  add  the  influences  of  structural  deformations 
resulting  from  aerothermoel astic  effects,  we  must  face  the  fact 
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that  neither  our  heating  characteristics  nor  our  aerodynamic  para¬ 
meters  can  be  assumed  defined  to  the  degree  that  we  can  depend  (for 
control  purposes),  on  the  assumption  that  they  are  known  quantities. 
We  must  therefore  divorce  our  control  system  synthesis  completely 
froni  any  dependence  on  precisely  defined  environmental  or  vehicular 
aerodynamic  and  heating  characteristics.  This  brings  us,  heuris- 
tically  at  least,  to  the  thought  that  we  should  employ  some  type  of 
adaptive  logic  to  design  the  over-all  control  system  for  advanced 
flight  vehicles,  and  this  thought  is  explored  further  in  the 
following  section. 


THE  NEED  FOR  ADAPTIVE  LOGIC 


To  originate  our  discussion  of  adaptive  logic  we  first  introduce 
the  terms  "macro"  and  "micro"  control  to  differentiate  between  those 
functions  which  determine  the  degree  of  closure  on  a  given  temperature 
or  given  space  location  and  those  requ-red  to  maintain  the  airplane's 
orientation  with  respect  to  a  given  axes  system  in  such  a  way  that 
the  desired  end  conditions  are  ultimately  achieved.  Thus  macro¬ 
control  inolves  the  making  of  certain  decisions  which  were  formerly 
the  prerogative  of  a  human  pilot  as  well  as  some  decisions  he  would 
normally  be  incapable  of  making,  while  micro-control  includes,  what 
can  broadly  be  described  as,  auto-pilot  functions.  The  macro  and 
micro-control  functions  can  most  expediently  be  combined  into  a 
single  non-linear  logic  system  with  the  macro-commands  being  directly 
translated  i nto  micro- functions. 

Speaking  strictly  from  a  conceptual  standpoint,  it  is  recognized 
that  adaptive  control  is  the  antithesis  or  preprogramming  since  the 
need  for  adaptation  arises  only  in  the  event  that  we  are  uncertain 
of  our  ability  to  attain  in  practice,  an  a-priori  group  of  assumed 
operating  conditions  which  could  otherwise  be  utilized  as  a  basis 
for  preprogramming.  It  is  believed  that  control  of  trajectories  in 
space  as  we  I  I  as  in  the  upper  reaches  of  the  atmosphere  can  only 
practically  be  accomplished  on  an  adaptive  basis  if  we  deal  with 
winged,  controlled  and  manned  systems.  It  is  conceded  at  the  outset 
that  if  we  had  certain  knowledge  of  the  conditions  we  could  expect 
to  eriCounter  during  re-entry,  that  preprogramming  would  probably 
lead  to  better  control,  at  least  as  far  as  the  stipulation  of  the 
path  or  paths  to  be  followed  is  concerned.  However,  we  do  not  now 
have  this  knowledge. 

The  variability  of  atmospheric  characteristics  produces  major 
problems  in  the  control  of  range  and  skipping  tendencies  which  must 
be  considered  in  the  design  of  a  generalized  flight  control  system 
for  a  successful  re-entry  vehicle. 
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The  actual  speed  and  flight  path  inclination  at  the  time  of  re¬ 
entry  are  not  precisely  defined  ahead  of  time  so  that  the  use  of  pre¬ 
programming  as  a  means  of  range  and  temperature  control  is  not  likely 
to  produce  either  a  desired  range  or  a  desired  temperature.  Similarly 
the  fact  that  the  earth  is  relating  and  carries  the  atmosphere  with  it 
means  that  a  given  absolute  re-entry  velocity  (absolute  velocity  is 
the  inertial  space  speed  of  our  object  referenced  to  the  earth's  center, 
and  therefore,  differs  from  the  relative  speed  by  the  amount  of  the 
atmospheric  absolute  speed  due  to  rotation  of  the  earth)  will  produce 
different  relative  re-entry  velocities  dependent  on  our  latitude  and 
compass  heading.  Since  the  absolute  atmospheric  velocity  at  the 
equator  is  close  to  1500  ft/sec.,  an  absolute  re-entry  velocity  of 
25,000  ft/sec.,  in  the  East  to  West  direction  at  the  equator  would 
produce  a  relative  velocity  of  26,500  ft/sec.,  whereas  if  our  direction 
were  West  to  East,  our  relative  velocity  would  be  23,500  ft/sec. 

This  is  the  extreme  case,  however,  at  45°  latitude  the  earth  still 
produces  about  1,000  ft/sec.,  of  absolute  velocity  so  that  the  con¬ 
tributions  of  this  velocity  component  are  by  no  means  trivial  even  at 
the  central  latitudes.  The  variations  of  relative  re-entry  velocity 
due  to  'atitude  and  azimuth,  and  the  variations  in  this  velocity  as 
well  as  the  variations  in  the  angle  of  the  flight  path  at  re-entry 
due  to  indeterminate  re-entry  altitude  all  combine  to  produce  a 
substantial  spread  of  conditions  to  which  any  re-entry  system  must 
adapt  i f  it  i s  to  ful f i 1 1  its  purpose.  Lack  of  ability  to  compensate 
for  these  varying  initial  conditions  can  lead  to  destruction  of  the 
vehicle  or  failure  to  achieve  desired  terminal  conditions. 

The  fact  that  local  heating  rates  may  show  anomalous  behavior 
as  regards  angle  of  attack  changes  introduces  difficulties  both  in 
establishing  proper  temperature  sensing  locations  and  the  synthesis 
of  control  logic  which  in  turn  influence  the  basic  airplane  and 
control  system  designs. 

It  is  evident  that  before  we  can  achieve  a  proper  descent  control 
system,  we  must  impese  the  following  requirements  upon  the  airframe: 

1.  The  design  must  be  physically  capable  of  accomplishing  a 
safe  re-entry,  and  there  must  exist  a  range  of  temperatures  at  which 
flight  is  possible  and  which  do  not  destroy  the  airframe. 

2.  The  re-entry  speed  and  attitude  must  be  sufficiently  con¬ 
trollable  through  retro-fire  to  make  it  physically  possible  to  re¬ 
enter  safely  (very  few  meteors  can  safely  enter  the  atmosphere 
because  of  either  excessive  speed  or  excessive  inclination  angle). 

3.  Sufficient  control  must  be  available  to  change  angle  of 
attack  and  curve  the  flight  path  as  required  by  thermal  or  range 
maneuvers. 
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4.  There  must  exist  a  logical  correlation  between  angl-a  of 
attack  change  and  heating  rate  at  critical  sensing  points  on  our 
re-entry  body.  If  this  correlation  does  not  exist  for  all  angles 
of  attack,  then  we  must  limit  operation  to  those  angles  where  it 
does  exist. 

5.  Interaction  of  aerothermoelastic  effects  with  the  control 
system  response  must  be  minimized. 

The  importance  of  the  proper  heating  rate  response  cannot  be 
overemphasized.  Control  of  range  and  temperature  either  individually 
or  collectively,  Is  possible  only  if  there  exist  both  positive  and 
logical  airplane  range  and  temperature  responses  to  changes  in 
vehicular  angle  of  attack  (which  is  the  only  fundamental  parameter 
we  can  control  on  a  relatively  short  time  basis).  At  orbital  speeds, 
and  at  speeds  close  to  orbital,  a  slight  increase  in  angle  of  attack 
may  cause  a  sufficient  increase  in  lift  (in  spite  of  very  low 
dynamic  pressures)  to  cause  an  exit  from  the  atmosphere  with  the 
result  that  aerodynamic  path  control  is  lost  and  the  vehicle  seeks 
a  new  orbital  apogee  approximately  180°  of  angular  range  from  the 
point  at  which  the  attempted  re-entry  occurred.  This  situation  is 
untenable  from  the  point  of  view  of  establishing  proper  range  control 
and  is  the  result  of  attempting  to  re-enter  at  too  great  an  angle  of 
attack  or  at  too  shallow  a  flight  path  inclination;  severe  skipping 
can  also  occur  in  the  event  that  too  low  a  commanded  temperature 
is  specified  which  rapidly  forces  an  increase  in  angle  of  attack  at 
near  orbital  speed.  Thus  there  exist  limitations  both  on  re-entry 
angle  of  attack  and  on  specified  temperature  which  if  ignored  can 
lead  to  unpredictable  range  performance.  Re-entries  will  normally 
occur  at  velocities  greater  than  the  circular  orbital  speed  required 
at  the  re-entry  altitude  unless  multiple  retro- fire  periods  are 
employed,  and  this  fact  intensifies  the  skipping  problem.  As  we 
shall  see  later,  a  properly  designed  lateral  range  control  system 
has  the  ability  to  eliminate  a  primary  skip,  and  therefore  when 
properly  used  can  provide  for  predictable  in-atmospheric  range. 

If  simultaneous  control  of  range  and  temperature  is  desired,  the 
range  and  temperature  responses  must  be  compatible.  For  properly 
placed  sensors  and  proper  aerodynamic  design  there  will  exist  an 
angle  of  attack  rango  over  which  an  increase  in  angle  of  aiiack 
produces  (at  the  sensor)  a  decrease  in  boundary  layer  heat  transfer 
and  vice-versa.*  Normally  one  cannot  expect  that  this  will  hold  true 

*The  zero  angle  of  attack  stagnation  points  of  various  components 
of  the  re-entry  vehicle  are  theoretically  satisfactory  locations 
provided  the  minimum  angle  of  attack  is  set  at  perhaps  5°  to  10° 
so  as  to  insure  that  stagnation  conditions  are  never  encountered 
at  the  sensor  itself. 
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for  all  angles  of  attack,  however,  there  must  exist  a  working  range 
of  angles  wherein  proper  response  occurs:  If  this  does  not  hold  true, 
direct  temperature  control  is  not  possible.  Indeed  we  face  an  im¬ 
possible  control  problem  unless  we  can  postulate  logical  response 
in  the  anticipated  flight  areas,  as  explained  below. 

The  boundary  layer  heating  rate  depends  on  density  and  velocity, 
increasing  with  an  increase  in  either  of  these  quantities,  A  decrease 
in  angle  of  attack,  on  a  long  term  basis  will  tend  to  increase  speed 
and  increase  density,  i.e.,  will  tend  to  increase  temperature,  while 
an  increase  in  angle  of  attack  on  a  long  term  basis  will  invert  this 
characteristics.  Accordingly,  we  have  compatible  short  term  and 
long  term  characteristics  only  in  the  evont  that  the  boundary  layer 
heating  rate  decreases  (at  the  sensor)  with  increase  in  angle  of 
attack  (other  factors  held  constant)  on  an  immediate  or  short  term 
basis,  and  there  exists  an  impossible  control  problem  in  the  event 
that  the  heating  rate,  shows  an  increase  with  angle  of  attack, 
because  in  this  event  corrections  made  on  an  immediate  basis  must 
ultimately  produce  just  the  reverse  of  the  response  desired.  It 
follows  that  a  fundamental  requirement  for  a  successful  re-entry 
configuration  is  that  at  the  critical  sensor(s)  location(s)  there 
must  exist  an  increase  in  heating  rate  corresponding  to  a  decreased 
angle  of  attack  in  the  operating  angle  of  attack  region. 

Range  control  is  essentially  an  energy  management  proposition 
in  those  regions  wherein  slant  range  does  not  enter  the  picture.  Thus 
to  increase  range  we  decrease  drag  and  to  decrease  range  we  increase 
drag.  Accordingly  in  the  absence  of  devices  capable  of  producing 
drag  without  altering  the  liftman  increase  in  range  accompanies  a 
decrease  in  angle  of  attack  and  a  decrease  in  range  accompanies  an 
increase  in  angle  of  attack  within  the  domain  permitted  by  temperature 
response  considerations.  It  follows  that  an  increased  range  demand 
implies  higher  operating  temperatures  and  that  range  potential  is 
limited  by  the  maximum  permissible  operating  temperature. 

For  the  configurations  considered  for  numerical  examples  of 
control  system  functions^no  cases  were  encountered  where  an  increase 
in  sinking  speed  (due  to  increased  drag)  counteracted  the  basic  trends 
mentioned  above,  (i.e.,  the  flight  path  angle  never  becomes  so  negative 
as  to  cause  an  excessive  heating  rate,  due  to  encountering  high  den¬ 
sity  atmospheric  regions  before  the  velocity  had  been  sufficiently 
reduced) . 

On  the  basis  of  this  discussion,  it  would  appear  that  a  great 
deal  can  be  accomplished  with  proper  control  techniques,  and  ex¬ 
tended  simulation  studies  of  a  proposed  unified  optimum  adaptive 
control  system  reveal  that  basic  missions  can  be  carried  out  with¬ 
out  the  necessity  of  encountering  excessive  structural  loadings  or 
excessive  temperatures.  We  therefore  find  that  by  proper  control 
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logic  design  i+  is  possible  to  provide  mission  trajectories  which  do 
not  tend  to  violate  limitations  imposed  by  the  presence  of 
aerothermoelastic  effects,  end  further,  the  fact  that  we  may  directly 
control  skin  temperature  means  that  thermal  weakening  of  the  structure 
can  be  minimized  simply  by  establishing  the  maximum  temperature  at  a 
low  enough  value  to  insure  maintenance  of  structural  integrity. 

There  are,  however,  limits  to  this  process  since  if  we  desire  to 
control  range  then  we  are  forced  to  accept  finite  variations  in 
temperature  during  the  flight. 

A  UNIFIED  APPROACH 


Before  presenting  a  brief  description  of  the  analysis  technique 
applicable  to  the  synthesis  of  the  unified  temperature,  longitudinal 
and  lateral  range  control  system  designed  to  meet  the  requirements 
set  forth  in  the  previous  section  of  this  papery  we  shall  present  a 
brief  physical  description  of  how  the  system  functions. 

The  system  is  designed  to  maintain  zero  side  slip,  and  to 
accomplish  this  requires  either  an  aerodynamic  or  inertial  side  slip 
sensing  system.  Inertial  platforms  are  available  which  provide  the 
desired  input  information  based  on  lateral  axis  acceleration 
measurement,  and  development  work  on  aerodynamic  sensors  which  can 
function  at  hypervelocities  is  well  underway.  The  control  of 
longitudinal  and  lateral  range  requires  navigational  inputs  which 
establish  present  location  with  respect  to  the  target  and  with 
respect  to  the  instantaneous  inclination  of  the  earth  great  circle 
course  followed  by  the  controlled  vehicle.  These  data  can  be 
derived  from  platform  measurements,  or  through  the  use  of  data-link 
procedures. 

Control  of  lateral  attitude  (bank)  requires  sensing  of  bank 
angle,  rate  of  bank  and  banking  acceleration  and  fhese  are  required 
inputs  to  be  obtained  by  gyro  instrument  measurements.  Similarly 
pitch  control  requires  sensing  of  pitch  attitude,  pitch  rate  and 
pitch  acceleration,  which  quantities  are  again  obtained  from  gyro 
instruments.  If  a  stable  platform  is  available  this  single  unit 
provides  all  necessary  inertial  data  inputs. 

The  control  and  monitoring  of  skin  temperature  requires  that 
temperature,  T,  and  its  time  rate  of  change,  T,  be  measured  directly 
using  buried  sensors.  The  location  of  these  sensors  is  critical 
since  they  must  be  located  at  a  point  (or  points)  where  an  increase 
in  angle  of  attack  provides  for  a  decrease  in  temperature.  The 
selection  of  the  sensor  locations  must  be  determined  by  actual  tests. 

The  proposed  system  can  become  divergent  from  a  temperature 
conxrol  standpoint  if  negative  angles  of  attack  are  achieved,  and 
therefore  angle  of  attack  measurement  is  required,  based  either  on 


platform  data  or  air  data  sensing.  There  is  also  a  requirements  for 
limiting  maximum  angles  of  attack  to  those  values  at  which  satisfactory 
control  can  be  achieved. 

The  proposed  unified  central  control  system  may,  for  convenience 
be  viewed  as  consisting  of  three  interacting  loops.  In  the  case  of 
longitudinal  range  and  temperature  control,  the  interaction  is  direct 
while  the  lateral  or  cross  range  system  interacts  only  indirectly 
with  the  other  two  and  conversely. 

The  fundamental  error  signals  are  derived  on  a  macro  basis,  how¬ 
ever,  micro-control  logic  is  required  to  stabilize  short  term  dynamic 
response  of  the  entire  vehicle  as  well  as  to  null  the  basic  commands. 
Thus  all  control  logic  functions  have  been  combined  without  attempt 
at  artificial  separation  which  could  lead,  in  this  case,  to  excessive 
compi ication. 

For  longitudinal  control,  all  major  functions  are  conducted 
through  the  pitch  aiti tude-temperature  stabilization  logic  slaved  to 
the  demands  of  the  range  control  loop  which  functions  so  as  to  alter 
the  commanded  temperature.  Numerical  analyses  reveal  that  within  the 
operating  range  investigated,  interaction  between  the  range  and 
temperature  systems  is  stable.  The  temperature  loop  will  override 
the  rang-a  loop  only  In  the  event  that  the  vehicle  integrity  is 
threatened.  Cross  range  control  is  obtained  through  lateral  and 
directional  commands  imposed  on  the  basis  of  lateral  range  error 
translated  to  terms  defining  the  instantaneous  tilt  of  the  earth 
great  circle  course  required  to  cause  the  vehicle  to  pass  directly 
over  the  target  at  its  time  of  arrival;  again  stable  interaction  is 
encountered. 

Because  macro-control  Involves  control  of  motion  of  the  vehicle's 
c.g  in  relative  space  (earth  reference  space)  while  micro-control  is 
based  on  orientation  of  the  vehicle  axes  both  in  absolute  (solar) 
space  as  well  as  with  reference  to  the  rotating  earth,  the  dynamics 
of  the  problem  involve  several  axes  systems  ond  cross  coupling  effects. 

The  unified  control  system  is  of  the  non-linear,  sample  data 
type  and  because  there  are  no  stability  criteria  which  may  be  used  to 
determine  that  the  performance  of  such  a  system  will  be  satisfactory 
on  an  a-priori  basis,  an  extensive  amount  of  simulation  of  the  system, 
considering  a  wide  variety  of  operating  conditions,  was  conducted  using 
the  two  lGP-50  computers  and  an  IBM  1620  installed  at  DODCO  and  the 
Datatron  220  unit  at  the  Signal  Corps  Engineering  Laboratories,  Fort 
Monmouth,  New  Jersey.  The  basic  runs  were  conducted  using  three 
different  sets  of  angle  of  attack  boundary  layer  heating  rate 
characteristics  and  three  different  atmospheres  which  represented  the 
density  extremes  indicated  by  data  collected  by  the  Cambridge  Research 
Center.  No  operating  difficulties  or  instability  problems  were 
encountered  throughout  the  range  of  operating  conditions  investigated 
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and  in  all  cases  successful  descents  were  obtained.  For  the  cases 
considered,  the  total  load  factor  never  exceeded  a  value  of  one  and 
fuel  consumption  requirements  for  the  control  system,  which  was  for 
these  studies  presumed  to  be  of  the  reaction  type,  were  found  to 
be  entirely  nominal . 

In  this  connection  It  is  important  to  note  that  the  fuel  use 
requirements  depend  primarly  on  the  static  stability  characteristics 
of  the  controlled  vehicle.  For  all  of  the  numerical  studies,  a 
neutrally  stable  airframe  was  utilized,  however,  increased  fuel 
consumption  will  result  in  the  event  that  the  actual  system  Is 
either  statically  stable  or  unstable.  The  deleterous  effects  of 
stability  on  the  energy  input  requirements  of  the  control  system 
can,  of  course,  be  eliminated  by  providing  seme  means  of  achieving 
aerodynamic  trim  so  that  continued  control  action  will  not  be  re¬ 
quired  to  overcome  the  tendency  of  the  airplane  to  seek  its  own 
neutral  location.  Thus  there  exists  a  requirement  for  a  trim 
system  on  all  re-entry  vehicles.  This  trim  system  should  preferably 
operate  on  an  aerodynamic  basis  to  avoid  the  requirement  for 
additional  fuel  utilization  for  its  functioning. 

It  is  emphasized  that  the  system  proposed  here  has  the  dual 
functions  of  achieving  control  in  the  first  place  starting  with 
rather  sizable  errors  and,  subsequent  to  this  it  must  function 
effectively  on  a  regulatory  basis.  The  numerical  analyses  conducted 
reveal  that  the  proposed  system  meets  both  the  control  and  regulation 
requirements.  In  this  connection,  we  note  that  no  control  is 
exercised  other  than  over  attitude,  until  a  given  skin  tempe.vitire 
is  exceeded,  at  which  time  the  sys+em  is  triggered  into  operation. 
This  sequence  is  required  since,  unless  propulsive  rockets  are  used, 
there  is  no  way  to  control  the  trajectory  in  space  until  a 
sufficiently  dense  atmosphere  is  reached  to  provide  for  the  pro¬ 
duction  of  normal  lifting  forces,  and  the  skin  temperature  achieved 
is  used  as  a  means  of  detecting  that  the  air  density  is  sufficient 
to  permit  control . 

Numerical  analyses  have  shown  that  provided  the  bank  angle  is 
restricted  to  a  maximum  value  of  and  provided  that  this  angle 

is  maintained  for  the  duration  of  the  primary  skip,  this  skip  is 
sufficiently  inhibited  at  absolute  speeds  of  about  26,000  ft/sec., 
or  less  to  avoid  loss  of  control  due  to  exit  from  the  atmospherp. 

The  problem  of  skip  control  therefore  appears  to  be  solved  by 
the  proposed  system,  at  least  for  the  case  of  re-entry  from  satellite 
orbits,  and  it  is  possible  to  insure  predictable  in-atmospheric  range 
performance  (which  is  the  first  requirement  for  the  design  of  a 
retro- fire  point  selection  system).  In  this  connection  (the  density 
was  varied  at  any  given  altitude  by  a  factor  of  four),  it  was  found 
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that  a  properly  specified  range  was  obtainable  in  all  atmospheres 
with  typical  lifting  re-entry  configurations. 


DEVELOPMENT  OF  CONTROL  LOGIC 


Th-i  complete  development  of  the  equations  defining  the  unified 
control  system  is  contained  in  reference  3,  and  no  attempt  will  be 
made  here  to  dupl icate  the  effort  of  that  report;  rather  we  will 
summarize  as  briefly  as  possible,  the  concepts  used  to  system 
synthesis. 

To  begin  with  we  make  note  of  the  fact  that  regardless  of  how 
hard  we  may  trv,  there  is  nothing  which  we  can  do  instantaneously  to 
correct  a  detected  error.  What  we  can  do  is  take  corrective  action 
which  we  hope  will  reduce  this  error  in  the  near  future,  with  the 
term  "near  future"  referring  to  the  time  t  +  At  where  t  is  our  present 
time.  If  sub  "n"  represents  present  conditions  and  n  +  I,  the  con¬ 
ditions  at  t  +  At  then  we  want  to  make  the  error  at  (n+l )  as  small  as 
Dossible,  i.e.,  we  want  to  minimize  ep+| .  We  are  restrained  from 
making  e^+i  identically  equal  to  zero  because  our  control  actions 
are  limited  by  the  authority  of  the  controller  and  by  the  inertial 
and  response  characteristics  of  the  controlled  vehicle.  These 
limitations  are  introduced  using  an  arbitrary  Lagrange  multiplier  \, 
and  on  aoplying  the  sufficient  conditions  for  the  existence  of  a 
solution  to  a  varied  integral  (i.e,,  6^J  h  0),  we  obtain  the  criterion 
that  we  wish  to  maximize  the  integral 
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t  +  At 
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where  is  the  commanded  angular  acceleration. 

In  this  equation  (which  applies  to  any  control  problem)  ep+i  is 
generated  by  a  Taylor  series  expansion  about  the  point  "n"  in  terms 
of  sensed  data  at  the  point  n,  with  the  effects  of  the  unknown 
included  in  the  expansion.  The  excitation  signal  is  generated  by 
imposing  the  necessary  condition  for  rendering  J  a  maximum,  i.e.. 


6J  =  0 


(2) 


where  5  signifies  the  first  variation  of  J.  The  existence  of  a 
solution  is  guaranteed  by  the  fact  that  the  form  of  (I)  is  such  that 
the  second  variation  of  J  (i.e..  6^J)  does  not  vanish. 


In  general  the  imposition  of  the  condition  6J  =  0,  in  equation 
(I)  leads  to  a  single  Euler  -  Lagrange  equation  which  has  two  or  more 
soluiions,  and  the  proper  solution  is  selected  using  the  principle 
of  least  action. 

The  above  discussion  does  not  constitute  a  proof  of  validity  of 
the  procedure  described,  however  this  proof  is  contained  in  references 
T  and  5  which  should  be  consulted  if  further  details  are  desired. 
Skipping  all  derivation  steps,  application  ci  +he  foregoing  principles 
leads  to  the  following  control  equations. 


PITCH  CONTROL  AHD  TEMPEPATUPE  COllTPOL  LOOP 


K(e„4.i). 
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where 


=  pitching  acceleration  corvmand 

k  -  2/k„r  -  7^^ 

g  T  a 

k  -gain  factof- 


m  •=  -Xr^r^'vt  72,  whe-'O  X  is  a  positive  number 

“t  --  prediction  time  incron-eni  (normally  0,'^  ccconds) 

*  • 

Cj  -=  lomoe''ature  response  factor  =■  (At/2)(T  -T  ,)/(6  -fi 

1  ,  ,  , .  n  n-l  n  n-l  > 

normally  negative 

r  =  airpiane  response  fa-'tor  (normally  unify) 

(c  ,  )  r.  e  -  r  .0  .''t  -  f  't 
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Tc)  desired  fennerafurc  ai  "n"  (cstabi  i  shi  nc  by  toe  range 
conf-ol  I  ver ) 


T_  sensed  ten,oerat'jrc  d  "n" 

So 
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=  (dT/d+)^  =  sensed  rate  of  change  of  temperature  at  sensor 

Notes : 

(1)  The  temperature  response  factor  r^  cannot  be  measured  without 
lag  and  to  avoid  control  system  malfunction  its  determination  is 

I imited  as  fol lows 

if  //\9/  <  0.10°  use  last  value  of  r^ 
if  >  -  20  use  r^  =  -  20 

\  has  a  value  of  between  +10  and  +"50. 

•• 

(2)  To  select  the  proper  value  of  0^  from  equation  (3),  determine 
(en/en)At,  if,  -I  <  (en/e^)At  <  m-2,  use  the  plus  sign  on  the  radical, 
otherwise  use  the  minus  sign  on  the  radical. 

(’■')  A  value  of  m  =  9  gives  a  2  to  I  gain  switch. 


COMBINED  PITCH,  RANGE  AND  TEMPERATURE  CONTROL 


For  this  case  equation  (3)  still  holds,  however  the  desired 
temperature  in  (4)  is  computed  from 


■'O  ^■'n 


V  ^ 

?  (a  +  - f-) 

da  p  2s . 


(5) 


where,  dT/da  is  the  temperature-acceleration  response  factor  (set  at 
a  constant  value  of  10) 


a  =  acceleration  along  flight  path 


a^  =  present  acceleration 


Vp  =  present  velocity 


Vf  =  desired  final  velocity 


Sj  =  distance  to  go  from  one  present  location  to  the  target 


in  the  above,  Tq  is  bounded  by 

Tn  ^  Tp,  >  Tn  .  (to  be  set  by  the  airframe  (limits)) 
“^max .  D  "^m  I  n .  ' 

a  >a  >0£  (to  be  set  by  control  requirements) 
max .  min.  '  ' 

where  a  =  angle  of  attack. 


Notes: 

(1)  Control  of  range  is  relinquished  if  ,  at  which 

time  the  temperature  controi  loop  holds  To  at  untfl  parallel 

comoutation  indicates  that  Tg  has  fallen  below  TDfpa^^  When  control 
is  relinquished,  Vf  is  automatically  reduced  by  i0|  of  its  existing 
value  to  force  a  greater  deceleration  and  lowered  temperature  of 
operation.  This  occurs  each  time  the  temperature  loop  takes  over, 
but  Vf  is  not  reduced  below  1,000  ft/sec.  in  the  event  that  the 
lower  limit  on  Vf  is  reached,  the  range  command  was  too  great  for 
the  environmental  pattern,  and  target  attainment  is  questionable, 
but  not  necessarily  impossible. 

(2)  The  terminal  conditions,  Vf  and  desired  location,  must  be 
set  into  the  system  using  navigational  data. 

THE  CROSS  RANGE  CONTROL  LOOP 


CO 


k^(®n+l  ^nccpp 

±  V  ' 


roll  acceleration  command  about  . (6 

the  principal  roll  axis 


(e„ 


-  cpn  At  (cp„  is  the  roll  eng 
^  '^principal  axis 


le  about  the 
in  Inertial  space) 


=  ecp^{cosa)  =  =  cpgp  -  (Pop 

k  =  roll  gain  setting  factor 


is  the  commanded  banking  acceleration 

CD  i  s  the  sensed  rate  of  rol  I 
^n 


mV 

r 

SI  ncp  = - 


(pr-^  -  cp^  (where  cpp  is  the  roil  angle  of  the  li 
vector ) 

[41  .cost  /cosA  -  2rcos(}>si n (A  -t  )] 
o^r  r  rr 

L  +  Rcosa 


ft 


m  =  vehicle  mass 


=  relative  velocity  (may  be  taken  equal  to  absolute  velocity 
for  control  computation) 


«  desired  rate  of  tilt  of  navigational  great  circle 

L  +  Rcosa  =  total  external  force  normal  to  flight  path  along 
fuselage  symmetry  axis  (measured  inertial ly  as  a 
function  of  normal  axis  load  factor)  =  Note  An^j 
^  (L  +  Rcosa) /mg 


=  inclination  of  flight  path  to  Icxal  horizontal  (measured 
inertial ly) 

A^  t  angular  location  from  equator  of  vehicle  in  its 
instantaneous  great  circle  course 


^  =  absolute  angular  rotation  of  earth  in  solar  space 


4,  =  desired  tilt  of  plane  of  navigational  great  circle 


<^^  -  actual  tilt  of  instantaneous  plane  of  motion 
t  =  response  factor  (normally  100  seconds) 


Notes : 

(1)  and  are  obtained  from  the  navigational  and  guidance 
system. 

•  • 

(2)  The  proper  value  of  cp^  is  selected  by  computing  (enq)/en^,)p)At 


if  -\  <  (en^p/encpp)At  <  m-2 

use  the  plus  sign  on  the  radical,  otherwise  use  the  minus  sign. 

Using  these  control  equations  and  a  rather  elaborate  simulation 
program,  the  unified  control  logic  was  subjected  to  a  wide  variety 
of  operating  conditions  and  in  general  satisfactory  performance  was 
obtained.  We  shall  forego  discussion  of  the  details  of  the  simulation 
equations  with  the  thought  that  those  interested  in  these  will  refer 
to  reference  "3.  A  summary  of  the  control  system  logic  is  presented 
in  Figure  I,  which  illustrates  both  the  initiation  of  control  action 
and  the  continued  operation  of  the  system  on  a  sample  data  basis.  To 
sooed  simulation  one  and  tv/o  second  sample  times  were  utilized  and 
satisfactory  results  were  obtained  in  spite  of  the  "noise"  introduced 
by  ‘Ihese  excessive  intervals.  For  control  system  operation  a  sample- 
compute  time  interval  of  from  0.1  to  0,2  second  should  prove  more 
•ihan  adequate,  providing  a  safety  factor  of  10  over  the  simulation 
study.  In  the  flow  diagram  of  Figure  I,  alternate  sources  of  a,  Vp 
and  3  are  illustrated,  since  either  air  data  or  platform  data  may 
be  used  to  obtained  these  quantities. 


SIMULATION  RESULTS 

The  operation  of  the  unified  control  system  was  examined  over  a 
wide  range  of  operating  conditions  involving  an  arbitrary  tenfold 
variadion  of  a  heat  transfer  coefficient  multiplying  factor,  various 
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non  linear  heat  transfer  coefficient-angle  of  attack  relationshi po, 
varying  emissivity,  wing  loadings  ranging  from  10  to  40  psf.,  varying 
stability  characteristics,  various  lift  drag  equations  and  considering 
atmospheres  having  twice  the  density  and  1/2  the  density  of  the  1959 
ARDC  Model  as  well  as  the  density  of  the  model .  For  the  details  of 
the  complete  study,  reference  3  should  be  consulted.  For  our  present 
purposes,  it  will  suffice  to  examine  the  results  obtained  from 
examination  of  a  single  configuration,  using  a  single  set  of  initial 
conditions  representing  those  obtained  following  a  relatively  low 
altitude  retro-fire.  The  conditions  used  were 

Initial  skin  temperature  I300°R 
=  45° 

^  =  30°  (N.  latitude)  ^  =  0  (relative  longitude) 

Vg  =  absolute  velocity  =  25497.5  fps. 

=  24409.2  fps. 

=  -1°  at  hg  =  275,000  ft.  {y^  =  -I .03461°) 

a.  =15°  (re-entry  attitude) 

The  test  vehicle  had  the  following  characteristics 

W  =  gross  weight  =  10,000  lbs.  (310  slugs) 

S  =  wing  area  =  500  sq.  ft. 


Cq-  =  parasite  drag  roefficient  =  0.005 
K  =  ^  =  2.66 

a  =  lift  slope  =  0.6  per  radian 

=  damning  in  pitch  factor  =  0.02  per  radian  per  second 


c  =  mean  wing  chord  =  30.00  ft. 


Jy  =  pitching  moment  of  inertia  =  100,000  slugs  -  ft. 
X  =  moment  arm  of  pitch  control  rocket  =  30  ft. 


Maximum  reaction  thrust  =  +  600.00  lbs. 


=  +  5° 

mdx  •  rn  1 0  • 


\  =  +  10 
k„  =  333.33 

g 

All  runs  sought  and  achieved  the  same  terminal  conditions 


=  10,000  fps.,  C  =  26°,  I  =  103.5° 


The  normal  load  factor  history  showed  no  values  of  n  (total  load 
factor)  greater  than  I,  so  that  aeroelastic  effects  are  minimized. 

For  the  series  of  runs  considered,  to  achieve  comparative  results,  a 
basic  run  was  made  using  the  1959  ARDC  atmosphere  model,  and  then 
atmospheres  were  considered  which,  at  all  altitudes  had  densities 
of  P3/2,  2P3/3,  3pg/2  and  2P5,  wher  Pg  =  standard  density. 

The  result  of  this  particular  simulation  study  are  shown  in 
Figures  2,  3,  4  and  5,  which  present,  as  a  function  of  aisnospheric 
density  and  time 


Geometric  Altitude,  hg  (Figure  2) 

Sensed  Temperature,  Tg  (Figure  3) 

Angle  of  Attack,  a.  (Figure  4) 

Flight  Path  Inclination,  7  (Figure  5) 

For  all  runs,  very  modest  amounts  of  reaction  thrust  were  required 
once  the  initial  transients  were  damped. 
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Figure  2.  Altitude  Vs  Density  and  Time 
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Figure  4.  Angle  of  Attack  Vs  Density  and  Time 


Time  does  no+  permit  a  more  detailed  discussion  of  the  numerical 
data  nor  a  presentation  of  auxiilary  resuits,  and  we  must  again 
suggest  examination  of  reference  3  to  those  interested  in  details. 

The  important  item  to  note  from  examination  of  Figures  2  through 
5  is  that  "the  trajectories  obtained  in  the  various  atmospheres  are 
not  in  phase  with  one  another,  and  that  it  is  quite  evident  that  pre¬ 
programming  techniques  based  on  a  preconceived  notion  of  the 
environment  would  not  have  provided  safe  or  predictable  descents. 


CONauOING  REMARKS 


Con+rol  of  advanced  flight  vehicles  Is  complicated  by  many 
factors  the  most  Important  of  which  are  the  lack  of  really  precise 
knowledge  concerning  the  pressure  distribution  about  the  vehicle, 
its  aerodynamic  heating  characteristics,  Its  stability  and  per¬ 
formance  parameters  and  the  Interaction  of  aerothormoelastic 
effects  with  the  purely  aerodynamic  Influences. 

If  we  consider  a  re-entry  system,  we  may  start  out  with  the 
fact  that  the  initial  attainable  range  Is  essentially  infinite, 
and  the  most  critical  factors  In  determining  ability  to  achieve  a 
given  target  destination  are  (I)  the  existence  of  predictable  in- 
atmospheric  range  regardless  of  atmospheric  characteristics  and 
(2)  the  selection  of  the  proper  point  for  retro-fire.  The  descent 
of  the  vehicle  is  governed  by  the  consideration  that  we  must 
dissipate  a  given  amount  of  energy  before  achieving  the  target  in 
such  a  way  as  to  avoid  destroying  the  vehicle  because  of  over¬ 
heating,  excessive  structural  loading  or  by  the  combined  aero- 
thermoelastic  influences.  In  addition  we  must  utilize  the  minimum 
possible  amount  of  control  energy  since  the  amount  of  fuel  or 
accumulated  energy  available  for  control  is  limited  by  weight 
considerations.  It  is,  of  course^  possible  to  convert  some  of  the 
heat  energy  generated  during  the  descent  to  provide  for  powering 
of  the  control  system,  and  high  efficienty  semi-oxide  convertors 
have  been  developed  in  the  laboratory  which  might  function  in  this 
fashion,  however  even  in  this  case,  one  pays  a  weight  penalty  if 
large  amounts  of  energy  are  to  be  handled. 

On  the  basis  of  the  analytical  effort  reported  on  herein^ it 
appears  that  a  unified  central  control  system  can  be  manufactured 
using  existing  components  and  relatively  simple  logic  for  the 
computer  functions  which  has  the  capability  of  insuring  successful 
descents  in  a  poorly  defined  environment  for  vehicles  whose 
characteristics  are  only  incompletely  specified.  The  system  not 
only  restrains  temperature  of  the  vehicle  skin,  but  as  well  has  the 
capacity  to  seek  a  specified  target  on  the  earth's  surface.  The 
system  is  conservative  of  control  energy  and  minimizes  structural 
loadings  so  that  it  has  the  inherent  capacity  to  minimize  aeroelasti 
effects.  Finally  the  system  performs  no  miracles,  it  will  not,  for 
i nstance^ maxim i ze  range  and  was  not  designed  to  do  this  since  there 
seems  little  point  in  striving  for  maximum  range  when  one  starts 
out  with  a  range  potential  which  is  essentially  infinite.  On  the 
other  hand  it  does  provide  predictable  range  regardless  of  the 
atmospheric  characteristics  provided  only  that  the  vehicle  itself 
meets  the  requirement  that  it  has  a  consistent  and  logical  response 
to  control  action. 
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FUTURE  CONTROL  SYSTEMS  FOR  VEHICLES 
WITH  LARGE  AEROTHERMOELASTIC 
EFFECTS 


P.  C.  Gregory  and  H.  M.  Davis 

Flight  Control  Laboratory 
Aeronautical  Systems  Division 


ABSTRACT 


The  fundamental  concept  of  adaptive  control 
system  design  practice  is  described  and  illustrated. 

A  discussion  shows  how  such  systems  function  to 
provide  constant  dynamic  performance  in  spite  of 
changes  in  control  gain  and  vehicle  dynamics  caused 
by  such  things  as  aerothermoelasticity.  Applications 
are  nroiected  for  usinp  advanced  techniaues  to  stabilize 
and  control  the  vehicle  and  its  structural  modes  with  a 
reliable  increase  of  system  performance,  A  summary 
of  adaptive  control  techniques  is  presented. 
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FUTURE  CONTROL  SYSTEMS  FOR  VEHICLES 
WITH  LARGE  AEROTHERMOELASTIC 
EFFECTS 


INTRODUCTION 

A  new  philosophy  of  control  system  design  has  evolved 
in  response  to  changing  mission  requirements  and  the 
increasingly  greater  variations  in  the  dynamics  of  new  air¬ 
craft  and  aerospace  vehicles.  The  class  of  systems  which 
results  from  the  application  of  this  design  philosophy  is  called 
self  adaptive  control  systems.  A  self  adaptive  flight  control 
system  is  defined  as  one  which  has  the  capability  of  changing 
its  parameters  through  an  internal  process  of  measurement, 
evaluation,  and  adjustment  to  adapt  to  a  changing  environment, 
either  external  or  internal  to  the  vehicle  under  control. 

Before  discussing  the  application  of  adaptive  control 
systems  to  aerothermoelastic  flight  control  problems,  a  short 
summary  of  the  concepts  and  characteristics  of  self  adapta¬ 
tion  will  be  presented.  Benefits  derived  from  adaptive  control 
systems  can  usually  be  placed  into  two  categories,  performance 
and  reliability.  A  self  adaptive  technique  will  improve  the 
performance  of  a  flight  control  system  by  furnishing  invariant 
response,  or  optimum  handling  qualities,  throughout  the  flight 
regime,  by  automatically  blending  aerodynamic  and  reaction 
controls  where  required,  by  simplifying  the  design  of  outer 
loop  functions  such  as  angle  of  attack  hold,  automatic  approach 
and  landing,  attitude  hold,  energy  management,  and  by 
furnishing  a  system  which  can  be  depended  upon  to  operate 
successfully  on  the  initial  vehicle  flight  without  the  requirement 
for  adjustmeiiLs  based  on  flight  testing.  The  last  is  vitally 
important  for  future  space  type  missions.  Increases  in  reli¬ 
ability  are  less  concrete  and  more  argumentative  but  are 
generally  listed  as  being  caused  by  the  system  simplification 
possible  in  the  outer  loop  if  the  stability  loop  is  invariant,  the 
possibility  for  combining  redundant  systems  with  full  operating 
capability  in  each  parallel  channel,  and  the  lack  of  a  require¬ 
ment  for  air  data  in  the  stability  loop.  This  last  should  in  no 
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way  be  interpreted  to  mean  that  there  is  no  requirement  for 
air  data  on  a  manned  vehicle  since  the  outer  loops  as  weil  as 
the  display  systems  for  the  pilot  will  require  it. 

Frequent  criticism  of  these  systems  centers  around  the 
fact  that  most  of  them  require  a  chatter  or  a  lightly  damped 
excitation  of  the  servo  valve  or  the  main  power  actuator. 
However  investigations  to  date  have  indicated  that  the  magni¬ 
tude  of  this  chatter  will  be  no  more  than,  and  perhaps  less 
than,  that  existing  because  of  air  turbulence  and  system  noise. 
In  addition,  such  disturbances  are  not  detectable  by  the  pilot 
and  have  had  no  detrimental  effect  in  flight  tests  conducted 
to  date. 

Analysis  of  these  systems  is  at  best  difficult  and  at  the 
present  time  is  carried  out  chiefly  by  a  point  by  point 
linearized  treatment  via  root  locus  techniques.  This  has 
proved  to  be  very  effective  and  several  self  adaptive  systems 
designed  in  this  manner  have  been  operated  successfully. 

In  all  of  the  previous  discussion  the  single  most  im¬ 
portant  feature  of  self  adaptive  systems  insofar  as  this  con¬ 
ference  is  concerned  has  not  been  mentioned  but  only  implied, 
In  saying  that  the  function  of  a  self  adaptive  system  is  to  com¬ 
pensate  for  varying  dynamics,  it  is  implied  that  it  will  also 
compensate  to  some  extent  for  unknown  or  unexpected  varia¬ 
tions  in  system  parameters.  The  self  adaptive  techniques  in 
use  at  the  present  will  do  this.  The  question  is  then,  how 
unknown  can  the  system  parameters  be  and  over  what  range 
of  variation  can  they  be  compensated?  To  answer  these 
questions,  it  is  necessary  to  take  a  more  detailed  look  at  the 
present  class  of  self  adaptive  systems. 


SECTION  I:  HIGH  GAIN  SELF-ADAPTIVE  SYSTEMS 

During  the  original  self  adaptive  investigations  sponsoied 
by  the  Aeronautical  Systems  Division,  USAF,  a  wide  gamut  of 
approaches  was  pursued  to  insure  the  success  of  the  pro¬ 
gram.  Of  these  approaches,  the  simplest  and  easiest  to 
mechanize  were  the  "high  gain"  systems.  Therefore,  these 
techniques  have  pushed  to  the  fore  and  are  ihe  type  that  are 
presently  being  applied  to  weapon  systems.  It  has  long  been 
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known  via  linear  control  theory  that  if  the  forward  loop  gain 
of  a  system  can  be  made  very  high  as  shown  in  Figure  1, 
then  the  response  of  the  system  is  dependent  only  upon  the 
dynamics  of  the  feedback. 

In  practice,  however,  because  of  the  system  non- 
linearities  and  bandwidth  limitations,  as  the  gain  of  the 
system  is  raised  it  will  go  unstable.  Therefore  the  standard 
design  practice  for  automatic  flight  control  systems  has  been 
to  design  the  system  with  the  lowest  possible  value  of  gain 
consistent  with  the  desired  performance.  Variations  from 
desired  performance  at  different  flight  conditions  are  mini¬ 
mized  by  open  loop  programming  of  inner  and  outer  loop 
gains  as  functions  of  measured  flight  conditions  (altitude, 

Mach,  or  dynamic  pressure).  The  new  design  approach  of  the 
"high  gain"  systems  is  to  monitor  the  controlled  element's 
dynamic  performance  as  the  gain  is  raised  until  a  dynamic 
parameter  which  has  a  priori  been  determined  to  be  the 
hrst  to  go  unstable,  approaches  instability.  If  the  system 
has  been  properly  designed,  keeping  the  gain  at  this  high 
value  will  insure  acceptable  and  invariant  dynamic  response. 
The  acceptable  response  is  defined  by  an  electronic  model 
representing  the  desired  handling  qualities  (e.  g.  ,  those 
determined  by  Cornell  Aeronautical  Laboratory  and  published 
in  references  1,  2,  and  3)  or  the  desired  dynamic  control 
performance  of  a  missile.  This  model  can  be  a  range  of 
values  of  coefficients  in  a  second  order  equation  which  des¬ 
cribes  the  relationship  between  stick  force  and  normal 
acceleration  about  the  axis  under  consideration.  Typical 
acceptable  values  for  the  pitch  axis  are  a  natural  frequency 
of  three  radians  per  second  and  a  damping  ratio  of  0.7.  The 
roll  and  yaw  axes  are  usually  represented  by  first  order 
models. 

This  model  is  placed  either  in  the  feedback  or  as  a 
pre -filter  and  then  as  system  gain  is  raised  the  response  will 
be  forced  to  be  almost  identical  to  the  dynamics  of  the  model. 
Systems  which  operate  in  this  manner  have  been  developed  by 
General  Electric,  Minneapolis -Honeywell,  and  Autonetics, 

The  system  developed  by  the  General  Electric  Company 
was  flight  tested  in  anF-106  under  Navy  sponsorship  and  sub¬ 
sequently  tested  on  the  X-15  simulator  under  Air  Force 
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sponsorship.  It  performed  very  satisfactorily  :n  both  appli¬ 
cations.  A  block  diagram  of  the  technique  is  shown  in  Figure 
2.  It  should  be  emphasized  that  this  figure  and  the  following 
ones  only  illustrate  the  techniques  conceptually;  the  exact 
details  of  the  systems  are  contained  in  the  references. 

The  system  gain  is  determined  by  a  frequency  sensor 
which  monitors  the  response  at  a  particular  frequency  and 
raises  or  lowers  the  gain  to  maintain  a  pole  at  this  frequency. 
This  is  Region  A  on  Figure  3  which  is  a  root  locus  plot  of 
the  variables.  When  the  gain  is  raised  the  dominant  aircraft 
pole  is  moved  from  Region  C  to  Region  B.  The  aircraft  pole 
can  move  through  a  wide  range  in  Region  C  but  it  will  still 
be  forced  into  Region  B  when  the  gain  is  raised.  This  repre¬ 
sents  the  ability  of  the  system  to  compensate  for  varying 
aircraft  conditions.  Handling  qualities  are  produced  by  an 
inverse  model  in  the  feedback.  For  more  details  of  these 
efforts  and  a  detailed  explanation  of  the  complete  system  and 
its  mechanization,  see  references  4,  5,  and  6. 

The  Autonetics  technique  has  been  developed  under 
company  funds  and  has  received  some  breadboard  investiga¬ 
tion  on  the  B-70  simulator.  This  system  (the  block  diagram 
is  shown  in  Figure  4)  is  excited  by  a  dither  input  and  the 
gain  is  adjusted  to  maintain  the  response  of  the  system  con¬ 
stant  at  the  dither  frequency.  Optimum  response  is  furnished 
by  an  inverse  model  of  handling  qualities  in  the  feedback.  A 
root  locus  plot  of  the  system  would  be  similar  to  Figure  3, 
however,  it  should  be  emphasized  that  it  is  the  amplitude  of 
the  response  at  the  frequency  c«  q  which  is  being  measured 
and  controlled  and  not  the  frequency  itself.  The  details  of 
this  system  are  in  reference  7. 

The  Minneapolis-Honeywell  system  was  developed  under 
both  company  and  Air  Force  sponsorship  and  was  flight  tested 
in  an  F-101,  operated  on  the  X-15  simulator,  and  is  pre- 
sentlv  beino  mechanized  for  flipht  test  in  the  X-15,  the 
flights  starting  in  October  1961.  Honeywell  uses  a  saturating 
type  non-linearity  in  the  feed  forward  loop,  Figure  5,  which 
causes  the  system  to  limit  cycle  at  a  given  frequency  when 
the  gain  is  raised.  By  monitoring  this  frequency  it  is  pos¬ 
sible  to  maintain  a  low  amplitude  limit  cycle  which  indicates 
the  system  gain  is  at  the  optimum  value.  Handling  qualities 
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Figure  Z.  G.  E.  Technique 


SERVO  POLE 


Figure  3.  Root-Locus  Diagram  of  G.  E.  Technique 


are  furnished  by  a  pre-filter  type  of  model.  A  root  locus 
plot  of  this  technique,  Figure  6,  appears  similar  to  the 
earlier  ones,  however,  it  should  be  noted  that  the  aircraft  is 
driven  into  compensation  zeros  on  the  real  axis  rather  than 
model  zeros  and  that  the  model  poles  remain  fixed  since  the 
model  is  outside  the  control  loop.  Again  it  is  the  amplitude 
of  the  oscillation  at  oj  q  which  is  being  monitored.  The 
system  being  tested  in  the  X-15  is  a  complete  automatic  flight 
control  system  with  hold  modes  for  angle  of  attack  and  atti¬ 
tude,  and  provisions  for  accepting  commands  from  energy 
management  or  automatic  approach  and  landing  computers. 

For  a  description  of  this  system  the  reader  is  referred  to 
references  8  and  9. 

The  above  techniques  permit  the  design  of  an  automatic 
control  system  without  exact  knowledge  of  the  vehicle  para.- 
meters  but  still  require  a  knowledge  of  the  form  of  the  equa¬ 
tions  of  motion  and  a  good  knowledge  of  the  numerical  values 
of  the  system  dynamics  associated  with  the  sensing  and 
actuation  elements.  These  systems  have  a  varying  noise 
sensitivity  and  their  application  to  control  situations  where 
structural  flexibility  occurs  at  control  frequencies  is  greatly 
complicated.  Nevertheless  the  techniques  are  simple  and  in 
their  way  quite  powerful.  They  are  established  control 
approaches  and  it  is  our  opinion  that  their  capability  to  pro¬ 
vide  good  control  in  the  face  of  new  problems  such  as  aero- 
thermoelasticity  should  be  established  before  an  attempt  is 
made  to  utilize  or  develop  a  more  powerful  approach.  At 
this  point  an  examination  of  the  application  of  adaptive  control 
system  techniques  to  aerothermoelastically  effected  vehicles 
is  in  order. 


SECTION  IL*  AEROTHERMOELASTIC  EFFECTS 

A  well  known  example  is  the  forward  loop  transfer 
function  for  pitch  due  to  elevator  input.  The  underlined 
terms  in  Figure  7  are  normally  expected  to  show  the  greatesL 
changes  in  the  rigid  body  modes  due  to  aerothermoelssticity. 

The  velocity  dependent  terms  of  the  phugoid  will  certainly 
be  effected,  but  for  this  example,  these  terms  will  be  assumed 
sufficiently  separated  in  frequency  to  be  of  minor  importance 
to  the  stability  of  the  pitch  loop. 


508 


(NOT  TO  SCALE) 


CD 


Figure  6.  Root- Locus  Diagram  of  Honeywell  Technique 
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The  gain  term,  Aq  ,  forms  part  of  the  gain  for  the 
closed  loop.  As  previously  discussed  control  loop  gain  is 
perhaps  the  most  important  single  parameter  to  the  adaptive 
control  system.  Quite  frequently  there  is  a  loss  of  hyper¬ 
sonic  control  effectiveness  due  to  aero  thermoelastic  effects. 
Often  the  loss  is  nonlinear.  Change  in  the  total  forward  loop 
gain  can  be  compensated  for  by  the  present  class  of  high  gain 
adjusting  techniques.  Variations  of  up  to  70  to  1  in  gain  can 
be  compensated  for  if  the  system  dynamics  and  the  actuator 
dynamics  are  separated  by  a  factor  of  5  or  6  and  good  qual¬ 
ity  sensors  are  used. 

Existing  self  adaptive  systems  are  also  capable  of 
integrating  aerodynamic  and  reaction  controls  for  re-entry 
type  vehicles.  They  do  so  by  turning  on  the  reaction  jets 
when  the  control  system  gain,  for  aerodynamic  controls, 
reaches  its  highest  value. 

These  systems  will  compensate  for  loss  of  gain  or 
elevator  effectiveness  due  to  any  cause  including,  for  example, 
dynamic  pressure  and  velocity  changes,  losses  due  to  aero- 
thermoelasticity,  servo  degradation,  or  electricad  or  mechani¬ 
cal  component  degradation  until  the  moments  available  are 
below  those  required  to  stabilize  the  vehicle.  If  the  above 
systems  have  large-enough  reaction  jets,  then  these  systems 
will  use  them  to  control  the  vehicle  after  the  control  surfaces 
become  ineffective  due  to  any  reason.  Beyond  this  point  there 
is  nothing  further  that  any  flight  control  system  can  do.  No 
automatic  flight  control  system  can  operate  without  the  ability 
to  produce  moments. 

A  type  of  system  could  be  postulated  that  would 
recognize  the  source  of  the  loss  of  control  effectiveness  as 
aerothermoelastic  rather  than  loss  of  dynamic  pressure  due 
to  leaving  the  earth's  atmosphere  (in  fact  a  direct  measure  of 
dynamic  pressure  should  serve  for  this)  and  cause  a  change 
in  the  control  surfaces,  such  as  a  structural  servo  tab  which 
would  improve  control  effectiveness.  This  would  enable  the 
high  gain  type  of  system  to  compensate  for  greater  variations 
in  the  vehicle.  Of  course  in  addition  to  loss  of  control 
effectiveness,  divergence  and  reversal  of  controls  exist. 
Unfortunately,  the  present  systems  do  not  recognize  the 
possibility  of  control  reversal.  Possibly  a  way  could  be  found 
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to  incorporate  this  ability  into  the  techniques  but  after  all  of 
these  changes  the  systems  would  bear  little  resemblance  to 
their  present  form. 

Several  problems  must  be  carefully  considered  when 
applying  the  first  generation  of  adaptive  control  systems. 

For  instance,  as  the  gain  of  the  actuator  is  increased  to  com¬ 
pensate  for  a  loss  of  control  surface  effectiveness  or  a  change 
in  vehicle  dynamics  the  frequency  of  the  control  loop  must  stay 
well  below  that  of  the  structural  modes.  In  this  respect  the 
early  adaptive  control  systems  are  limited  by  some  of  the 
same  phenomena  as  conventionad  systems.  This  point  will 
be  re-examined  in  a  later  section. 

Aerothermoelastic  effects  on  the  forward  loop  are  also 
manifested  by  changes  in  pole  locations  as  can  be  inferred  by 
the  approximations  shown  for  the  frequency  and  damping. 

Trends  for  changes  in  pole  location  are  strongly  dependent 
on  configuration  but  typically  the  short  period  frequency  is 
decreased  by  a  reduction  of  the  static  margin  and  the  lift 
curve  slope  and  the  damping  in  pitch  may  also  be  slightly 
less  than  for  the  rigid  configuration.  The  aircraft  zero  will 
also  be  effected.  An  adaptive  control  system  can  accommo¬ 
date  a  limited  amount  of  pole  wander  due  to  any  cause  pro¬ 
vided  that  the  essential  nature  of  the  problem  is  not  drasti¬ 
cally  altered.  For  example,  consider  a  typical  root  locus 
plot  for  the  pitch  loop,  such  as  Figure  8. 

As  has  been  previously  pointed  out,  the  servo  pole  must 
be  well  separated  from  the  aircraft  dynamics.  If  the  servo 
root  were  to  be  reduced  along  a  line  of  constant  damping,  as 
shown  in  Figure  8,  a  point  will  be  reached  where  the  root 
locus  will  change  to  that  represented  by  the  dashed  lines.  If 
the  servo  is  reduced  further  the  configuration  will  change  to 
that  of  the  dashed  and  dotted  lines.  It  is  of  interest  to  note 
that  regardless  of  which  pole  forms  the  locus  which  goes 
unstable,  the  cross-over  point  tends  to  be  at  the  same  fre¬ 
quency.  This  means  that  the  techniques  as  described  pre¬ 
viously  will  continue  to  work  but  their  ability  to  compensate 
for  changing  surface  effectiveness  by  gain  changes  is  sharply 
reduced. 

This  high  gain  type  of  system  is  also  very  sensitive  to 
the  location  of  the  compensation  pole  at  C  on  Figure  9.  As 
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Along  Ldne  of  Constant  Damping 


the  pole  is  moved  to  the  left  the  result  is  shown  by  the 
dashed  line.  This  results  in  the  servo  mode  rather  than  the 
compensation  mode  being  the  first  to  go  unstable.  If  the 
pole  at  C  is  moved  to  the  right,  the  compensation  is 
attracted  to  the  zeros  on  the  real  axis  and  the  aircraft 
poles  form  the  unstable  locus.  This  has  the  same  effect  as 
before,  that  is,  a  sharp  reduction  in  the  capability  of  the 
system  to  compensate  for  gain  changes.  However  it  a?  o 
suggests  that  if  intelligence  were  provided  to  the  system  to 
properly  adjust  the  compensation  pole  C,  then  the  system's 
capability  could  be  extended.  No  known  work  is  being  done 
at  the  present  to  convert  this  from  a  mere  postulation  to  an 
acceptable  operating  technique,  but  it  is  planned  to  investigate 
the  possibilities  of  this  in  more  detail  in  the  near  future. 

It  is  also  possible  for  this  type  of  system  to  compen¬ 
sate  for  unstable  dynamics.  Regardless  of  whether  the  poles 
are  real  or  complex,  the  general  shape  of  the  root  locus  is 
shown  in  Figure  10.  The  vehicle  pole  will  be  attracted  from 
the  right  half  plane  to  the  left  or  stable  plane  while  the  gain 
is  being  raised.  The  design  of  this  type  of  system  must  be 
very  carefully  accomplished  to  insure  that  raising  the  gain 
will  stabilize  the  vehicle  poles  without  driving  the  higher  fre¬ 
quency  structural  poles  unstable.  This  type  of  system  has 
been  designed  for  ICBM  type  vehicles  and  has  been  operated 
on  simulators  with  considerable  success.  It  should  again  be 
emphasized  that  the  rigid  body  and  structural  modes  must  be 
well  separated  to  insure  the  success  of  the  high  gain  techni¬ 
ques. 


With  this  short  discussion  as  a  background  of  the 
problems  and  capabilities  of  the  present  self  adaptive  techni¬ 
ques,  it  is  now  possible  to  consider  methods  which  may  result 
in  a  greater  system  capability. 

SECTION  in*.  ADDITIONAL  SELF  ADAPTIVE  TECHNIQUES 

There  are  several  other  self  adaptive  flight  control 
systems  in  existence  that  have  received  little  or  no  flight 
test  or  simulator  mechanization  but  are  or  have  been  designed 
for  flight  control  purposes.  The  techniques  are  listed  below: 

DODCO:  Thi  s  technique,  mentioned  in  the  previous 
paper,  was  developed  through  the  application  of  variational 


calculus  to  a  limited  information  flight  control  problem.  A 
description  of  the  application  and  an  evailuation  of  the  use  of 
this  technique  is  contained  in  reference  11.  The  system  uses 
an  erj’or  and  error  rate  criteria  to  switch  between  two  gains, 
one  of  which  is  greater  than  that  required  to  drive  the 
system  unstable  and  the  other  is  a  stable  value.  For  most 
applications  these  gains  will  differ  from  each  other  by 
approximately  two.  A  block  diagram  of  the  system  is  shown 
in  Figure  11.  To  properly  use  this  system  the  servo  must 
be  of  the  rate  or  velocity  type  and  the  sensor  associated 
with  the  highest  level  of  information  used  must  have  a  band¬ 
width  approximately  10  times  greater  than  the  control  range. 
This  means,  for  example,  that  to  operate  a  good  pitch  rate 
stability  loop  an  angular  accelerometer  with  a  natural  fre¬ 
quency  of  approximately  25  to  30  cps  is  required.  This  type 
of  high  gain  switching  system  uses  a  pre -filter  model  to  pro¬ 
vide  optimum  handling  qualities.  Simulations  to  date  indicate 
that  if  a  good  quality  angular  accelerometer  is  used  the  per¬ 
formance  of  the  system  will  be  comparable  to  the  previous 
high  gain  techniques.  The  technique  has  not  been  flight 
tested  but  is  being  applied  with  good  results  to  outer  loop 
control. 

Bendix:  The  Bendix  system  has  been  operated  on  a 
B-58  simulator  and  is  presently  being  mechanized  for  flight 
test  in  an  F-102.  It  is  a  digital  sampled  data  system  which 
operates  by  controlling  the  gain  to  affect  error  minimization 
at  sampling  instants.  The  system  uses  a  pre -filter  type  of 
model.  The  exact  details  of  the  system  are  classified 
confidential  and  can  be  obtained  from  references  12  and  13. 

MIT:  The  latest  modifications  to  the  MIT  rate  inte¬ 
grating  system  are  described  in  reference  14.  This  system 
has  two  adjusting  loops.  Both  the  gain  and  damping  factors 
are  adjusted.  The  error  adjusting  scheme  has  been 
changed  from  a  direct  minimization  loop  to  a  null  seeking  loop 
which  has  significantly  improved  the  performance  of  the 
system.  Details  of  the  previous  system  are  available  in 
references  15  and  16,  The  earlier  system  was  flight  tested 
in  an  F-94  and  F-101  some  time  ago.  It  uses  a  reference 
model  in  parallelwith  the  system  to  furnish  an  optimization 
crite  ria. 
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Figure  11.  DODCO  System 


Aeronutronics:  This  system  uses  cross  correlation 

techniques  to  determine  the  impulse  response.  The  measuring 
part  of  the  technique  was  flight  tested  in  an  F-IOOC  with  very 
good  results.  If  the  system  were  completed,  the  optimization 
criteria  would  be  built  into  an  adjusting  mechanism  which  acts 
on  the  measured  impulse  response.  Application  of  this 
technique  has  not  been  continued  by  the  Air  Force  because  of 
the  time  required  to  measure  the  response  and  the  hardware 
complexity  of  getting  the  data  and  operating  on  it.  A  more 
detailed  description  of  this  system  is  contained  in  references 
15  and  17. 


It  should  be  emphasized  that  the  techniques  described 
do  not  encompass  all  of  the  adaptive  techniques  conceived  but 
represent  the  principal  ones  applied  to  the  flight  control  area. 
The  capabilities  of  the  last  techniques  listed  are  largely 
unknown  or  in  the  process  of  being  determined.  They  are 
listed  here  because,  for  some  applications,  they  may  have 
more  capability  to  compensate  for  varying  or  unknown  vehicle 
parameters  than  the  high  gain  techniques.  Later  reports  will 
more  explicitly  detail  their  capabilities. 

The  key  to  building  a  better  or  second  generation  self 
adaptive  flight  control  system  rests  in  the  ability  of  the 
system  to  identify  directly  the  value  of  the  parameters  it  is 
attempting  to  vary.  Present  systems  identify  and  control  a 
parameter  (gain)  which  is  a  priori  related  to  the  control 
system  performance.  A  better  technique  must  identify  the 
value  of  a  parameter  directly  connected  vdth  system  perform¬ 
ance,  such  as  the  coefficients  of  the  equations  of  motion  or 
of  a  higher  order  transfer  function  that  reflects  an  approxi¬ 
mation  to  the  closed  loop  plant  dynamics. 


A  program  to  devise  such  a  system  was  started  with 
Sperry,  Phoenix  in  I960  using  correlation  techniques  and  a 
recursion  relationship  to  determine  the  Z -transform  of  the 
system.  F rom  this  transform  the  system  synthesizes  a  con¬ 
trol  program  which  will  compensate  for  the  identified  dynamics. 
This  type  of  system  has  the  capability  to  identify  control  re¬ 
versal.  The  capability  of  this  type  of  system  has  not  been 
fully  established  but  the  first  report  from  this  program  should 
be  published  in  December  1961.  Present  plans  are  to  continue 
this  type  of  investigation  and  expand  it  as  methods  of 


identification  and  synthesis  that  are  more  accurate  and  that 
obtain  information  faster  become  available. 

The  major  limitations  of  any  parameter  identification 
scheme  are  the  time  required  to  actually  measure  the  required 
data  and  the  equipment  required  to  make  the  calculations.  Of 
these  two  limitations,  the  first  is  considered  to  be  the  most 
basic  and  the  most  significant.  Reference  18  states  that  the 
identification  time  of  a  sampling  or  cross  correlator  type 
identifier  is  independent  of  the  impulse  response  being  esti¬ 
mated  if  the  system  is  linear  and  the  received  signal  energy 
is  large  compared  to  the  noise  power  density  spectrum,  but 
that  it  is  of  the  order  of  10  to  100  times  the  significant  dur¬ 
ation  of  the  impulse  response.  Thus  it  may  never  be  pos¬ 
sible,  due  to  the  rapid  change  o-  significant  system  para¬ 
meters,  to  use  a  parameter  identification  scheme  as  the  sole 
means  of  control.  A  sudden  violent  instability  as  sometimes 
exhibited  by  flutter  modes  could  fail  a  structure  before  the 
control  system  could  act  effectively.  A  better  plan  may 
prove  to  be  a  combination  of  the  present  fast  acting  high  gain 
systems  with  a  slower  identification  scheme  which  changes 
some  system  bias.  The  high  gain  system  then  acts  as  a 
vernier  to  insure  stability. 

Future  efforts  will  look  into  this  in  more  detail  as 
more  specific  information  regarding  mission  requirements 
becomes  available. 

SECTION  IV:  DYNAMIC  INTERACTIONS 

In  all  of  the  previous  discussion  it  has  been  assumed 
that  the  sole  effect  of  aerothermoelasticity  is  a  static  one 
and  it  has  been  carefully  pointed  out  that  structural  modes 
must  be  well  separated  from  the  rigid  body  modes.  The 
well  recognized  fact  that  it  is  sometimes  impossible  to  clearly 
distinguish  between  aeroelastic  modes  and  those  oscillations 
associated  with  dynamic  stability  has  led  to  the  general  accept¬ 
ance  of  the  principle,  if  not  the  actual  implementation,  that 
the  complete  dynamic  analysis  of  very  flexible  systems  should 
be  carried  out  on  a  unified,  cooperative  basis,  (See,  for 
example,  pg  554,  reference  19)  These  experiences  have 
started  many  control  system  engineers  on  various  approaches 
to  increase  the  systems  tolerance  for  or  even  to  utilize  the 
effect  of  elasticity.  Servo  systems  for  control  of  flutter 
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have  been  demonstrated.  Designs  for  optimum  flight  control 
systems  involving  aeroelastically  tailored  surfaces  have  been 
prepared.  Control  system  designs  for  reducing  structural 
loads  due  to  aircraft  and  missile  gust  response  exist  now. 
Progress  is  being  made  in  unifying  the  analytic  approaches 
of  the  aeroelastician  and  the  control  system  analyst  so  that 
mutual  benefit  can  be  more  readily  derived  from  the  two 
different  methods.  It  would  seem  possible  to  foresee  appli¬ 
cations  of  new  control  system  developments  to  aerothermo- 
elastic  systems  where  the  overall  result  is  optimized  with 
respect  to  flight  path  control,  structured  plus  control  system 
weight,  power,  costs,  reliability,  etc.  Admittedly  much 
basic  work  must  be  accomplished  before  this  postulation  can 
be  a  design  reality. 

Both  control  systems  and  structural  engineers  have 
been  reluctant  to  advocate  the  use  of  an  automatic  system  to 
provide  artificial  structural  stiffness  or  damping.  The  pri¬ 
mary  reason  has  been  the  relatively  low  reliability  of  the 
electronic  systems  which  have  the  speed  of  response  required 
to  make  the  plan  feasible.  Recent  developments,  reported  on 
in  reference  20,  indicate  that  the  reliability  of  electronic 
systems,  when  properly  designed,  can  approach  or  exceed 
that  of  present  mechanical  flight  control  systems.  This  is 
accomplished  through  the  use  of  code  redundancy  consisting 
of  the  transmission  of  more  digital  bits  of  information  than 
are  required  for  system  operation.  The  additional  bits  are 
used  to  check  and  correct  the  required  information  bits  and 
since  they  are  not  directly  required  to  achieve  desired 
dynamic  performance,  they  are  called  redundant.  The 
simplest  example  of  this  might  be  representation  of  a  digital 
word  by  repetition  of  each  bit  of  information.  Thus  the  in¬ 
formation  101  would  be  transmitted  as  111000111,  Then  the 
equipment  through  majority  logic  would  recognize  the  in¬ 
fo;  -lation  as  long  as  no  more  than  one  of  the  redundant  bits 
in  each  information  block  fails.  Thus  101010101  would  be 
recognized  by  the  system  as  101,  the  original  iransmibbioa. 
Note  that  three  bits  in  the  total  word  have  failed.  For  a  100 
hour  mission  an  electronic  system  designed  in  this  manner 
could  be  expected  to  have  an  equivalent  reliability  of  0.  9998 
or  better.  This  would  be  an  equivalent  MTBF  of  approxi¬ 
mately  5  X  10^  hours.  A  present  program  with  the  General 
Electric  Company  is  mechanizing  such  a  system  for  verifica¬ 
tion  and  demonstration  of  these  concepts. 


As  the  "state  of  the  art"  of  reliable  design  progresses 
consideration  should  be  given  to  design  trade  offs  of  weight 
and  system  complexity.  On  some  future  weapon  systems,  for 
instance  a  Mach  3  nuclear  bomber,  system  feasibility  may 
depend  upon  automatic  stabilization  of  the  structure  of  a  long 
thin  vehicle.  If  reliability  and  fail-safety  were  assured  it 
may  be  possible  to  avoid  the  weight  penalties  associated  with 
reactor  shielding  or  strengthening  a  structure  of  high  fineness 
ratio. 


In  an  attempt  to  establish  a  capability  to  avoid  coupling 
problems,  present  ASD  programs  are  working  on  the  develop¬ 
ment  of  adaptive  techniques  which  will  permit  separation  of 
rigid  and  structural  responses  even  at  the  same  frequencies. 

A  report,  reference  21,  describing  the  operation  of  a  digital 
adaptive  system  which  will  decouple  the  rigid  and  elastic 
modes  has  been  prepared  by  McDonnell  Aircraft.  The 
ability  of  a  high  gain  system  to  control  a  flexible  ballistic  mis¬ 
sile  has  been  demonstrated  by  Minneapolis  Honeywell,  reference 
22,  and  evaluated  by  Space  Technology  Laboratories  on  an  ICBM 
simulator.  In  this  case  it  was  necessary  to  use  multiple  sensors 
(2),  with  the  outputs  blended  to  aid  the  system  but  increases  in 
frequency  tolerance  and  mode  shape  tolerance  were  significant. 
The  details  of  the  system  and  the  evaluation  are  in  a  classified 
report,  reference  23. 

A  considerable  amount  of  work  is  being  started  by  the 
NASA  at  the  Marshall  Space  Flight  Center  aimed  at  solving 
the  problems  of  flexible  Saturn  type  boosters.  Future  Air 
Force  programs  can  be  expected  to  place  increased  emphasis 
on  the  development  of  these  types  of  techniques;  however,  it 
should  be  emphasized  that  the  objective  of  these  programs  at 
the  present  is  not  to  provide  damping  to  a  structural  mode  but 
to  refrain  from  occiting  or  forcing  such  a  mode.  Additional 
efforts  will  be  required  to  develop  a  technique  for  positive 
control  of  elasticity. 

The  extension  of  self  adaptive  control  techniques  to 
the  control  of  dynamic  structural  problems  for  the  reduction 
of  loads  and  stiffness  requirements  and  thus  weight  is  a 
natural  and  planned  next  step  and  a  significant  one  for  future 
large  aerospace  configurations. 


SECTION  V;  ENERGY  MANAGEMENT 


The  optimum  path  from  one  point  to  another  has 
seldom  been  a  simple  geometric  relationship.  Cruise  control 
for  increasing  range  illustrates  this  point  and  is  a  form  of 
energy  management.  For  re-entry  configurations  we  are 
faced  with  optimumly  managing  kinetic  and  potential  energy 
to  control  dispersion,  optimize  range,  control  heating  rates 
and  total  heat  input,  control  loads,  etc.  The  constraints  on 
the  problem  are  at  least  partially  caused  by  the  aerothermo- 
elastic  capacity  of  the  airframe. 

The  proper  management  of  the  vehicle's  energy  within 
this  multitude  of  constraints  represents  one  of  the  greatest 
flight  control  problems  of  the  future.  If  manned  vehicles  are 
ever  to  achieve  even  a  limited  maneuvering  capability  during 
re-entry,  the  control  system  must  utilize  a  prediction  capa¬ 
bility  to  operate  within  vehicle  constraints.  The  system 
must  predict  the  future  effects  of  a  present  control  action 
before  that  action  can  be  safely  initiated.  The  previous 
paper  has  discussed  many  of  the  variables  and  unknowns 
regarding  re-entry  conditions  and  has  postulated  one  solution 
using  an  adaptive  approach.  This  work  was  accomplished 
under  the  sponsorship  of  the  ASD  Flight  Control  Laboratory. 
Several  other  programs  are  underway  and  more  are  planned 
for  the  future.  Additional  applications  of  adaptive  t>,chniques 
and  advanced  mathematical  techniques  such  as  Pontriagin's 
maximum  principle  and  Bellman's  dynamic  programming 
principles  will  be  made  in  an  attempt  to  develop  optimum 
solutions. 

Previous  efforts  have  outlined  the  control  require¬ 
ments,  reference  24.  Current  programs  with  General 
Electric,  Bendix,  and  Bell  are  attempting  to  develop  solu¬ 
tions  from  a  systems  standpoint  for  re-entry  of  winged 
vehicles  from  near  earth,  near  circular  orbits  with  longitudi¬ 
nal  and  lateral  maneuvering.  Reports  from  these  programs 
should  be  available  in  the  near  future. 

SECTION  VI;  SUMMARY 

The  problems  encountered  during  the  design  ot  flight 
control  systems  for  future  aerospace  vehicles  will  be  as 
diverse  as  the  missions  and  configurations.  However,  a 
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significant  improvement  in  performance  for  structurally 
flexible  vehicles  could  be  realized  if  techniques  are  developed 
for  identifying  the  best  locations  for  introducing  control 
forces  into  structural  modes  and  for  placing  redundant  or 
multiple  sensors. 

Higher  performance  requirements  have  stimulated  the 
development  of  self  adaptive  systems  for  the  classic  flight 
control  problem.  Their  inherent  capability  for  compensat¬ 
ing  for  uncertainties  now  makes  possible  the  development 
of  flight  control  systems  that  will  operate  successfully  on 
the  first  flight  for  research  type  vehicles.  Increased 
mission  requirements  are  lowering  allowances  for  structural 
weight  and  thus  reducing  stiffness  and  heat  capacity.  Smal¬ 
ler  design  margins  are  inevitable.  Structural  dynamic 
response  control  will  become  an  acute  requirement.  Adap¬ 
tive  techniques  represent,  at  present,  the  only  type  of  design 
technique  which  will  permit  compensation  for  changing  con¬ 
ditions  and  uncertainties  while  meeting  the  dynamic  per¬ 
formance  requirements  in  future  missions. 

In  general,  future  effort  will  attempt  to  provide 
methods  of  design  and  techniques  of  control  which  will  permit 
the  designer  to  build  a  better  system  with  less  knowledge  of 
the  numerical  value  or  form  of  the  parameters  of  the  system. 
This  is  not  to  say  that  the  designer  will  not  use  all  informa¬ 
tion  available  as  it  would  be  foolish  not  to  do  so,  but  it  is 
an  attempt  to  permit  design  of  a  system  whose  successful 
operation  is  less  dependent  upon  a  priori  knowledge. 


524 


REFERENCES 


Harper,  R.  P.  ,  "Flight  Evaluation  of  Various  Longi¬ 
tudinal  Handling  Qualities  in  a  Variable -Stability  Jet 
Fighter".  WADC  TR  55-299,  July  1955. 

Chalk,  C.  R.  ,  "Additional  Flight  Evaluations  of  Various 
Longitudinal  Handling  Qualities  in  a  Variable  Stability 
Jet  Fighter",  WADC  TR  57-719,  Part  I,  March  1958, 
Part  11,  July  1958. 

Bull,  G.  ,  "Minimum  Flyable  Longitudinal  Handling 
Qualities  of  Airplanes".  Cornell  Aeronautical  Labora¬ 
tory  Report  No.  TB-1313-F-1,  December  1959. 

General  Electric  Company,  Armament  and  Control 
Section,  LMED,  "Navy  Self  Adaptive  Control  Flight 
Test  Evaluation",  Final  Report,  31  December  I960. 

General  Electric  Company,  Armament  and  Control 
Section,  LMED,  "Self  Adaptive  Control  System  Evalua¬ 
tion  on  X-15  Simulator",  LMEJ  4465,  6  April  1961. 

Farr,  J.  E.  ,  Hoffman,  D.  P. ,  Cooper,  N.  R.  , 
"Evaluation  of  the  G.  E.  Self  Adaptive  Control  System 
on  the  X-15  Flight  Control  Simulator",  WADD  TR  61-81, 
April  1961, 

Schuler,  J.  M.  ,  Chalk,  C.  R, ,  Schlehorn,  A.  O,  , 
"Application  and  Evaluation  of  Certain  Adaptive  Control 
Techniques  in  Advanced  Flight  Vehicles",  ASD  TR  61- 
104,  Volume  I,  31  July  1961. 

Smyth,  P.  K.  ,  "Self  Adaptive  System  for  Re-entry 
Glider  Control",  Proceedings  of  the  1961  NAECON 
Conference,  May,  1961. 

Boskovich,  B.  ,  Cole,  G.  H.  ,  Mellen,  D.  L.  , 

"Advanced  Flight  Vehicle  Self  Adaptive  Flight  Control 
System",  Part  I  Study,  Part  II  Design,  WADD  TR  60- 
651,  (CONFIDENTIAL) 


525 


10.  Gregory,  P.  C.  ,  "Self  Adaptive  Flight  Control  Studies 
Applicable  to  Dyna-Soar",  Proceedings  of  the  USAF- 
NASA  Joint  Conference  on  Lifting  Manned  Hyper- 
Velocity  and  Re-entry  Vehicles,  April  1961  (SECRET) 

11.  Rynaski,  E.  G.  ,  Schuler,  J.  M.  ,  "Application  and 
Evaluation  of  Certain  Adaptive  Control  Techniques  in 
Advanced  Flight  Vehicles",  ASD  TR  61-104,  Volume  II, 
31  July  1961 

12.  McGough,  J.  G.  ,  "A  Self  Adaptive  Flight  Control 
System  Using  Sampled  Data  Techniques",  Eclipse 
Pioneer  Report  No.  A7211-136,  30  December  1959, 
(CONFIDENTIAL) 

13.  Unger,  A.,  McGough,  J.  ,  "Sampled  Data  Adaptive 
Flight  Control  System",  Eclipse  Pioneer  Report  SDAS-I 
31  May  1961  (CONFIDENTIAL) 

14.  Osburn,  P.  V.  ,  Whitaker,  H.  P.  ,  Kezer,  A.  ,  "New 
Developments  in  the  Design  of  Model  Reference  Adap¬ 
tive  Control  Systems",  IAS  Paper  No.  61-39,  January 
1961. 

15.  Gregory,  P.  C.  ,  Editor,  "Proceedings  of  the  Self 
Adaptive  Flight  Control  Systems  Symposium",  WADC 
TR  59-49,  March  1959. 

16.  Whitaker,  H.  P.  ,  "An  Adaptive  System  for  Control  of 
the  Dynamic  Performance  of  Aircraft  and  Spacecraft," 
IAS  Paper  No.  59-100,  June  1959. 

17.  Aeronutronic,  "A  Study  to  Determine  the  Feasibility  of 
a  Self  Optimizing  Automatic  Flight  Control  System", 
WADD  TR  60-201,  30  April  1960. 

18.  Cooper,  G.  R.  .  Lindenlaub,  J.  C.  ,  "Limits  on  the 
Identification  Time  for  Linear  Systems",  Purdue 
University  Report  (to  be  published  as  an  ASD  TR), 

1  February  1961. 

19.  Bisplinghoff,  R.  H.  ,  Ashley,  H.  ,  Holfman,  R.  L.  , 
"Aeroelasticity",  Addison-Wesley,  Cambridge,  Mass.  , 
1955. 


526 


Fleck,  J.  J.  ,  Marx,  M.  F.  ,  et  al,  '•  Research  and 
Feasibility  Study  to  Achieve  Re’ ‘.ability  in  Automatic 
Flight  Control  Systems",  WADD  TR  61-264,  April  1961. 

Zabarszky,  John,  Luedde,  W.  J.  ,  Wendl,  M.  J.  , 

"New  Flight  Control  Techniques  for  a  Highly  Elastic 
Booster",  ASD  TR  61-231,  May  1961, 

Prince,  L.  T,  ,  "New  Flight  Control  System  Techniques 
for  a  Highly  Elastic  Booster",  ASD  TR  61-174,  July 
1961. 

Blackburn,  E.  P.  ,  Nesbit,  R.  A.  ,  et  al,  "Technical 
Evaluation  of  Autopilot  Proposed  by  Minneapolis -Honey- 
well  for  Titan  11",  STL/TR-60-0000-09230,  15  July  1960, 
(CONFIDENTIAL,  LIMITED  DISTRIBUTION) 

General  Electric  Company,  "Flight  Control  Study  of  a 
Manned  Re-entry  Vehicle",  WADD  TR  60-695,  Volume  I 
and  II,  July  I960. 


SESSION  m 


AEROTHERMODYNAMICS 

Chairman:  Dr.  Alfred  J.  Eggers,  Jr. 

Ames  Research  Center,  NASA 


529 


HEATING  PROBLEMS  OF  ENTRY  INTO 
PLANETARY  ATMOSPHERES  FROM  SUPERCIRCULAR 
ORBITING  VELOCITIES 

Sinclaire  M.  Scala^ 

Space  Sciences  Laboratory 
General  Electric  Company 
Missile  and  Space  Vehicle  Department 
King  of  Prussia,  Pennsylvania 


ABSTRACT 


A  brief  review  is  given  of  the  influence  of  trajectory  para¬ 
meters  on  tlie  severity  of  the  environmental  conditions  to  which  a 
vehicle  in  a  planetary  atmosphere  traveling  at  supercircular 
velocities  will  be  exposed.  The  governing  equations  for  the  deter¬ 
mination  of  heat  transfer  in  partially  ionized  gases  ai^  presented 
and  discussed.  Currently  available  theoretical  techniques  of 
estimating  the  transport  and  thermodynamic  properties  of  partially 
ionized  gases  are  reviewed,  and  inadequacies  are  summarized. 
Available  theories  for  predicting  the  convective  (aerothermo- 
chemical)  and  radiative  heat  transfer  at  superorbital  flight  speeds 
are  discussed,  new  theoretical  and  experimental  results  are  given, 
and  suggestions  for  needed  future  work  are  outlined.  Some  esti¬ 
mates  are  given  of  the  anticipated  thermal  stress  levels  which  will 
be  encountered  during  lifting  re-entry  from  outer  space.  Finally, 
an  integrated  approach  to  the  determination  of  the  solution  to  the 
aerothermo-viscoelastic  problem  of  supercircular  flight  is  outlined. 
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HEATING  PROBLEMS  OF  ENTRY  INTO 
PLANETARY  ATMOSPHERES  FROM  SUPERCIRCULAR 
ORBITING  VELOCITIES 


INTRODUCTION 

It  is  well  known  that  during  hypersonic  entry  of  a  spacecraft  into  a  plan¬ 
etary  atmosphere,  the  surface  of  the  vehicle  is  exposed  to  severe  heating 
conditions . 

In  order  to  predict  the  aerothermodynamic  and  structural  behavior  of  a 
material  utilized  as  a  thermal  shield  during  hypersonic  entry,  it  is  necessary 
to  examine  in  great  detail  the  physicochemical  processes  that  occur  above  and 
below  the  surface  of  the  vehicle.  In  particular,  one  must  be  able  to  predict 
the  chemical  species  which  are  formed  at  the  surface  and  in  the  condensed 
phase  (due  to  endothermic  or  exothermic  decomposition  i-focesses),  the 
conduction  of  heat  into  the  interior,  and  the  resulting  thermal  and  mechanical 
stresses. 

Initially,  at  the  very  highest  altitudes,  where  the  gas  density  is  low, 
the  mean  free  path  of  the  ambient  gas  particles  is  considerably  larger  than  a 
typical  vehicle  dimension  and  the  vehicle  is  in  the  free  molecular  flow  regime. 
Heat  transfer  to  the  surface  then  occurs  by  means  of  direct  molecular  col¬ 
lisions  (thermal  accommodation  and  surface  catalysis)  of  the  free  stream 
particles  at  the  surface  of  the  vehicle.  In  this  case,  the  local  energy  transfer 
at  the  surface  depends  on  the  vehicle  speed,  the  local  geometry,  the  chemical 
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species  present  in  the  atmosphere,  the  surface  material  and  its  temperature. 

It  is  noted  that  a  complete  theory  for  this  type  of  interaction  has  been  recently 
developed  by  Gilbert  and  Scala  (Reference  1)  for  convex  bodies  during  hyper¬ 
sonic  entry  into  the  earth's  atmosphere  including  flight  speeds  up  to  50,000 
feet  per  second. 

During  flight  at  the  lower  altitudes ,  a  shock  wave  forms ,  and  the  free 
stream  gas  is  heated  as  it  flows  through  the  shock  wave.  That  is,  the  directed 
kinetic  energy  of  the  particles  is  converted  into  thermal  (internal)  energy  which 
is  sufficient  to  cause  dissociation  and  partial  ionization  of  the  gas.  This  hot 
chemically  reacting  gas  flows  around  the  vehicle  and  heat  is  transferred  to 
the  surface  of  the  vehicle  by  means  of  aerodynamic  and  radiant  heat  transfer 
processes. 

Analytical  studies  of  this  problem  require  a  formulation  of  the  governing 
equations  for  the  conservation  of  mass,  momentum,  energy,  and  chemically 
reacting  species,  appropriate  to  the  geometry  of  the  vehicle.  These  conser¬ 
vation  laws  are  a  coupled  system  of  nonlinear  partial  differential  equations  of 
high  order  and  have  split  boundary  conditions.  This  is,  therefore,  a  formidable 
mathematical  problem,  and  hence  the  solution  to  the  system  of  differential 
equations  must  be  generated  by  means  of  a  high  speed  digital  computer,  such 
as  the  IBM  7090, 


In  addition  to  the  complexity  of  the  mathematics,  there  are  additional 
complexities  which  reside  in  the  determination  of  the  transport  and  thermo¬ 
dynamic  properties  of  the  gases  present  in  the  viscous  layer.  Since,  as  is 
well  known,  there  is  a  paucity  of  experimental  data  at  temperatures  above  5000°R, 
a  theoretical  treatment  is  also  required  here.  Techniques  for  calculating  these 
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gas  properties  at  high  temperature  have  been  developed  by  a  number  of  inves¬ 
tigators  including  Scala  and  Baulknight  (References  2  and  3) ,  Gilmore  (Reference 
4),  Hilsenrath  and  Beckett  (Reference  5),  Hansen  (Reference  6)  and  Baulknight 
(References  7  to  9). 

The  determination  of  the  hypersonic  heat  transfer  then  depends  on  the 
integration  of  a  set  of  coupled  nonlinear  partial  differential  equations  (Reference 
10)  which  represent  the  conservation  laws  for  the  multicomponent  gas  mixture 
which  flows  over  the  surface.  The  problem  is  further  complicated  by  the 
presence  of  heterogeneous  chemical  reactions  such  as  surface  catalysis,  vapor¬ 
ization,  pyrolysis,  depolymerization,  sublimation  and  surface  combustion, 
which  occur  within  the  condensed  phase  and  at  the  interface  between  the  gas 
phase  and  the  condensed  phase.  The  effect  of  these  physicochemical  processes 
is  to  alter  the  local  structure  of  the  viscous  layer,  which  in  turn,  produces  a 
change  in  the  heat  transfer  at  the  surface  of  the  vehicle. 

With  regard  to  radiative  transfer  from  the  hot  gas  cap  (shock  layer) ,  it 
has  been  found  that  four  types  of  processes  are  of  primary  interest  as  radiators, 
and  different  quantum  mechanical  techniques  are  used  (References  11,  12)  for 
obtaining  the  absorption  coefficients  which  are  required  in  order  to  calculate  the 
emissivity  of  the  gas  layer. 

These  processes  include: 

1.  ultraviolet-visible  molecular  band  spectra,  (electronic-vibrational 

excitation) 

2.  infrared  band  spectra,  (rotation -vibrational  excitation) 
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3.  free-free  electronic  continuum  radiation  (scattering  of  electrons) 


4.  free-bound  electronic  continuum  radiation  (electron  capture) 

Here  again,  as  in  the  case  of  the  gas  dynamic  heat  transfer,  the  radiant  heat 
transfer  will  depend  critically  on  the  density,  temperature  and  chemical  compo¬ 
sition  of  the  gas  in  the  shock  layer. 

For  entry  into  the  earth's  atmosphere,  the  gas  consists  initially  of  a 

mixture  of  oxygen  and  nitrogen  molecules  (except  in  the  ionosphere)  and,  hence, 

—  + 

effectively  one  must  consider  the  contributions  of  0,  O  ,  N,  N  NO,  O  ,  NO  , 

+ 

N  ,  NO  ,  etc. ,  to  the  aerodynamic  and  radiant  heat  transfer. 

Examination  of  Table  1  shows  that  carbon  dioxide  is  present  in  the  atmos¬ 
pheres  of  Mars  and  Venus  and,  hence,  the  contributions  of  gaseous  atomic 
carbon  and  molecular  species  containing  carbon  must  also  be  considered  in 
analyzing  both  the  gas  dynamic  and  radiant  heat  transfer,  as  well  as  the  aero- 
thermodynamic  response  of  real  materials  (surface  interaction  phenomena). 

Thus,  for  example,  in  the  viscous  boundary  layer  which  forms  over  a 
vehicle  entering  the  Martian  atmosphere,  one  finds  that  the  neutral  species 
include  0,  O  ,  N,  N  ,  C(g),  CO  and  CO  ,  whereas  in  the  Venusian  atmosphere, 

^  ^  Ci 

due  to  the  larger  free  stream  concentration  of  carbon  dioxide,  one  expects 

that  CN  and  C  will  also  be  present  in  the  shock  layer.  In  addition,  depending 

! 

on  the  flight  speed,  charged  particles  such  as  C  will  also  be  in  the  shock 


TABLE  1. 

CHEMICAL  COMPOSITIONS  OF  THE  PLANETARY 
ATMOSPHERES  OF  EARTH,  MARS  AND  VENUS 


CHEMICAL 

1 

MASS  FRACTIONS 

SPECIES 

1 

EARTH* 

MARS** 

VENUS*** 

'^2 

1 

75.4 

96.30 

10 

1 

23.2 

- 

- 

o 

o 

to 

1 

0. 1 

1.94 

90 

A 

1 

1.3 

_ 

1.76 

- 

CHEMICAL 

SPECIES 

1 

ELEMENTAL  MASS  RATIOS 

EARTH 

MARS 

VENUS 

m 

1 

0.3086 

0.0147 

6.54 

0.00036 

0.0055 

2.46 

■■ 

1 

0.01725 

0.0183 

- 

REFERENCES: 

* J. A. Ratcliff e,  "Physics  of  the  Upper  Atmosphere,"  Academic  Press,  1960. 

Alderson,  "Mars  Atmosphere  Model  -  II,"  J.P.L.  Report,  Dec.  1960. 

***Carl  Gazley,  Jr. ,  "Deceleration  a..'d  Heating  of  a  Body  Entering  a  Planetary 
Atmosphere  from  Space,"  Rand  Corporation  Report  P  955,  Feb.  1957. 
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From  the  foregoing,  it  becomes  clear  that  in  order  to  predict  the  heat 
transfer  rate  during  planetary  entry,  one  first  requires  a  knowledge  of  the 
undisturbed  environmental  conditions,  including  density,  temperature  and 
chemical  composition  as  a  function  of  altitude.  One  must  also  have  a  knowl¬ 
edge  of  relaxation  times ,  reaction  kinetics  and  thermodynamic  properties  in 
order  to  predict  the  new  gas  state  in  the  plasma  sheath  which  forms  around 
the  vehicle.  Finally,  one  must  have  a  detailed  knowledge  of  the  physicochemical 
properties  of  the  molecules ,  atoms  and  ions  in  order  to  predict  the  combined 
radiative  and  convective  heat  transfer  rate.  It  is  noted  that  only  after  the  heat 
transfer  rate  has  been  determined  realistically,  can  one  proceed  to  solve  the 
transient  heat  conduction  equation,  determine  the  temperature  distribution 
within  the  vehicle  structure,  and  calculate  the  resulting  thermal  stress  levels. 


TRAJECTORY  CONSIDERATIONS 


A  number  of  references  have  recently  been  published  which  treat  the 
problem  of  determining  the  trajectories  of  space  vehicles  which  enter  a  plane¬ 
tary  atmosphere  at  supercircular  speed.  These  include  the  work  of  Chapman 
(Reference  13) ,  Lees  et  al  (Reference  14) ,  Grant  (Reference  15) ,  Wong  and 
Slye  (Reference  16),  Hildebrand  (Reference  17),  Luidens  (Reference  18)  and 
Eggers  and  Wong  (Reference  19) .  These  analyses  show  that  the  dissipation  of 
vehicle  energy  during  the  deceleration  phases  of  a  mission  can  be  accomplished 
more  efficiently  by  means  of  atmospheric  braking  than  by  use  of  propulsive 
(retro-rocket)  braking. 

It  is  noted,  however,  that  guidance  requirements  become  severe,  since 
entry  of  the  vehicle  must  take  place  in  a  very  narrow  region  of  the  atmosphere. 
The  extent  of  the  region  is  established  by  defining  acceptable  decelerations  and 
heating  conditions.  This  region  is  called  the  "entry  corridor"  and  its  limits 
are  termed  the  "overshoot"  and  "undershoot"  bounds. 

The  "overshoot  bound"  is  defined  as  that  approach  flight  path  having  the 
least  atmospheric  penetration  consistent  with  achieving  sustained  flight  within 
the  atmosphere.  The  "undershoot  bound"  is  defined  as  that  approach  flight 
path  that  rcoults  in  the  deepest  penetration  of  the  atmosphere  consistent  with 
the  imposed  acceleration  and  heating  limits  of  the  vehicle  and  its  payload. 

The  actual  depth  of  atmospheric  penetration  depends  on  the  mode  of  vehicle 
operation  during  the  atmospheric  portion  of  its  flight. 

As  pointed  out  in  References  14  to  19,  the  use  of  lifting  entry  appears 
attractive  in  reducing  accelerations  and  providing  a  wider  entry  corridor. 
Modulating  the  lift  and  drag  can  reduce  the  total  heat  load  and  provide  an  even 
wider  entry  corridor. 
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It  is  not  usually  possible  to  generalize,  since  the  exact  determination  of 
an  entry  trajectory  can  come  only  from  the  numerical  integration  of  the  non¬ 
linear  differential  equations  of  motion.  However,  it  is  found  that  the  aerodynamic 
corridor  depth  can  be  increased  by  increasing  the  maximum  lift  to  drag  ratio, 
increasing  the  loading  limit,  and  by  decreasing  the  entry  velocity.  Unfortunately, 
it  is  found  that  the  entry  corridor  having  favorable  thermodynamic  character¬ 
istics  is  generally  smaller  than  the  aerodynamically  attainable  corridors.  That  is, 
a  higher  lift  to  drag  ratio  acts  to  inci'ease  the  flight  time,  while  higher  loading 
tends  to  give  higher  stagnation  pressures,  both  of  which  result  in  a  higher  total 
heat  transfer  to  the  vehicle. 


In  passing,  it  is  noted  that  the  entry  velocity  of  the  planetary  entry  vehicle 
will,  of  course,  depend  critically  on  the  flight  time  and  the  transfer  orbit.  The 
idealized  minimum  energy  (Hohmann)  tiajectory  to  Mars  would  require  approxi¬ 
mately  259  days  of  travel  time,  whereas,  that  to  Venus  would  require  approxi¬ 
mately  145  days.  Upon  making  use  of  the  vis  viva  integral: 


V. 


impact 


2  2 

V,  +  V 
h  escape 


(1) 


and  utilizing  the  data  of  Table  2,  Dugan  (Reference  20),  and  Dugan  and  Simsic 
(Reference  21),  one  finds  that  the  entry  velocities  for  Mars  and  Venus  are  given 
by: 


impact 

Mars 


io  nnn  f4- 


(2) 


impact 


.  34,700  ft. /sec. 


Venus 


(3) 


Mercury 

10,000  ft./  sec. 

14, 100  ft.  /  sec. 

Venus 

24, 100  ft./sec. 

34,100  ft./sec. 

Earth 

25,900  ft./sec. 

36,700  ft./sec. 

Mars 

11,800  ft./sec. 

16,700  ft./sec. 

Jupiter 

141,000  ft./sec. 

200,000  ft./sec. 

Saturn 

85,000  ft./sec. 

120,000  ft./sec. 

^Reference:  Handbook  of  Satellites  and  Space  Travel,  General  Electric  Co. 
M.S.V.D.  Document  No.  58SD131,  April  1958. 
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If  the  flight  times  to  Mars  and  Venus  ai'e  reduced  to  105  days  and  58  days, 
respectively,  for  example,  considerably  more  thrust  is  required  at  vehicle  launch 
and  the  resulting  entry  velocities  become: 


impact 


40,500  ft. /sec. 


Mars 


impact 


55,200  ft. /sec. 


Venus 


It  is  clear  that  a  shorter  flight  time  results  in  a  more  severe  entry  condition. 
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MODEL  ATMOSPHERE 


Although  fairly  good  data  is  available  on  the  earth’s  atmosphere  (References 
22,  23),  the  situation  is  not  as  clear  cut  for  our  nearest  heavenly  neighbors. 

Although  a  number  of  models  of  the  Martian  and  Venusian  atmospheres 
have  already  been  proposed  (References  24  to  29),  the  nature  of  these  models 
requires  a  reappraisal  from  an  important  engineering  viewpoint.  By  this  is 
meant  a  critical  evaluation  of  those  physical  quantities  which  relate  to  the  study 
of  planetary  entry.  These  include  the  composition,  temperature  and  density 
distribution. 

The  approach  in  the  past  has  been  to  assume  an  isothermal  model,  or  an 
adiabatic  temperature  lapse  near  the  surface  coupled  with  an  isothermal  model 
for  the  upper  atmosphere.  These  approaches  are  adequate  for  many  scientific 
investigations,  but  should  be  closely  questioned  when  one  considers  the  planetary 
entry  of  a  space  vehicle. 

The  information  available  on  the  atmosphere  of  Mars  is  probably  greater 
than  for  any  other  planet  except  our  own,  and  several  monographs  are  available 
which  discuss  the  planet  in  great  detail  as  well  as  the  nature  of  its  atmosphere. 
Probably  the  most  neglected  regions  of  planetary  atmospheres  have  been  the 
outer  regions.  The  reason  is  undoubtedly  due  to  the  difficulty  of  measurements 
of  the  regions  from  terrestrial  observatories.  The  detail  of  information  available 
for  the  surface  is  large  enough  that  even  surface  weather  charts  have  been  con¬ 
structed  to  demonstrate  the  similarity  of  the  Martian  atmosphere  to  the  terres¬ 
trial  atmosphere.  It  should  therefore  be  obvious  that  mean  atmospheric  conditions 
at  the  lower  altitudes  are  relatively  well  knowm.  The  composition  of  the  atmosphere 
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is  similarly  fairly  well  Icnown  and  general  agreement  can  usually  be  found  favoring 
a  nitrogen  rich  atmosphere. 

The  situation  for  Venus  is  entirely  different  and  the  existing  model  atmos¬ 
pheres  contain  more  speculation  than  observational  evidence.  The  surface  char¬ 
acteristics  are  unknown  due  to  the  ever  present  enveloping  clouds.  Recent  obser¬ 
vations  would  suggest  a  high  temperature  (some  600°C)  in  the  lower  atmosphere 
which  conflicts  with  prior  hypotheses.  The  surface  pressure  is  expected  to  be 
equivalent  i,v/  one  or  two  earth  atmospheres,  again  depending  on  the  hypothesis 
selected. 

The  atmosphere  is  known  to  contain  some  CO  and  some  H  O  although  the 
amount  of  the  former  ranges  greatly  with  the  various  hypotheses.  The  main 
constituent  of  the  Venusian  atmosphere  has  been  postulated  as  being  either  nitro¬ 
gen,  carbon  dioxide,  or  argon.  The  effect  on  a  planetary  entry  vehicle,  of  the 
possible  conditions  to  be  encountered,  should  certainly  be  investigated  as  it  is 
not  too  likely  that  the  present  uncertainties  can  be  resolved  from  terrestrial 
observations  of  the  Venusian  atmosphere.  Such  a  study  would  enhance  our  ability 
to  analyze  more  rapidly  the  results  of  Venusian  probes.  Without  such  a  study 
the  analysis  of  .light  test  data  obtained  by  a  Venusian  probe,  which  has  encountered 
conditions  other  than  those  contained  in  the  design  model,  would  prove  laborious 
indeed. 
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from  tlie  ARDC-1959  model  atmosphere  are  negligible  below  75  kilometers. 

Above  75  kilometers  the  density  values  of  the  AIlDC-1959  model  are  much  higher 
than  indicated  by  the  isothermal  model.  That  is,  tlie  isothermal  model  yields 
densities  which  are  two  orders  of  magnitude  lower  than  the  ARDC-1959  model 
at  altitudes  above  200  kilometers. 

It  is  further  noted  that  recent  satellite  measurements  favor  increasing  the 
ARDC-i959  density  values,  which  would  further  increase  the  discrepancy  between 
the  actual  distribution  and  an  isothermal  model.  The  significance  of  these  large 
departures  from  the  isothermal  model  suggests  the  existence  of  a  high  temperature 
thermosphere  above  75  kilometers.  Of  equal  significance  is  the  relatively  small 
departure  of  the  isothermal  model  from  the  ARDC-1959  model  below  75  kilometers. 
These  points  therefore  suggest  that  the  isothermal  models  proposed  for  Mars 
nd  Venus  may  indeed  be  a  reasonable  approximation  of  conditions  at  lower  levels. 
However,  the  question  now  is  whether  or  not  one  may  exj.ect  to  encounter  a 
thermosphere  in  the  atmospheres  of  Mars  and  Venus.  Should  one  encounter  such 
a  condition,  the  effect  would  be  to  increase  the  density  at  high  altitudes. 

The  cause  of  the  earth's  thermosphere  is  postulated  as  being  due  to  conduc¬ 
tion  from  the  hot  solar  coronal  gases,  whose  kinetic  temperature  is  of  the  order 
of  100,000°K  at  the  earth's  distance  from  the  sun.  If  this  hypothesis  is  correct, 
then  it  follows  that  the  atmospheres  of  Mars  and  Venus  would  also  contain  a  high 
temperature  thermosphere. 

That  is,  although  an  isothermal  model  atmosphere  represents  a  reasonable 
approximation  for  the  lower  altitude  range,  at  the  higher  altitudes  the  temperature 
probably  rises  (as  is  the  case  in  the  earth's  atmosphere),  and  forms  a  high  tempera¬ 
ture  thermosphere.  The  effect  of  such  a  high  temperature  thermosphere,  on 
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any  planet,  is  to  cause  an  increase  of  density  at  the  upper  atmospheric  levels 
which  may  be  several  orders  of  magnitude  higher  than  that  given  by  the  iso¬ 
thermal  model.  Assuming  that  such  a  thermosphere  exists,  it  follows  that  the 
isothermal  model  density  values  currently  being  used  in  calculating  high  altitude 
entry  trajectories  may  be  off  by  an  order  of  magnitude  or  more. 


GOVERNING  EQUATIONS  FOR 
CONVECTF/E  HEAT  TRANSFER  IN  A 
PARTIALLY  IONIZED  GAS 


During  hypersonic  flight  in  a  planetarj’  atmosphere,  tlie  free  stream  gas 
is  dissociated  and  partially  ionized  by  the  shock  wave  which  precedes  the  vehicle. 
For  known  ambient  conditions  in  the  free  stream  gas  (e.g, ,  pressure, density, 
temperature  and  gas  composition)  one  may  readily  determine  the  downstream 
conditions  behind  a  detached  shock  wave  after  thermochemical  equilibrium  is 
attained.  The  resulting  thermochemical  state  can  be  determined  by  solving  a 
simultaneous  set  of  algebraic  equations  known  as  tlie  Ranl\.ine-Hugoniot  relations. 

These  may  be  written; 


(6) 


p  +  oV^  =  P  +  oV^ 
1  ^11  2  ^22 


=  h„  + 
2 


(7) 

(8) 


and  represent  the  conservation  of  mass,  momentum  and  energy  across  a  normal 
shockwave,  respectively.  Equations  (6),  (7)  and  (8)  relate  the  density  r  ,  the 
gas  velocity  V,  the  pressure  P  and  the  enthalpy  h  at  the  upstream  location  1  to 
the  downstream  location  2.  In  order  to  solve  this  system  of  algebraic  equations, 
one  must  introduce  the  equation  of  state  which  can  be  written: 
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where  R  is  tlie  universal  gas  constant  and  M  is  the  mean  molecular  weight  of 
the  gas. 

The  chief  difficulty  in  solving  this  set  of  equations  resides  in  die  fact  that 
in  a  chemically  reacting  gas  the  enthalpy  h  and  the  mean  molecular  weight  M 
depend  on  the  gas  composition.  The  latter  depends  on  the  pressure  and  tempera¬ 
ture  which  are  unlcnowns.  Thus,  in  order  to  proceed,  one  requires  a  loiowledge 
of  the  equilibria  of  the  resulting  gaseous  system  downstream  of  the  shock  wave, 
and  hence  an  appropriate  set  of  equilibrium  constants  must  be  introduced  in  order 
to  foim  a  closed  system  of  equations.  Sin-^e  the  various  Kp  functions  are  single¬ 
valued  functions  of  tiie  temperature,  the  major  difficulty  in  tiiis  problem,  which 
arises  from  the  dependence  of  the  gas  properties  on  die  gas  composition,  may 
be  successfully  treated  by  means  of  an  iterative  technique. 

By  way  of  illustration,  if  one  considers  partially  ionized  nitrogen,  which 

•J-  — 

consists  of  the  four  species  N  ,  N,  N  and  e  ,  then  the  simultaneous  use  of 
Dalton's  law,  the  equilibrium  constants  given  in  Figure  1,  and  the  assumption 
of  "no  charge  separation"  yields  the  variation  of  equilibrium  gas  composition 
with  temperature  shown  in  Figure  2. 

Once  the  planetary  atmosphere  has  been  established  and  the  alteration  in 
the  ambient  free  stream  conditions  has  been  determined  from  solutions  of  the 
normal  shock  equations,  attention  may  be  focussed  on  the  prediction  of  the  heat 
transferred  to  the  vehicle  during  entry.  Although,  under  certain  circumstances, 
there  may  be  a  coupling  between  the  fluid  dynamic  and  radiative  heat  transfer 
processes,  the  phenomena  will  be  discussed  in  terms  of  the  basic  physicochemical 
constructs  appropriate  to  each. 


Let  us  first  proceed  to  list  the  governing  fluid  dynamic  equations,  which 
may  be  WTitten  compactly  in  vector  notation.  Note  that  the  following  conserva¬ 
tion  equations  are  appropriate  for  the  analysis  of  heat  transfer  in  both  the  continuum 
and  quasi-continuiun  (low  Reynolds  number)  regimes. 

Conservation  of  Mass 

-  V  .  (:v)  =  O  (10) 

Conservation  of  Chemical  Species  i 


-V  .  (:,v.)  =  w. 


Conservation  of  Momentum 


dt  ~  ^  1  1 


-  s  E  j  X  B 


Conservation  of  Eners 


=  S  i  =  If  -  (XVT) 


I  :  .  C„.  V.  .  VT  -V  .  Q„  , 
^  1  Pi  1  ,  Rad 


If  s  s 

t  1  1  IJ  •'  _ , 


Z  V.  .  F.  -  z  w.h. 

i  1  1  1  .11 
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and  Ohm’s  Law: 


(18) 


It  is  noted  that  one  must  consider  this  complete  system  of  equations  because 
the  gas  may  contain  many  chemical  species  including  0,  O^,  N,  N^,  CO,  CO^, 
C(g),  etc. ,  and  further,  depending  on  the  entry  velocity,  the  gas  may  be  not  only 
dissociated,  but  also  partially  ionized.  It  is  seen  tliat  apart  from  differences 
in  the  transport  and  thermodjuamic  properties  (to  be  discussed  in  the  following 
section),  there  are  significant  differences  in  the  governing  equations,  when  com¬ 
pared  with  those  utilized  by  other  investigators  in  the  past,  for  studies  of  dis¬ 
sociated  gases. 


wiO-irvv  o/-\Tv>r\l  T  on  f  irym  lo  Hno  fo  cl  1  r'O'DipnnC^rtt 

gas,  diffusion  depends  on  interactions  (collisions)  between  all  species  which  are 
present,  and  hence  Pick's  law,  which  is  an  excellent  representation  in  a  binary 
mixture,  no  longer  applies.  Thus,  in  a  gas  consisting  of  N  chemical  species, 
one  requires  N~1  diffusion  equations  [of  the  form  of  Equation  (11)].  Further, 
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although  the  binarj-  diffusion  coefficients  are  symmetric,  the  multicomponent 

2 

diffusion  coefficients  are  not,  hence  N  -N  diffusion  coefficients  are  required. 


It  is  noted  that  if  charge  separation  occurs,  then  the  divergence  of  the 
local  electric  field  intensity  E  depends  on  the  local  net  charge  in  tlie  gas  9  , 
(Equation  17).  This  phenomenon  gives  rise  to  the  force  6  E  appearing  in  Equa¬ 
tion  (12).  If  no  currents  flow  in  the  ionized  gas,  the  only  dissipative  mechanism 
present  will  be  tlie  ordinaiy  viscous  dissipation  term.  In  general,  however, 
electrical  dissipation  knowm  as  ohmic  heating  should  be  included;  this  is  given 
by  tlie  j  !  z  term  appearing  in  the  energy  equation,  [Equation  (13)]. 


The  effects  of  chemical  reactions  such  as  dissociation,  ionization,  recom¬ 
bination,  deionization  appear  directly  in  the  diffusion  equations  and  energy  equa¬ 
tion  through  the  chemical  source  term  \v. ,  where  the  enthalpy  of  species  i  is 
given  by 

T 


h. 

1 


C  dT  +  ih,  ° 

Pi  ^i 


(19) 


Here,  C  is  the  specific  heat  of  the  i  species  and  V  h^  is  the  chemical  heat 
Pj  i 

of  formation.  The  effects  of  the  chemical  reactions  appear  indirectly  in  the 

altered  transport  and  thermodynamic  properties  of  the  mixture,  which  is  reflected 

in  altered  values  of  the  Prandtl  and  Lewis  numbers.  Note  further,  that  the 

coupled  lauiaLive  effects  appeal  uiieclly  in  liie  energy  equation  in  the  teini  v.  Q„  ,• 

^  iv3lG 
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?;  TRANSPORT  AND  THERMODYNAMIC  PROPERTIES  OF 

PAR  JL  lALLY  IONIZED  GASES 

K 


As  noted  eax'lier,  the  transpoil  and  thermodynamic  properties  of  the  gaseous 
mixture  must  be  known  first,  if  meaningful  theoretical  calculations  of  the  heat 
and  mass  transfer  rates  at  the  veliicle  surface  are  to  be  performed  in  the  contin’ium 
and  quasi -continuum  flight  regimes.  Since  the  properties  of  the  gaseous  mixture 
are  not  onlj  temperature  dependent  but  also  composition  dependent,  they  ax'e  not 
known  a  priori,  and  must  be  calculated  during  the  solution  of  the  viscous  layer 
problem.  Therefore,  one  must  first  calculate  the  properties  of  the  pure  species, 
and  then  store  these  data  in  the  r.iemory  of  the  electronic  computer  w’hich  can 
then  calculate  the  properties  of  the  gas  mixture  in  terms  of  the  local  gas  com¬ 
position  and  local  gas  temperature,  in  the  viscous  layer. 


The  required  transport  properties  of  the  pure  species  include  the  viscosity 
coefficients,  the  self  diffusion  coefficients  (required  for  the  computation  of  the 
thermal  conductivity),  and  the  binary  diffusion  coefficients  (required  for  the  com¬ 
putation  of  the  multicomponent  diffusion  coefficients  and  the  viscosity  of  the 
mixture).  The  thermodynamic  properties  of  the  gaseous  mixture  are  also  com¬ 
position  and  temperature  dependent,  hence,  here  also,  one  must  first  calculate 
the  specific  heats  and  enthalpies  (including  chemical  heats  of  formation)  of  the 
pure  species  as  a  function  of  temperature. 

Thus,  for  a  gas  consisting  of  N  chemical  species,  one  requires  a  total  of 

O 

(N'^  +  SN)  /2  transport  properties  and  2N  thermodynamic  properties. 

As  the  free  stream  gas  is  heated  from  its  initial  state  to  temperatures  of 
the  order  of  10,  000°K,  the  composition  changes  from  a  mixture  of  molecules, 
by  means  of  a  sequence  of  chentical  reactions,  to  a  mixture  of  molecules  and 
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atoms,  and  then  to  a  mixture  of  atoms,  ions  and  electrons.  At  the  moment,  the 
first  transition  to  atoms  and  molecules  has  been  treated  extensively,  and  it  would 
appear  that  the  high  temperature  transport  and  thermodynamic  properties  of 
neutral  particle  interactions  are  reasonably  well  understood.  The  higher  tem¬ 
perature  regime,  or  second  transition,  is  somewhat  less  certain. 

Actually,  the  transport  and  thermodynamic  properties  are  each  determined  in 
a  different  manner,  and  hence  the  uncertainties  in  the  calculated  results  for  both 
are  also  different.  The  transport  properties  may  be  calculated  utilizing  kinetic 
theory,  which  requires  the  experimental  determination  of  certain  molecular 
properties  (collision  cross-sections).  The  thermodynamic  properties  may  be 
calculated  using  statistical  -nechanical  theory  which  requires  certain  spectroscopic 
observations.  While  molecular  spectroscopy  has  been  developed  over  the  years 
and  has  become  a  basic  research  tool,  and  hence  much  useful  experimental  data 
is  available,  very  little  useful  experimental  work  has  yet  been  done  on  the  devel¬ 
opment  of  crossed-beam  techniques  which  can  yield  experimental  data  on  cross- 
sections  in  the  range  of  energies  of  interest,  for  the  atoms  and  ions  of  interest. 

Thus,  although  the  predi'  ced  thermodynamic  oroperties  are  reasonably 
correct  (in  agreement  with  experimental  data)  at  high  temperatures,  it  has  been 
estimated  that  the  transport  properties  of  dissociated  gases  may  be  in  error  by 
as  much  as  fifty  percent  at  temperatures  above  5500°K,  (Reference  30).  This 
would  result  in  uncertainties  in  the  resulting  heat  transfer  predictions  of  ap¬ 
proximately  twenty -five  percent,  (Reference  3). 

In  treating  a  system  in  which  a  second  transition  occurs,  one  must  in  some 
way  analyze  the  problem  in  terms  of  interaction  potentials  which  are  realistic 
for  atom-ion,  atom-electron,  ion-ion,  ion-electron  and  electron-electron 
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eacounters.  Untortunately,  as  already  noted,  there  is  a  paucit”  of  information, 
either  experimental  or  theoretical,  on  these  collision  phenomena. 

Some  liigh  velocity  scattering  work  has  been  done  on  mixtures  of  helium 
and  nitrogen,  and  ai'gon  and  nitrogen,  for  the  purpose  of  determining  the  poten¬ 
tial  of  Ng  -  Ng  interactions,  (Reference  51).  These  data  were  obtained  at  hign 
energies  (of  the  order  of  500-2100  ev)  and  certain  correlation  equations  were 
used  to  relate  tlie  potential  to  the  Ng  -  potential.  Throughout  the 

literature,  there  are  reports  of  charge  transfer  cross-sections,  e.g. ,  for 

4-  + 

reactions  of  H  in  ,  or  ionization  cross-sections  measured  for  ions,  (K  ). 
Most,  if  not  all,  of  the  cross-sections  have  been  determined  at  energies  cor¬ 
responding  to  hundreds  of  electron-volts  (i.e.  beyond  the  range  of  interest). 

Since  experimental  data  are  lacking,  one  is  justified  in  utilizing  theoret¬ 
ical  techniques  of  estimating  the  necessary  cross-sections  and  hence  the 
collision  integrals  for  atom-ion-electron  interactions.  The  various  transport 
coefficients  can  then  be  calculated  in  terms  of  such  integrals,  and  the  thermo¬ 
dynamic  properties  computed  using  the  formulas  of  statistical  mechanics 
including  the  effects  of  electronic  excitation. 

Ideally,  all  possible  interactions  in  the  computation  of  the  transport  and 
thermodynamic  properties  should  be  considered.  This  becomes  quite  involved 
theoretically  and  almost  impossible  experimentally.  It  will  be  assumea  here 
that  the  system  under  investigation  is  sufficiently  dilute  so  that  all  interactions 
ot  interest  (both  neutral  and  charged)  involve  encounters  between  like  (sell)  or 
dissimilar  (binary)  pairs  of  particles.  Hence,  if  we  let  the  symbols  A  and  M 
denote  any  atomic  and  any  molecular  species  respectively,  then  we  find  that 
there  are  sixteen  basic  types  of  encounters.  As  shown  in  Table  3,  there  are 
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TABLE  3. 

INTERMOLECULAR  ENCOUNTERS  RECOMMENDED  FOR 
DETERMINATION  OF  TRANSPORT  PROPERTIES 
IN  HIGH  TEMPERATURE  GASES 


CHARGE 

SPECIES 

TYPE 

APPROPRIATE  POTENTIAL 

FUNCTION  C 

...... 

Neutral 

M 

Self 

Buckingham  Exponential  6 

A 

Self 

"Squishy"  Sphere 

Charged 

+  + 

A  ,  M 

Self 

Shielded  Coulombic  Repulsion 

e“ 

Self 

Shielded  Coulombic  Repulsion 

Neutral 

M+A 

Binarj' 

"Squishy"  Sphere 

A+A 

Binary 

"Squishy"  Sphere 

m+a”^ 

Binary 

Charge  Indviced  Dipole 

M+M 

Binax'y 

Chai'ge  Induced  Dipole 

M+e" 

Binary 

Charge  Induced  Dipole 

A+A'^ 

Binai’y 

Charge  Induced  Dipole 

Charged 

A+M 

Binary 

Charge  Induced  Dipole 

A+e” 

Binax'y 

Charge  Induced  Dipole 

a'*'+m'’ 

Binary 

Shielded  Coulombic  Repulsion 

A''  e" 

Binary 

Shielded  Coulombic  Attraction 

M'*^+e 

Binary 

Shielded  Coulombic  Attraction 
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five  different  intermolecular  potential  functions  which  are  suggested  as  being 
appropriate  to  the  mathematical  description  of  these  interactions,  including 
the  Bucldngham  exponential  6,  "squishy"  sphere,  shielded  coulombic  repulsion, 
charge-induced  dipole  and  shielded  coulombic  attraction.  It  should  be  noted 
that  for  the  potential  .function  involving  coulombic  attraction  the  use  of  a 
rigid  sphere  "cut-off"  may  be  introduced  in  order  to  prevent  the  physically 
untenable  situation  of  the  passage  of  one  charged  particle  thro..gh  another  due 
to  the  short-range  attractive  forces.  Note  that  although  the  Lennard-Jones  6:12 
potential  function  had  been  used  in  earlier  studies,  it  is  being  superseded  by  the 
Bucldngham  exponential  six  because  the  latter  is  believed  to  be  somewhat  more 
representative  at  higher  gas  temperatures. 


The  transport  properties  can  be  described  by  the  distribution  function 
f^^^^  (r,  P,  t)  which  is  the  solution  to  the  well  known  Maxwell -Boltzmann  integro- 
differential  equation. 


The  right  hand  side  of  Equation  (20)  accounts  for  the  collision  processes  occurring 
between  t'he  components  of  the  system.  The  Maxwell -Boltzmann  equation  may  be 
solved  by  means  of  the  Enskog  (perturbation)  technique  which  ultimately  reduces 
the  equations  to  linear  integrals  and  finally  to  a  set  of  linear  algebraic  equations. 
Chapman  and  Cowling  (Reference  32)  and  Hirschfelder,  Curtiss  and  liird  (Ref- 


c.  dic'd  00/  uavd  DiiOvVii  uiai.  t'ld  COdiiiCiciito  Ox  uididd  oxc  dC£uavxv./iio  cc 


expressed  as  definite  integrals,  0 


Recently,  Cohen,  Spitzer  and  Routly 


(Reference  34),  derived  a  modified  equati^’n  which  they  considered  more  ap¬ 


propriate  foi  inverse  square  forces,  and  treated  the  distant  encounters  by 


means  of  the  Fokker -Planck  equation. 
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Following  the  Hirschfelder,  Curtiss  and  Bird  technique  (Reference  33) 
the  omega  integrals  from  which  the  various  transport  coefficients  may  be 
computed  are  expressed  as: 


where  the  angle  of  deflection  X  is  a  function  of  the  relative  velocity  (g)  and 
the  impact  parameter  (b)  expressed  as: 


X  (g,b) 


m 


dr 


•b^/r^  -  2  0(r)  /  u  g^ 


and  the  cross-section  is: 


=  2  nf  (1-cos  ^X)bdb 
(g)  ^0 


(23) 


(24) 


The  important  considerations  involved  in  the  computation  of  the  transport 
(1.  s) 

properties  using  the  Q  ’  integrals  center  around  the  choice  of  the  interaction 

potential  0  (r),  and  the  particular  choice  of  Q  values  used.  Interactions  involving 

charged  particles  are  characterized  by  long  range  coulombic  forces,  and  hence 

it  is  found  that  the  cross-sections  computed  utilizing  Equation  (24)  diverge  at 

the  upper  limit  if  taken  to  infinity.  This  is  due  to  the  dominant  electrostatic 

2 

forces  which  vary  as  1/r  and  hence  the  potential  diminishes  with  distance  more 
slowly  than  do  forces  between  neutrals.  This,  of  coi  ^se,  would  tend  to  make  it 
difficult  to  define  binary  encounters  unless  a  "cut-off"  is  introduced. 


In  the  ensuing  analysis,  it  will  be  assumed  that  in  determining  the  effect 
of  ionization  on  stagnation  point  heat  transfer,  one  may  treat  the  gas  as  a  four 
component  mixture  of  partially  ionized  nitrogen.  Consequently,  in  Figure  3 
are  given  the  specific  heats  of  the  three  species  N,  N  and  N  as  a  function  of 
temperature,  (Reference  4).  Note  that  the  specific  heat  of  the  electron  is  a 
constant,  i.e.,  9, 120  BTU/lb?R.  The  enthalpies  follow  directly  by  substitution 
into  Equation  (19),  and  integration.  (See  Figure  4). 

In  calculating  the  transport  properties  of  the  pure  species,  ce-“tain 
simplifications  were  introduced.  Thus,  for  the  moment,  until  the  transport 
properties  of  the  pure  species  corresponding  to  T  ble  3  become  available,  the 
rigid  sphere  and  Lennard-Jones  6:12  model  were  utilized  for  the  neutral  inter¬ 
actions.  Otherwise  the  potential  functions  given  in  Table  3  were  utilized.  (It 
is  noted  that  for  the  moment  the  rigid  sphere  cut-off  was  not  utilized  with  the 
shielded  coulombic  potential.)  For  the  appropriate  equations  for  the  transport 
properties  of  the  pure  species,  see  for  example  Reference  33. 

The  results  of  the  computations  are  shown  in  Figures  5  through  7.  Note 
that  those  properties  marked  with  an  asterisk  are  composition  dependent  even 
for  the  pure  species,  (unlike  neutral  encounters).  For  other  recent  suggested 
theoretical  approaches  see  Reference  35  and  36. 


SPECIFIC  HEAT  VS  TEMPERATURE 


0*08 


o  o  o  o 
•  *  •  * 

o  o  o  o 

N  CO  m  ^ 

•ai/nia‘£.oi  XM 


30.0 


VISCOSITY  vs  TEMPERATURE 


PRESSURE  =  I  ATM 


PRESSURE  =  I  ATM 


FIGURE  7 

BINARY  DIFFUSION  VS.  TEMPERATURE 


IONIZATION  EFFECTS  ON 
CONVECTIVE  HEAT  TRANSFER 

A  number  of  recent  studies  have  concerned  themselves  with  the  effects 
of  ionization  upon  hypersonic  stagnation  point  heat  transfer,  (Reference  37-42). 

Rutowski  (Reference  37)  and  Bershader  and  Rutowski  (Reference  39)  do 
not  consider  air,  and  hence  do  not  obtain  results  which  are  particularly  useful 
for  planetary  entry.  Adams  (Reference  38),  Cohen  (Reference  41)  and  Hoshizaki 
(Reference  42),  in  virtue  of  their  particular  assumptions,  find  that  the  effects  of 
ionization  are  no  more  than  thirty  percent  larger  than  would  have  been  obtained 
by  simple  extrapolation  of  results  obtained  earlier  for  dissociated  air. 

However,  when  the  transport  and  thermodynamic  properties  shown  in 
Figures  3  to  7  are  introduced  into  the  multicomponent  boundary  layer  equations 
with  variable  properties  and  the  following  assumptions  are  made: 

1.  Partially  ionized  air  can  be  treated  in  first  approximation  as  a  four 

component  gas  including  the  species  N  ,  N,  N  and  e  . 

2.  Thermal  diffusion  is  neglected. 

3.  There  is  no  charge  separation. 

4.  There  are  no  electric  or  magnetic  fields. 

5.  The  electrical  dissipation  term  is  negligible. 

6.  There  are  no  external  forces. 

7.  The  gas  is  in  "loc  il  thermochemical  equilibrium". 

8.  There  is  no  coupling  between  the  flow  and  the  radiative  transport 

processes. 

9.  Low  Reynolds  number  effects  are  neglected. 


Then  one  obtains  the  representative  boundary  layer  profiles  shown  in  Figures  8  to  12 . 
In  these  figures,  t] denotes  the  non-dimensional  distance  from  the  surface  as 
given  by  the  Dorodnitsyn  transformation  (Reference  3). 

Figure  8  shows  the  velocity  distribution  through  the  boundary  layer  for 
three  typical  supercircular  flight  speeds.  Figure  9  shows  the  corresponding 
temperature  profiles.  Figure  10  shows  the  variation  of  gas  composition. 

Figure  11  shows  the  properties  of  the  gaseous  mixture,  which  were  computed 
self-consistently  with  the  temperature  and  gas  composition.  Figure  12  shows 
the  variation  of  the  chemical  source  terms  w.  through  the  boundary  layer. 

It  is  interesting  that  when  one  calculates  the  resulting  convective  heat 
transfer  to  the  surface,  there  is  a  remarkable  increase  above  what  had  been 
predicted  in  the  earlier  theories.  (See  Figure  13).  This  may  be  attributed 
in  part  to  the  fact  that  the  multicomponent  Lewis  numbers  which  were  com- 

5 

puted  for  this  gas  vary  between  order  unity  and  order  10  .  This  would  indi¬ 
cate  that  the  assumption  of  Lewis  number  equal  to  unity  is  poor. 

Some  experimental  data  recently  obtained  by  Dr.  Warren  of  the  G.  E. 
Space  Sciences  Laboratory  in  a  new  hyperthermal  shock  tube  is  also  shown 
in  Figure  13.  In  spite  of  the  scatter  in  the  experimental  data,  the  agreement 
between  the  new  theory  and  data  is  seen  to  be  reasonable.  This  lends  confi¬ 
dence  to  the  assumptions  and  to  the  theoretical  model  utilized  in  this  study. 

The  very  interesting  result  is  that  at  speeds  near  escape  velocity,  the 
contribution  of  ionization  to  stagnation  point  convective  heat  transfer  results 
in  a  factor  of  2.5  above  a  simple  extrapolation  of  the  dissociated  air  heat  trans¬ 
fer  results.  It  remains  to  be  seen  what  results  will  be  obtained  with  other 
theoretical  models. 
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HYPERVELOCITY  STAGNATION  POINT  HEAT  TRANSFER 


RADIANT  HEAT  TRANSFER 


The  problems  associated  with  the  determination  of  the  radiative  energy 
transfer  from  the  hot  gas  cap  (shock  layer)  to  an  entry  vehicle  are  formidable, 
and  as  noted,  different  quantum  mechanical  techniques  have  been  developed 
(References  11,  12,  43-46)  in  order  to  predict  the  contributions  to  the  radiative 
flux. 

In  this  section,  we  will  review  briefly  the  tlieoretical  background  for  those 
calculations  which  lead  to  the  "precise”  determination  of  radiative  heat  transfer. 


In  any  quantitative  description  of  the  radiation  fiom  a  gas,  one  may  choose 
to  deal  with  the  linear  gaseous  absorption  coefficient  k,  the  gaseous  emissi''ity 
0 ,  or  the  actual  intensity  in  units  of  energy  per  unit  surface  area  emitted  by 
some  boundary  of  the  gas.  (All  three  will  be  discussed  briefly  here. )  Follow¬ 
ing  Breene  and  Nardone  (Reference  46)  we  may  recall  Lambert’s  Law  for  the 
absorption  of  radiant  energy  as: 


-  ^-Nox 
I  e 
0 


(25) 


where  I^  is  the  intensity  of  the  incident  beam,  I  is  the  intensity  in  the  beam  after 
it  traverses  x  units  of  the  gas,  k  is  the  linear  absorption  coefficient  of  the  gas, 
a  is  the  cross  section  for  this  absorption  and  N  is  the  density  of  absorbing  particles. 
Insofar  as  this  equation  is  concerned,  we  may  consider  it  as  applying: 


1.  at  a  particular  radiant  frequency 

2.  as  a  mean  over  a  band  of  frequencies 

3.  as  a  mean  over  the  entire  spectrum. 


572 


It  should  be  noted  that  N  and  q  must  be  individually  considered  for  each 
of  the  types  of  radiation  absorbing  processes,  and,  if  there  are  several  for  the 
frequency  or  frequency  region  of  interest,  they  must  be  summed. 

If  it  is  assumed  that  local  thermodynamic  equilibrium  prevails,  or  equiv¬ 
alently  that  Kirchoffs  Law  holds,  then  the  gaseous  emissivdty  may  be  written: 

•"Vv 

e  =  1  -  e  (26) 

Then,  also  the  emissivity  expressions  introduced  in  Equation  (25)  and  (26) 
may  be  used  to  obtain  the  actual  radiant  intensity: 


-0  ^'x 

I  =  eB  =  B  (l-e°  ) 

V  V  V  \) 


where  B  ,  the  Planck  black  body  curve,  is  given  by: 

V 


Here,  we  refer  to  a  given  frequency  v »  but  if  we  desire  the  result  over  the  entire 
spectrum,  we  may  write: 

4  5 

T  -  7  ”  t'^  .  “  -  ^  /9Q\ 

I  -  €  a  T  ;  a  =  (29) 

ISh'^C^ 

and,  of  course,  the  total  black  body  intensity  may  be  re-expressed  in  any  desired 
units. 


The  general  problem  consists  of  obtaining  the  cross-section  or  absorption 
coefficient  for  whatever  processes  contribute  to  the  radiation  from  a  high  tempera- 
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ture  partially  ionized  CON  gaseous  system.  Since  the  air  system  has  already  been 
treated  extensively,  we  will  first  briefly  list  those  processes  which  have  already 
been  found  to  be  important  for  radiation  from  air  at  temperatures  corresponding 
to  sub-orbital  flight  speeds,  and  then  we  will  add  tlie  additional  contributions  from 
the  additional  processes  which  occur  at  supercircular  flight  speeds  or  which  are 
due  to  chemical  species  containing  carbon.  In  the  temperature  range  of  interest 
one  has  (Reference  46): 

1.  Ultraviolet- visible  Band  Spectra 
The  beta  system  of  NO 

The  gamma  system  of  NO 

The  Schuman-Runge  system  of  oxygen 

The  first  positive  system  of  nitrogen 

The  second  positive  system  of  nitrogen 

The  first  negative  system  of  the  positive  nitrogen  ion 

2.  Infrared  Band  Spectra 

The  infrared  spectrum  of  NO 

3.  Bound  Free  Continua 

The  bound  free  continuum  of  the  negative  oj^^gen  ion 

4.  Free  Free  Continua 

The  free  free  continuum  of  oxygen 
The  free  free  continuum  of  nitrogen 

To  this  list,  it  is  postulated  that  for  a  CON  gaseous  mixture,  at  elevated 
temperature,  one  must  add  (Reference  47): 


1.  Ultraviolet-visible  Band  Spectra 
The  CO  system 

The  CN  system 
The  CO  band  system 
The  C  band  system 

A 

2.  Infrared  Band  Spectra 

The  infrared  spectrum  of  CO^ 

The  infrared  spectrum  of  CN 
The  infrared  spectrum  of  CO 

3.  Bound  Free  Continua 

The  bound  free  continuum  of  atomic  carbon 

4.  Free  Free  Continua 

The  free  free  continuum  of  the  positive  oxygen  ion 
The  free  free  continuum  of  the  positive  nitrogen  ion 
The  free  free  continuum  of  atomic  carbon 

5.  Deionization  Continua 

The  deionization  continuum  of  oxygen 
The  deionization  continuum  of  nitrogen 

Two  points  must  be  made  here.  The  first  is  that  one  does  not  necessarily 
loiow  in  advance  of  the  actual  computations  which  bands  will  yield  significant 
contributions  in  a  given  frequency  range.  The  second  is  that  tlie  calculated  values 
of  the  radiant  energy  transfer  coefficients  depend  on  the  concentrations  of  the 
species,  and  hence  the  contributions  of  chemical  species  containing  only  oxygen 
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and/or  nitrogen  given  in  the  first  list  would  not  contribute  in  the  same  manner 
in  a  CON  system  as  in  an  air  system. 

At  still  higher  temperatures,  other  radiation  processes  become  important, 
but  those  listed  above  will  suffice  for  discussion  purposes.  In  the  following 
paragraphs,  some  of  the  methods  of  calculating  the  contributions  will  be  discussed. 

For  the  ultraviolet-visible  frequency  range,  Breene  has  appealed  to  the 
Mayer-Goody  Model  (References  48,  49)  for  an  electronic -vibrational  band  in 
developing  digital  computer  programs  for  the  ultraviolet-visible  emissivity  or 
absorption  coefficient.  Essentially,  this  consists  of  assuming  a  statistical  dis¬ 
tribution  of  spectral  lines  (broadened  into  a  continuous  distribution  of  radiation 
in  the  band),  in  a  given  spectral  region  for  each  electronic-vibrational  band,  and 
then  one  sums  contributions  from  the  various  bands  frcm  each  spectral  interval. 

Analytical  expressions  for  the  form  of  the  absorption  coefficient  have  readily 
been  developed  (including  the  assumption  that  the  halfwidths  of  the  spectral  lines 
are  very  large).  The  resulting  emissivity  expression  and  the  absorption  coefficient 
expression,  inferrable  from  it,  have  been  programmed  for  the  IBM  704  and,  later  for 
the  IBM  7090.  In  carrying  out  the  calculation  for  a  particular  frequency,  the 
computing  machine  checks  all  bands  in  the  system  under  consideration.  When 
all  contributions  amounting  to  more  than  a  certain  minimum  have  been  obtained 
for  the  summation  at  that  frequency  -  the  inclusion  of  twenty  or  thirty  bands  is 
quite  normal  -  the  computer  then  calculates  the  absorption  coeificient  (or  the 
emissivity)  and  moves  on  to  the  next  frequency.  Different  molecular  band  systems 
simply  require  different  input  coefficients. 

Although  the  physical  processes  involved  are,  of  course,  quite  distinct, 
the  rotational  constants  are  really  what  give  rise  to  the  obvious  differences  between 
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an  electronic-vibrational  band  and  a  rotation- vibrational  band.  In  the  latter  case, 
the  rotational  constants  are  practically  the  same  in  the  upper  and  lower  states. 
When  one  makes  such  an  assumption,  one  obtains  a  symmetric  distribution  of 
intensity  in  the  band  which  is  typical  of  infrared  spectra.  Note  that  no  electronic 
transition  occurs  here  as  in  the  case  of  the  ultraviolet-visible  spectra. 

In  general,  the  absorption  cross-section  has  been  determined  by  Breene 
by  first  calculating  matrix  elements  using  generalized  IBM  7090  computer  pro¬ 
grams.  (The  resulting  cross-section  is  both  temperature  and  density  independent. ) 

Bremsstrahlung  radiation  (free  free  continuua)  may  be  considered  as 
arising  due  to  the  deflection  of  the  incident  electron  by  an  atom,  the  resultant 
acceleration  from  the  deflected  electron.  From  the  quantum  point  of  view,  such 
radiation  results  from  transitions  on  the  part  of  the  free  electron  between  different 
states  in  the  presence  of  the  particular  atom.  Breene  has  also  carried  out  the 
calculations  leading  to  the  cross-sections  for  these  continua. 

The  procedure  utilized  has  been  to  first  obtain  the  wave  functions  for  the 
free  electron  in  the  field  of  the  neutral  atom  in  question  (References  50  to  52). 
These  programs  for  the  free  electron  wave  functions  are  then  applied  to  the 
computation  of  the  matrix  elements  required  for  the  cross-sections  (Reference 
53).  Further  details  on  all  of  these  computations  may  be  obtained  from  Reference 
46. 

Some  i  tjuiaiks  must  be  made  concerning  "non-equilibrium"  radiation. 

First,  we  distinguish  between  non-equilibrium  radiation  due  to  the  absence  of 
thermal  equilibrium,  in  which  case  there  is  a  temperature  overshoot  due  to  the 
relaxation  phenomena  associated  with  equipartition  of  energy  in  a  mixture  of 


polyatomic  gases.  An  indication  of  the  temperature  overshoot  can  be  obtained 
from  the  recent  work  of  Talbot  and  Scala  on  shock  wave  stmcture  (Reference  54). 

The  other  type  of  non-equilibrium  I'adiation,  which  arises  as  a  consequence 
of  the  absence  of  chemical  equilibrium  in  tlie  gas  is  more  readily  evaluated  by 
considering  the  chemical  kinetics  of  the  flow  (References  55,  56).  Thus  for 
each  possible  chemical  reaction,  one  writes: 


where  n.  is  the  number  of  moles  of  species  i  p  jr  uDit  volume,  and  for  stoichio- 
metx'y  6  =  a/v  and  e  =  s/v  •  In  Equation  (31)  11.  is  the  forward  rate  and  IC  is 
the  backward  x’ate  of  the  same  chemical  reaction.  It  is  noted  that  due  to  microscopic 
reversibility,  the  equilibrium  constant  is  simply  tlie  ratio  of  the  forward  rate 
to  the  baclward  rate,  i.  e. 


(32) 


where  is  a  function  of  temperature  which  may  be  readily  determined  from 
statistical  mechanics.  Since  one  may  readily  calculate  all  of  the  equilibrium 
constants  for  the  gaseous  system,  it  is  clear  then  that  one  requires  an  independent 
knowledge  of  either  the  forward  or  baclcward  rate  of  each  reaction,  since  Equa¬ 
tion  (32)  may  be  used  to  eliminate  either  K  or  IC  .  It  must  be  noted  that  K  is 
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not  a  constant,  but  has  a  functional  dependence  on  temperature  which  may  be 
written  in  the  Arrhenius  form: 


and  maj  be  estimated  utilizing  collision  rate  theory  (Reference  57)  or  determined 
experimentally.  Therefore,  one  ma>  proceed  to  perform  calculations  for  the  case 
of  finite  reaction  kinetics  after  having  first  established  the  magnitude  of  the  con¬ 
stants  a,  b  and  E. 

Once  the  composition  of  the  nonequilibrium  gjs  is  known  at  a  given  point  in 
the  gas  cap  one  proceeds  to  determine  the  gas  emissivities  and  the  radiation  inten¬ 
sity  as  a  function  of  density  and  temperature  in  a  manner  analogous  to  the  equilib¬ 
rium  gas  computation. 


THERMAL  STRESS 


In  order  to  determine  the  thermal  stress  distribution  within  a  refractory 
solid,  which  is  utilized  as  a  thermal  shield  at  the  leading  edges  of  a  hypersonic 
lifting  re-entry  vehicle,  one  must  first  determine  the  internal  temperature 
distribution.  Thus,  not  only  must  one  consider  the  convective  and  radiative 
heat  transfer  to  the  surface,  one  mus',  also  determine  the  extent  of  chemical 
interactions  such  as  oxidation,  and  other  forms  of  mass  transfer,  at  the  surface, 
(Reference  58).  Accordingly,  one  must  obtain  the  solution  to  the  equation  for 
the  internal  temperature  distribution: 


St 

dt 


i  A 

r  ^r 


i_  A 

2  SY 


(33) 


subject  to  the  initial  condition: 


T  (r,  t,  Z,  0)  =  T 


0 


(34) 


the  surface  boundary  condition: 


3r 


s  (r,  z,  t),  t 


K 


r  i- 


Q  (s,t)  +  a  e  T*^  -oe  t^ 
g  g  w  w 


(35) 


and  the  inner  boundary  condition  (insulated  wall): 


dT 

(r.,  z,  t)  =  0 


(36) 


In  general,  the  governing  equations  for  the  radial  and  tangential  components 
of  the  thermal  stress  may  then  be  determined  by  integrating  the  following  equations 
(Reference  59). 


Radial  Stress 


Tangential  Stress 


subject  to  the  boundary  conditions 


r  =  r.,  0=0 

1  r 


where  ^  amd  ^ represent  the  structural  properties  of  the  material. 


Upon  calculating  the  radial  stresses  for  two  refractory  materials  such 
as  commercial  and  pyrolytic  graphite  along  a  typical  lifting  re-entry  trajectory, 
it  is  found  that  for  commercial  graphite  the  normalized  stress  is  of  the  order 
of  150  degrees  R  in  tension,  whereas  for  pyrolytic  graphite  the  normalized 
radial  stress  is  of  the  order  of  400  degrees  R  in  compression  (Reference  59). 


Clearly,  additional  work  is  required  to  tailor  the  degree  of  anisotropy  of 
the  material  to  the  environmental  conditions,  as  suggested  in  Reference  59,  so 
that  the  thermai  stresses  are  minimized. 


SYSTEMS  APPROACH  TO  MATERIALS  RESEARCH 


The  aerothermodynamic  heating  problems  of  lifting  entry  vehicles  traveling 
at  superciroular  velocities  require  a  fundamentally  different  materials  approach 
than  did  the  ballistic  re-entry  problem.  During  ballistic  re-entry,  severe 
heating  occurs  over  a  time  period  of  the  order  of  several  minutes ,  whereas 
hypersonic  lifting  vehicles  ..re  subjected  to  prolonged  heating  for  times  of  the 
order  of  several  hours . 

Because  of  the  long  heating  times  and  heat  flux  levels  encountered,  special 
materials  problems  exist  at  the  leading  edges  of  the  aerodynamic  control  surfaces 
(i.e. ,  nose,  wings  and  fins),  since  it  is  readily  found  that  radiation  equilibrium 
temperatures  can  easily  exceed  4000  degrees  R  (Reference  58). 

The  usual  approach  to  the  determination  of  suitable  materials  for  flight 
applications  consists  of  a  vertical  sequence  of  steps  as  follows: 

Aerodynamics-* - 

1 

Space  Mechanics 

I 

Thermodynamics 

1 

Material‘s 

I 

) 

Structures 

I 

Systems - 


582 


In  the  past,  fortunately,  sufficient  time  was  available  so  that  information 
could  be  passed  across  these  interfaces  so  that  each  group  could  perform  its 
function  relatively  independently  of  all  of  the  others ,  up  until  the  time  a  pulse 
passed  through  the  network. 

Because  of  the  severe  aerothermodynamic  and  structural  requirements 
which  will  be  placed  upon  advanced  materials,  and  because  of  shorter  lead 
times,  it  becomes  essential  that  an  integrated  approach  be  established  at  the 
outset.  Today,  it  must  be  recognized  that  the  aerothermodynamic  properties 
(and  hence  the  structural  properties)  of  a  given  material  are  critically 
dependent  on  the  environment  in  which  the  material  must  perform.  Further, 
the  aerodynamic  performance  may  be  critically  dependent  on  the  structural 
configuration  selected. 

Therefore,  an  integrated  horizontal  approach  is  required  at  the  outset, 
to  ensure  that  all  necessary  data  will  be  generated  simultaneously  for  each 
category  of  materials  which  qualifies  for  careful  scrutiny. 

Thus,  it  is  the  author's  belief  that  if  an  integrated  research  and  develop¬ 
ment  program  is  carried  out,  according  to  the  relationships  and  responsibilities 
shown  in  Table  4,  it  should  be  possible  to  carry  out  meaningful  exploratory 
studies  leading  to  the  rapid  development  of  new  thermal  protection  techniques. 
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LS  RESEARCH 


including  thermal  and 
dynamic  effects. 
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HEAT  TRANSFER  DUE  TO  THE  INTERACTION  BETWEEN 
A  SWEPT  PLANAR  SHOCK  WAVE  AND 
A  LAMINAR  BOUNDARY  LAYER* 
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General  Applied  Science  Laboratories,  Inc. 


ABSTRACT 

In  this  report,  there  is  studied  by  theoretical  means 
the  interaction  between  a  laminar  boundary  layer  on  a  flat 
plate  and  a  planar  shock  wave  which  is  swept  with  respect 
to  the  flow  external  to  the  boundary  layer  but  normal  to  the 
plate.  A.  model  for  the  inviscid  flow  is  discussed  first.  It 
is  shown  that  for  a  planar  shock,  the  effect  of  sweep  is  easily 
included  and  thus  that  a  model  for  two-dimensional  flow  is 
basic  to  the  problem.  The  analysis  is  compared  to  available 
data  for  two-dimensional  flows  and  shown  to  be  in  good  agree¬ 
ment  therewith.  Application  to  the  case  of  sweep  and  heat 
transfer  will  be  presented  in  a  subsequent  report. 


*  This  work  was  supported  by  the  Flight  Branch  of  the  Flight 
Dynamics  Laboratory,  U.  S.A.  F. ,  Aeronautical  Systems  Divi¬ 
sion,  Air  Force  Systems  Command,  under  Contract  No.  AF-33 
(6l6)-772l.  Mr.  Richard  D.  Neumann  was  the  Project  Engineer. 


593 


<J  CJ 


LIST  OF  SYMBOLS 


Chapman  constant 


3 

g 

H 

h 

K1.K2, 

M 

Me 

P 

R 

R 

T 


U,  V,  w 
X,  y,  z 
V 
6 
6. 


quantity  defined  in  Equation  (13) 

quantity  defined  in  Equation  (14) 

H/H^ 

stagnation  enthalpy 
static  enthalpy 

K3  quantities  defined  in  Equation  (39) 

H-e/j^eo 
Mach  number 

static  pressure 
gas  constant 

Pe/ Pcq 

static  temperature 
Jj  (p/Pe)<iy 

total  velocity  =  u  +  w 

H»/He 

w/w 

-d^/d(x/6t^) 

quantity  defined  in  Equation  (21a) 
orthogonal  velocity  components 
cartesian  coordinate  system 
ratio  of  specific  heats 

boundary  layer  thickness  ^6 

transformed  boundary  layer  thickness  (p/pg)dy 

displacement  thickness 

‘•o 


coefficient  of  viscosity 


594 


p  density 

T  t/6j 

Subscripts 


e  edge  of  boundary  layer 

o  upstream  of  interaction 

t  stagnation  conditions 

w  wall 

CO  downstream  of  interaction 


595 


HEAT  TRANSFER  DUE  TO  THE  INTERACTION  BETWEEN 
A  SWEPT  PLANAR  SHOCK  WAVE  AND 
A  LAMINAR  BOUNDARY  LAYER 


INTRODUCTION 

The  problem  of  the  interaction  between  a  boundary  layer  and  a 
shocK  wave,  either  incident  upon  the  layer  or  generated  by  a  concave 
corner,  has  been  studied  extensively.  The  early  research  was  moti¬ 
vated  by  the  experimental  observations  carried  out,  for  example,  by 
Fage  and  Sargent  (Reference  1),  Liepmann  (Reference  2)  and  Ackeret, 
Feldmann,  and  Rott  (Reference  3).  These  indicated  that  significant 
alterations  of  transonic  and  supersonic  flow  patterns  occur  when  shock 
waves  are  incident  upon  or  arise  from  surfaces  with  significant 
boundary  layers.  These  alterations  are  characterized  by  an  interac¬ 
tion  between  the  essentially  inviscid  flow  with  shocks  and  the  boundary 
layer. 

Previous  Research 

Subsequent  to  these  early  experimental  studies,  further  experi¬ 
mental  and  -  xtensive  theoretical  studies  have  been  carried  out  on  this 
problem.  Of  particular  interest  to  the  present  study  will  be  those 
concerned  with  shock  waves  incident  on  plane  surfaces  involving 
laminar  boundary  layers,  i.e.,  with  Reynolds  numbers  sufficiently 
low  so  that  the  boundary  layer  throughout  the  interaction  region  will 
be  laminar.  The  careful  experimental  studies  of  Hakkinen,  Greber, 
Trilling,  and  Abarbanel  (Reference  4)  provide  the  most  complete  data 
for  this  case.  The  free  stream  Mach  number  in  these  tests  was  2.0 
and  the  overall  static  pressure  ratio  from  far  upstream  to  far  down¬ 
stream  of  interaction  was  varied  up  to  2.4,  Velocity  profiles,  wall 
static  pressure  distributions  and  skin  friction  were  measured  through¬ 
out  the  interaction  region.  In  addition.  Chapman  et  al  (Reference  5) 
provide  inter  alia  one  static  pressure  dictribution  on  the  wall  with  a 
pressure  ratio  of  2,15  and  a  free  stream  Mach  number  of  2,4, 
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The  theoretical  studies  of  the  shock  w.ave  incident  upon  a  planar 
wall  involving  a  laminar  boundary  layer  have  been  based  on  the  boun¬ 
dary  layer  theory.  Thus  the  interaction  has  been  idealized  so  as  to 
involve  an  essentially  inviscid,  external  flow  and  a.  boundary  layer 
with  a  relatively  simple  coupling,  for  example,  one  based  on  linear¬ 
ized  supersonic  flow,  between  the  boundary  layer  behavior  and  the 
external  flow.  The  most  extensive  calculations  have  been  those  based 
on  the  Crocco-Lees  theory  of  mixing  (References  6  to  11).  This 
theory  is  a  modification  of  the  usual  integral  method  of  boundary 
layer  analysis  based  on  certain  parameters  characterizing  the  boun¬ 
dary  layer  profiles.  Interrelationships  among  these  parameters  are 
obtained  from  similarity  solutions  of  the  boundary  layer  equations. 

Physical  Features  and  Theoretical  Difficulties 

Consider  the  main  features  of  the  interaction  when  separation 
occurs  (cf.  Figure  1);  these  are  pres^.ntly  well  understood  as  a  result 
of  past  research.  The  boundary  layer  far  upstream  of  the  incident 
shock  is  assumed  to  be  that  associated  with  a  flat  plate;  the  influence 
of  the  incident  shock  results  in  a  thickening  of  the  layer  with  a  resul¬ 
tant  upstream  compression  zone  as  shown.  This  changes  the  inclina¬ 
tion  with  respect  to  the  wall  of  the  incident  shock  without  altering 
significantly  the  flow  deflection  therethrough  .  If,  as  assumed  here, 
the  pressure  rise  is  sufficient,  the  boundary  layer  will  separate; 
after  separation,  little  additional  compression  of  the  boundary  layer 
can  be  tolerated  until  the  incident  shock  is  reached  at  the  so-called 
shock  impingement  point.  The  shock  is  reflected  from  the  separated 
region  as  from  a  constant  pressure  surface.  This  reflection  forces 
the  boundary  layer  to  reattach  and  to  turn  so  as  to  cause  further 
compression  until  the  overall  pressure  rise  is  achieved.  Thus  the 


*  The  importance  of  this  behavior  of  the  incident  shock  was  pointed 
out  to  the  authors  by  Dr.  Antonio  Ferri;  it  appears  not  to  have  been 
employed  in  previous  analyses.  As  will  be  seen  below,  it  largely 
eliminates  the  need  for  iteration  in  the  problem  of  the  oblique  incident 
shock  provided  the  boundary  layer  characteristics  upstream  of  inter¬ 
action  are.  known. 
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FIG.  1.  SCHEMATIC  REPRESENTATION  OF  OBLIQUE  SHOCK 
INCIDENT  ON  A  LAMINAR  BOUNDARY  LAYER 


static  pressure  on  the  wall  is  characterized  by  an  upstream  compres¬ 
sion,  a  ’’plateau"  of  constant  pressure,  and  a  final  compression  after 
the  point  of  shock  incidence. 

In  this  problem,  the  difficulties  in  the  analysis  of  the  physical 
scheme  discussed  above  are  associated  with  the  necessity  (1)  to  assure 
boundary  layer  behavior  of  the  flat  plate  type  far  upstream  and  down¬ 
stream  of  interactions;  (2)  to  describe  the  boundary  layer  profiles 
associated  with  separation  and  reattachment;  and  (3)  to  assure  proper 
matching  of  the  boundary  layer  upstream  and  dov/nstream  of  the  point 
of  shock  impingement.  The  most  successful  and  advanced  theories 
overcoming  these  difficulties  and  leading  to  reasonable  agreement 
with  experiment  are  those  of  Click  (Reference  10)  and  Bray  et  al 
(Reference  11);  the  former  is  limited  to  the  adiabatic  case  while  both 
tiave  been  applied  to  pressure  ratios  less  than  roughly  three  and  to 
free  stream  Mach  numbers  less  than  5.8. 

The  Problem  Discussed 

In  the  present  report,  there  is  considered  a  generalization  of 
he  studies  described  above  to  the  interaction  between  a  laminar 
boundary  layer  and  a  planar  shock,  which  is  normal  to  a  plane  surface 
but  swept  with  respect  to  the  flow  far  upstream.  The  flow  and  the 
coordinate  system  used  in  its  treatment  are  shown  schematically  in 
Figure  2,  Although  this  interaction  can  arise  in  supersonic  flow,  the 
main  motivation  for  this  study  is  provided  by  a  problem  which  arises 
on  hypersonic  vehicles;  thus  the  heat  transfer  in  the  interaction  region 
will  be  of  prime  interest.  Consider  an  unswept  fin  in  the  form  of  a 
wedge  on  a  planar  surface  such  as  a  wing.  The  shock  wave  caused  by 
such  a  wedge  can  be  idealized  as  shown  in  Figure  2;  this  is  true  even 
if  the  wedge  is  blunted  provided  the  shock  wave  far  from  the  leading 
edge  is  considered.  It  is  noted  that  the  analysis  presented  here  can  be 
readily  modified  for  the  case  of  a  swept  fin;  the  shock  wave  will  still 
be  normal  as  in  Figure  2  but  will  have  on  its  downstream  side  an 
iccelerating,  pressure  gradient  which  must  be  superposed  on  that 
associated  with  the  boundary  layer  behavior. 

There  are  two  features  which  complicate  the  presently  considered 
problem;  one  is  the  sweep  which  results  in  three-dimensionality  of  the 
boundary  layer  and  the  second  is  the  normality  of  the  incident  shock. 
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In  the  analysis  which  follows,  it  will  be  shown  that  the  first  feature 
does  not  lead  to  essential  difficulties  provided  9/9z  —  0;  the  velo¬ 
city  component  in  the  z-direction  can  be  considered  separately  and 
after  the  flow  in  the  x-y  plane,  i.  e. ,  the  two-dimensional  problem, 
is  determined.  Asa  consequence  the  three-dimensionality  enters  in 
a  simple  and  easily  treated  manner. 

The  second  feature,  the  normality  of  the  incident  shock  intro¬ 
duces  difficulties  with  respect  to  the  model  for  the  external,  inviscid 
flow.  These  are  due  to  the  existence  of  subsonic  flow  in  the  x-y 
plane  |^(  u^  +  v^  )/a^  <  at  large  values  of  y.  It  will  be  seen  from 
the  analysis  below  that  there  appear  to  be  two  plausible  models  which 
can  be  assumed  a  priori  and  which  can  be  verified  as  being  consistent 
with  the  boundary  layer  behavior  a  posteriori.  It  may  be  that  each 
mndel  will  arise  depending  on  the  static  pressure  ratio,  the  free 
stream  Mach  number  and  the  Reynolds  number  characterizing  the 
undisturbed  boundary  layer  upstream  of  interaction. 

Since  the  analysis  reduces  to  the  consideration  of  a  two-dimen¬ 
sional  interaction  problem,  it  would  have  been  possible  to  employ 
an  adoption  of  the  Crocco-Lees  analysis.  However,  a  more  conven¬ 
tional  integral  method  following  Karman-Pohlhausen  has  been  emplcyed 
on  the  basis  of  the  following  considerations:  Bray  et  al  (Reference  1 1) 

concluded  that  "the  results  of  the  Crocco-Lees  method, . .  are 

probably  no  better  than  those  obtained  much  more  readily  by  a 
Pohlhausen  type  of  method".  Moreover,  Carlson  (Reference  12)  and 
Bloom  (Reference  13)  as  well  as  Bray  et  al  (Reference  11)  have  re¬ 
cently  employed  a  conventional  integral  method  for  flows  involving 
separation  and  reattachment  and  have  indicated  that  such  a  method 
gives  reasonable  results. 

Accordingly,  a  conventional  integral  method  based  on  the  pro¬ 
files  of  Libby  and  Visich  (Reference  14)  was  employed.  However, 
several  of  the  techniques  used  in  solving  the  resulting  equations  were 
suggested  by  Click  (Reference  10)  in  connection  with  his  study  of  the 
Crocco-Lees  method. 

The  report  is  organized  as  follows;  In  the  next  section,  the 
treatment  of  the  boundary  layer  equations  is  discussed  first.  In 
Appendix  B,  the  detailed  development  of  the  final  equations  employed 
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in  the  nvimerical  integration  is  given  while  the  main  body  of  the 
report  contains  only  the  final  forms  of  the  equations.  The  treat¬ 
ment  of  the  velocity  component  in  the  z -direction  (cf.  Figure  2)  is 
presented  so  as  to  indicate  the  reduction  of  the  problem  to  an  almost 
two-dimensional  one.  Since  the  only  available  data  correspond  to  the 
interaction  with  a  two-dimensional  oblique  shock  wave,  the  flow  model 
therefor  and  the  integration  method  minimizing  iteration  are  discussed 
first.  The  problem  of  the  inviscid  flow  model  for  an  incident  shock 
which  is  normal  is  presented  next.  Finally,  there  are  described  the 
integration  and  iteration  techniques  required  for  this  latter  case.  In 
the  next  section,  the  predictions  of  theory  and  experiment  for  the  case 
of  an  oblique  incident  shock  are  carried  out;  excellent  agreement  is 
demonstrated.  The  last  section  is  devoted  to  concluding  remarks. 

The  numerical  results  corresponding  to  heat  transfer  and  to 
sweep  will  be  presented  in  a  separate  report. 

The  authors  are  pleased  to  acknowledge  the  helpfulaid  stimu¬ 
lating  discussions  with  Dr.  Antonio  Ferri  concerning  the  inviscid 
flow  models.  In  addition.  Dr.  Lu  Ting  contributed  to  the  early  develop 
ments  of  the  analysis  of  the  two-dimensional  problem. 
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ANALYSIS 

Consider  the  flow  over  a  flat  surface  with  a  pressure  gradient 
such  as  that  induced  by  a  shock  impinging  on  a  boundary  layer. 
Figure  2  schematically  depicts  the  flow  and  the  coordinate  system 
under  consideration.  It  is  assumed  that  the  changes  in  the  direc¬ 
tion  parallel  to  the  shock  surface  are  approximately  zero 
(i.  e.  Q  /dz  £t0)  for  both  the  boundary  layer  and  the  inviscid  flow. 
This  implies  that  the  boundary  layer  characteristics  upstream  of 
the  interaction  region,  i.  e. ,  a  given  x,  are  the  same  for  all  z 
and  that  the  incident  shock  has  a  larger  radius  of  curvature.  In 
many  problems  of  hypersonic  flow  this  assumption  will  only  yield 
a  first  approximation  to  the  actual  flow.  In  principal  first  order 
corrections  for  8/9 z  /  0  effects  can  be  computed  but  the  numeri¬ 
cal  complications  would  be  considerable.  It  will  be  shown  below 
that  in  view  of  the  assumption  8/8z  — 0,  the  velocity  components 
in  the  w-direction  can  be  considered  separately  and  after  the  flow 
in  the  x-y  plane  is  determined.  Thus  the  problem  is  reduced  to  a 
two-dimensional  one. 


[  Basic  Equations 

The  basic  partial  differential  equations  describing  the  laminar 
f  compressible  boundary  layer  of  a  perfect  gas  with  a  constant 

Prandtl  number  of  unity,  a  Chapman  viscosity-cemperature  rela- 
tion,  and  a  constant  coefficient  of  specific  heat  with8  /9z  =0  are: 


r 

puu^ 

+  PVUy  = - 

(1) 

1 

pUWjj 

+  pVWy  = 

(llWyjy 

(2) 

r 

.§ 

(pu)^ 

+  (pv)y 

=  0 

(3) 

!  ■ 

puH^ 

> 

Cl 

+ 

=  (liHyjy 

(4) 

P  =  pRT 


(5) 


IX  =  Ch^^(T/T„) 

(6) 

where 

H  =  (u^  -f  w^  )/2j  +  h 

(6a) 

Approximate  solutions  of  Equations  (1)  -  (6)  can  be  obtained  by 
the  von  Karman  -  Pohlhausen  technique;  moreover  the  DDrodnit2:yn- 
Howarth  transformation  simplifies  the  analysis.  There  result 
the  following  equations: 
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and  W  =  — 


Now  examination  of  either  Equations  (2)  and  (4)  or  Equations 
(8)  and  (9)  and  consideration  of  the  boundary  conditions  on  w  and 
H  indicate  that  for  the  problem  under  discussion  with  a  constant 
enthalpy  at  the  wall  w  /v  H  so  that 

W  E  w/w^  =  (H-H^)/(Hg-Hj  =(g-W)/(l-W)  (10) 

where 

W  E  Therefore,  Equation  (10)  permits  the  influ¬ 

ence  of  the  w -velocity  component  to  be  eliminated  in  Equation  (7) 
and  thus  a  two-dimensional  problem  to  be  treated,* 

The  profiles  which  will  be  employed  for  Uand  g  are  those 
frequently  used  in  boundary  layer  analyses  and  are  given  for 
example,  in  Reference  14. 

3  4  z  2  3  4 

U  =  (2T  -  2T  +  T  )  +  j  (T-3T  +  3T  -  T  )  (11) 

3  4  5 

g  =  1  >  (1-W)(1-10T  +  15T  -  6T  )  + 

+  bi  (T  -  6T  +  8T^-3T^  )  (12) 


*  Note  that  w  is  implicitly  in  6 
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in  Equation  (7) 
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where 

z 


(12a) 


From  Equation  (11)  it  can  be  seen  that  separation  is  characterized 
by  z  =  -6;  moreover,  reverse  flow  profiles  correspond  to  z  <  -6. 

With  the  profiles  for  U  and  g  prescribed,  the  integrals  in 
Equations  (7)  and  (9)  are  as  follows: 


37  _L.  ^  ^  -it 

315  ■  945  2268 


(13) 


The  final  integral  is 

s’l^St  *  fo  "e^  (15) 

and  will  contain  the  effect  of  sweep.  Consider  an  approximate 
equation  of  state 

h/hg  »  pjp  (16) 

Therefore 
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where 


Substitution  of  Equation  (10)  for  ^  into  Equation  (17)  and  integration 
yields  a  relation  for  6*/6j.  as  a  function  ofz,  ,  and  ^  (See  Appendix 
A  for  details);  namely, 


6*/6^  =  Fj  (bi  ,  'z)  Ki  (;)  -  (2)  Ki  ii)  K3  (C)  -  F3(z)  (18) 


It  will  now  be  convenient  for  future  numerical  analysis  to  treat  ^ 
as  the  independent  variable;  this  is  possible  if  %  which  is  usually 
considered  to  be  related  through  Equation  (12a)  with  the  properties  of 
the  external  stream  and  6^.,  is  treated  as  a  dependent  variable.  The 
distribution  of  flow  properties  with  respect  to  the  space  coordinate  x 
will  be  obtained  by  a  final  integration  of  Equation  (12a)  after  these 
properties  have  been  determined  as  functions  of  To  effect  this 
transformation  let 


and 


A  =  6  /6t^ 

Z  B  -dC/d(x/6t^  ) 
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Note  that  6^  is  the  transformed  boundary  layer  thickness  upstream 
of  the  interaction  region  and  that  this  is  a  parameter  of  the  problem  . 
The  equations  that  result  are 


(Fi  A)  +  FjA^I  +  5  +  -f- 
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where 


By  suitable  msmipulation  and  combination  of  Equations  (13),  (14)  , 
(18),  (20)  ajid  (21)  the  following  nonlinear  first-order  differential 
equations  result  (cf .  Appendix  B  for  details): 
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^  =  G,  (  A,  A*.  ?,  b,,  C) 


=  Gj  (  A,  A* 


^  =  G3  (  A.  bi. 

a?. 


These  three  equations  involve  four  dependent  variables  (i.  e., 

A  I  A*,  and  bj).  The  fourth  equation  is  obtained  £fom  the  coup¬ 
ling  between  the  boundary  layer  behavior  and  the  inviscid  exter¬ 
nal  flow. 

In  accordance  with  the  usual  idealization  of  the  interaction 
discussed  in  the  Introduction,  the  external  flow  will  be  treated  as 
one  isentropic  flow  upstream  of  the  shock  and  a  second  such  flow 
downstream  thereof.  Accordingly,  the  relation  between  change 
in  speed  and  flow  deflection  in  differential  form  for  both  flows 
will  be 


de  =  - 


(dUe/Ug) 


Now  assume  that  the  velocity  ratio  external  to  the  boundary  layer 
immediately  upstream  of  the  shock  is  denoted  as  ,  a  quantity 
which  is  unknown  a  priori,  and  that  the  isentropic  exponent  y 
the  external  flow  is  constant.  Then  according  to  a  second  order 
theory 

(26) 


M— eo 


'  -n  j. 


for  ^  ^  i  I  and 
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de  =-'VMe^ 

00 


-1 


1  + 


+  (V-1)(m//2)/{M  " 

^OD  *^00 


(27) 


The  rate  of  turning  of  the  inviscid  flow  is  related  to  the  rate 
at  which  the  boundary  layer  displaces  the  inviscid  streamlines 
(i.e.  to  the  displacement  thickness).  Therefore,  for  the  upstream 
calculation, 


_  / dsA  (  rj  dA*^  ( ^  dA*^ 

=  dx  -(dx^  =  V  d^J-V'^^d^  I 

while  for  the  downstream  calculation 


The  quantities  (db^dx)^  and  (db^dx)^^  require  some  explanation; 
these  quantities  are  the  flow  deflections  far  rem''ved  from  the 
interaction  region  and  are  thus  small  compared  to  db^dx  within 
the  interaction  region.  However,  they  are  given  values  which 
correspond  to  the  local  "flat  plate"  solutions,  i.e.  (db^dx)^  has 
the  value  given  by  Ug  =^eo  »  ^t  "  ^t  while  (dbydx)^^  has  the  value 
given  by  u  =  u.  and  b,.  =  b^  .  °  Now  bj.  ,  Ue„  and  u„  are 

^  ®  ®oo  tc,'  So  Coo 

treated  as  known  parameters  of  the  problem;  on  the  contrary,  b^ 

•  1  •  ^00 
IS  unknown  a  priori  and  must  be  determined  from  the  boluLion 

along  with  the  velocity  ratio  at  the  shock, 


Equations  (26)  and  (27)  can  be  expressed  symbolically  as 


(30) 


dT 


where 


(U  =  (z  (K)y^^+(i-u'  - 


+  2  ^e^ 


2_  (30a) 


Mio  -  ^ 


for  the  range  ^  £  I 


r  tY\-  (7  ^ 

^4(0  “  d£,^ 


fM«  -l+(l 


?  1+^  Mg^ 

^  (30b) 


fMi  -  I 


for  the  range  <  4  <  t,  . 


The  simultaneous  solution  of  equations  (22),  (23),  (24)  and  (30) 
in  the  four  unknowns  (i.e.,A»  A**,  'zt  )  yields  the  solution  in  the 
^  plane.  The  extent  of  this  region  in  the  physical  plane  can  be  deter¬ 
mined  from  the  integration  of  equation  (19)  for  Z;  namely. 


X  =  -  6 


•  i 


d^  +  Constant. 


The  constant  of  integration  can  be  conveniently  evaluated  by 
setting  x=0at^  “^s* 


Thus 


X  =  6. 


r-‘ 


(^00<(;<^g)  (31) 


/»'’  ^-l 


=  -  6t J  Z  d; 


(^,  5  ^  ll)  (32) 


Behavior  of  the  Solution  at  x  .  »  +  oo 

At  the  ends  of  the  interval  ^qq  <  ^  <  I,  the  solution  must 

correspond  to  "flat  plate"  solutions.  However,  at  the  end  points 
z  does  not  approach  zero  but  rather  approaches  a  small,  positive 
value  corresponding  to  weak  interaction  between  the  boundary  layer 
and  the  inviscid  flow.  These  end  point  values  on^z  also  correspond 
to  the  values  of  (  Zd  A^/d^o  and  (Zd  A*/d^)  in  Equations  (30a) 
and  (30b),  The  boundary  vaTues  of  all  the  dependent  variables  will  be 
discussed  below  in  more  detail;  it  is  sufficient  for  the  present  pur¬ 
pose  to  recognize  that  in  the  interaction  region^  <  0  and  that  as  z 
changes  sign,  i.e.  *5  =  0,  d/d^ — ^  co.  These  singularities  are 
removed  by  treating  A  as  the  independent  variable;  thus  Equations 
(23)  ,  (24)  and  (30)  can  be  written  formally  as 

d  A  /  dA  =  Z  (d2?/d4)  /  [z(d.AM  )]  (33) 

dz/dA  =  Z(dz/d;  )  /  [z  (dA/ d?, )]  (34) 

and  dbj  /dA=  Z(dbi/dU  /  [z(dA/d^  )]  (35) 

where  all  the  derivatives  on  the  left  are  finite.  Thus  at  the  end 
points  of  the  range  of  4,  A  was  employed  as  the  independent  vari¬ 
able  while  in  the  interior  of  the  range  either  ^  or  A  was  used. 
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COMPUTATIONAL  PROCEDURE 


The  solution  to  the  shock  wave -boundary  layer  interaction  prob¬ 
lem  entails  the  simultaneous  solution  of  either  Equations  (22)  to  (24) 
and  Equation  (30)  or  Equations  (22),  (33),  (34),  and  (35).  These 
equations  are  nonlinear,  first-order  differential  equations.  Consider 
the  initial  value  of  these  equations;  there  are,  in  general,  two  types 
of  problems  of  interest.  In  both  it  is  assumed  that  W,  and  the 
characteristics  of  the  inviscid  flow  upstream  of  the  interaction  region 
are  known.  In  one  type  of  problem  the  boundary  layer  properties 
"upstream"  of  interaction  are  specified;  thus,  for  example  6j.  , 
b^  Q  are  known.  Now  ifz  «  1,  A*  can  be  computed  from  the  ° 
known  values  of  6j.  ,  bj  q,  and  W  and  a  value  of  >  0  estimated 
from  Equation  (18).  In  addition  (ZdA*/d^)  ^  in  Equation  (30a)  can  be 
computed  from  the  standard  "flat  plate"  equations.  Thus  the  inte¬ 
gration  can  proceed  from  ^  =  I  with  A  as  the  independent  variable. 
From  z  ■  to  z  =  0,  ^  increases  while  for  ^  <  0,  ^  decreases; 
when  z  =«  -6  separation  occurs.  The  integration  in  the  direction  of  ^ 
decreasing  is  continued  until  either  4  approaches  a  constant  value 
or  on  the  basis  of  previous  results  a  sufficiently  small  value  of  ^  is 
reached.  It  is  interesting  to  note  that  for  each  set  of  initial  values, 
i.e.  those  values  of  ^  =  I,  a  minimum  value  of  ^  is  obtained. 

At  this  value  z  and  bj  approach  constant  values  while  A  increases 
without  limit;  this  solution  corresponds  to  a  boundary  layer  growing 
linearly  with  x  with  similar  profiles  and  would  appear  to  have  appli¬ 
cability  to  the  flow  upstream  of  a  step*. 

The  solution  for  the  downstream  region  must  ^n  general,  be 
initiated  by  an  integration  from  ^  It  is  necessary  to  assume 

a  value  for  Aqq;  b^  =  b^^  as  is  consistent  with  the  assumption  of 
flat  plate  behavior  far  downstream,  then  Zqq  can  be  estimated  in  the 
same  manner  as  “zq  and  the  value  of  (  Z  dA^/d^)^^  in  Equation  (30b) 
computed.  The  integration  can  then  be  carried  out  first  for  decrea¬ 
sing  4  until  z  =  0  and  then  for  increasing  ^  as  ^  <  0  ,  At  some 
value  of  the  curve  for  one  of  the  dependent  variables,  say  A  , 
given  by  this  downstream  solution  will  intersect  the  corresponding 
curve  from  upstream  solution.  However,  at  this  same  value  of  ^  the 
solution  for  A*  will  not  be  continuous  implying  that  the  assumed _ 


L 


U 


is 


L* 


value  for  A  qq  was  incoriect.  A  systematic  correction  procedure  can 
be  employed  to  determine  the  proper  value  for  A  qq.  The  value  of  ^ 
at  the  intersection  point  of  the  upstream  and  downstream  solutions  is 
denoted  Note  that  it  is  assumed  that  continuity  of  A  at  assures; 
continuity  in  bj  and  For  bj  =  0,  i.e*  for  the  adiabatic  case,  con¬ 
tinuity  in  ^  is  assured.  There  are  cases  for  which  the  value  C  ” 

s 

can  be  estimated  a  priori  so  that  the  downstream  solution  can  be 
started  at  4.  =  4 with  A*,  bj  ,  and  ^  continuous,  and  continued 
4  ~  4oo*  soch  case  is  that  of  the  oblique  incident  shock  suffi¬ 

ciently  weak  so  that  it  may  be  considered  isentropic;  in  this  case  the 
flow  deflection  through  the  shock  is  essentially  unaltered  by  the  up¬ 
stream  compression.  Moreover,  the  deflection  through  the  expansion 
far  downstream  of  shock  impingement  is  equal  to  that  through  the 
shock.  These  c^<nsiderations  employed  in  connection  with  Equations 
(27)  and  (28)  permit  4g  to  be  determined.  A  second  case  is  that  of  a 
normal  shock  in  v/hich  it  can  be  assumed  that  the  pressure  downstream 
of  the  shock  corresponding  to  the  second  leg  is  equal  to  that  behind 
the  normal  shock  and  the  flow  deflection  is  zero.  In  this  case,  4s 
is  readily  computed  from  the  shock  conditions. 

In  both  of  these  cases  it  is  necessary  to  estimate  the  value  of 
(ZdA*^/  <^4)(^j  Equation  (30b)  since  this  depends  on  A^  a  priori. 
However,  this  quantity  is  small  and  is  unknown,  in  general,  and  a 
correction  procedure  should  be  rapidly  convergent.  It  should  be 
noted  that  if  4  s  i-'’  known,  A  qq  is  obtained  from  the  calculation  as 
^ — **  ^oo* 


These  coiiside rations  must  be  altered  somewhat  in.  a  second  type 
uf  problem  in  which  the  shock  position  with  respect  to  a  leading  edge, 
for  example,  is  specified.  In  this  case,  the  extent  of  the  upstream 
region  of  influence  is  unknown  a  priori.  Asa  consequence  it  is 

deterrriins  th.6  proper  solution 


^  In  r 

*  KA, 


^'Ot. 


as  described  above  and  carry  out  the  integration  to  obtain  the  distribu¬ 
tion  of  boundary  layer  characteristics  in  the  physical  plane.  In 
gejicral,  the  distribution  of  6^  will  not  be  constant  with  the  location  of 
the  leading  edge  of  interaction  so  that  R5j.^  must  be  altered*. 

r.  was  found  from  the  numerical  analysis  leading  to  Figure  9  (bj  =  0) 
tiiat  the  value  ol  A  corresponding  to  solutions  for  a  range  of  RSj. 
wa-i  essentially  independent  thereof.  ° 
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COMPARISON  OF  THEORY  WITH  EXPERIMENT 

The  method  outlined  in  this  report  was  used  to  compute  the  pro¬ 
perties  in  the  region  of  interaction  where  a  shock  impinges  on  a  lami¬ 
nar  boundary  layer.  Since  the  only  available  data  correspond  to  the 
interaction  with  a  two-dimensional  oblique  shock  wave,  for  the  adiaba¬ 
tic  wall  case,  numerical  examples  were  computed  for  this  comparison 
and  the  validity  of  the  method  was  demonstrated.  The  present  report 
considers  only  the  two-dimensional  adiabatic  wall  comparison.  Numer¬ 
ical  examples  for  both  the  two-dimensional  and  the  three-dimensional 
heat  transfer  cases  will  be  presented  in  a  subsequent  report. 

A.  Comparison  with  the  Experiments  of  Hakkinen,  Greber, 

Trilling  and  Abarbanel  (Ref.  4) 

Two  discrete  problems  have  been  computed  and,  in  both  cases, 
the  free  stream  Mach  number  was  2.0.  The  experimental  data  pre¬ 
sented  consisted  of  measured  pressure  and  shear  distribution  and 
velocity  profiles  in  the  region  of  interaction.  The  difficulties  in 
achieving  a  proper  comparison  with  the  experimental  data  presented 
arose  because  of  the  incomplete  presentation  of  the  conditions  for  the 
experiments.  In  both  cases  presented,  the  authors  had  to  approximate 
certain  test  conditions.  However,  the  presentation  of  velocity  profiles 
upstream  of  the  interaction  region  minimized  the  iteration  necessary 
to  achieve  the  correct  Rg  . 

*■0 

The  first  case  corresponds  to  an  interaction  where  the  pres¬ 
sure  rise  across  the  shock  system  corresponds  to  Peoo/Peo  “  l-»40. 

The  Reynolds  number  based  on  the  x  distance  to  the  shock  impingement 
point  is  2.96  x  10^.  A  summary  of  the  input  parameters  for  the  numer¬ 
ical  computation  are  listed  in  Table  I.  The  comparison  of  the  theory 
with  experiment  for  the  pressure  and  shear  distributions  are  shown  in 
Figure  3,  The  velocity  profile  comparison  is  shown  in  Figure  4.  The 
agreement  shown  therein  is  good,  however,  as  was  mentioned  above, 
better  knowledge  of  the  test  conditions  (e.g.  T-w>  Tq  )  would  result  in 
a  closer  agr.jement  between  the  experim^^ntal  Cf  and  the  computed  Cf 
upstream  a*id  downstream  of  interaction.  The  solution  generated  for 
^  »  A  *»  a.id  z'  in  the  ^  plane  are  shown  in  Figure  5, 
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EXPERIMENTAL  DATA  (REF.  4) 


.  0  (CASE  I) 


DISTANCE  FROM  LEADING  EDGE  (INCHES) 


FIG.  4.  COMPARISON  OF  PRESENT  THEORY  AND  EXPERIMENT  FOR 
VELOCITY  PROFILES  IN  THE  INTERACTION  REGION  (CASE  I) 


The  second  numerical  example  corresponds  to  a  pressure 
rise  across  the  shock  system  of  1.25  with  a  Reynolds  number  based 
on  X  to  the  shock  impingement  point  of  2,  87  x  10 A  summary  of 
the  input  parameters  for  the  numerical  computation  are  listed  in 
Table  I.  The  comparison  of  the  theory  and  experiment  for  the  pres¬ 
sure  and  shear  distributions  are  shown  in  Figure  6,  while  the  velocity 
profile  comparison  is  shown  in  Figure  7;  good  agreement  is  also 
shown  therewith.  The  solution  as  generated  in  the  plane  is  shown 
in  Figure  8. 

B.  Comparison  with  the  Experimental  Data  of  Chapman,  Kuehn 
and  Larson  (Ref.  5) 

The  pressure  distribution  for  the  interaction  of  a  two-dimen¬ 
sional  oblique  shock  with  a  laminar  boundary  layer  in  a  flat  plate  is 
presented  in  Ref.  5.  The  experiments  were  conducted  at  a  nominal 
Mach  number  of  2.40  with  the  Reynolds  number  based  on  the  x  dis¬ 
tance  to  the  shock  impingement  point  of  0.  54  x  10^.  A  summary  of 
the  input  parameters  for  the  numerical  computation  are  listed  in 
Table  I,  The  associated  pressure  rise  across  the  shock  system  was 
2. 15.  Calculations  were  performed  for  several  values  of  R6tQ 
the  effect  of  this  parameter  on  the  A  solution  in  the  ^  plane  are 
shown  in  Figure  9.  The  pressure  distribution  dependency  on  R6(.^  is 
shown  in  Figure  10,  whereas  the  comparison  of  the  solution  obtained 
for  an  =  1500,  with  the  experimental  data,  is  presented  in 

Figure  ll.  The  results  of  the  analysis  are  shown  to  be  in  good  agree¬ 
ment  with  experiment. 

From  Figure  9,  one  will  note  that  the  value  of  and  Aqq 
are  essentially  independent  of  Rs^  ••  Thus  where  the  comparison  of 
the  theory  with  experiment  is  desired,  two  iterations  are  necessary. 
However,  the  second  iteration  for  R^j.  was  performed  only  after  the 
value  of  Aq3  had  been  determined.  For  a  system  with  a  given  overall 
pressure  rise,  for  small  values  of  Rsj.  the  pressure  will  rise  non- 
atonically  from  to  Peco  a  p?ateau  (Fig.  10).  As  the  value 

of  R  5j.^is  increased, the  presence  of  a  plateau  begins  becoming  im¬ 
minent;  for  larger  values  of  R^^.  the  length  of  the  plateau  becomes 
more  pronounced.  Thus  the  existence  of  a  pressure  plateau  depends 

on  the  value  of  Rg  . 

to 


EXPERIMENTAL  DATA  (REF.  4) 


FIG.  6.  COMPARISON  OF  PRESENT  THEORY  AND  EXPERIMEN 
PRESSURE  AND  WALL  SHEAR  DISTRIBUTIONS  INDUCE: 
AN  INCIDENT  SHOCK,  Mg  =2.0  (CASE  U) 


OtSTANCE  FROM  LEADING  EDGE  (INCHES) 


FIG-  7.  COMPARISON  OF  PRESENT  THEORY  AND  EXPERIMENT  FOR 
VELOCITY  PROFILES  IN  THE  INTERACTION  REGION  (CASE  H) 


The  numerical  computations  were  performed  on  a  Bendix 
G-L5  Digital  Computer.  A  typical  calculation  for  both  the  upstream 
and  downstream  legs  of  the  solution  requires  approximately  five 
hours  of  computing  time  on  the  Bendix  which  is  comparable  to  rough¬ 
ly  one  minute  on  an  IBM  7090. 

CONCLUDING  REMARKS 

The  interaction  between  a  laminar  boundary  layer  on  a  flat  plate 
and  a  planar  shock  wave  which  is  swept  with  respect  to  the  flow  ex¬ 
ternal  to  the  boundary  layer  but  normal  to  the  plate  has  been  formu¬ 
lated.  For  a  planar  shock,  the  effect  of  sweep  is  easily  included  and 
thus  a  model  for  two-dimensional  flow  is  basic  to  the  problem.  With 
the  acceptance  of  the  "  lambda"  shock  as  the  inviscid  model,  it  was 
shown  that  the  interaction  involves  two  pressure-flow  deflection  rela¬ 
tions,  one  applicable  upstream  of  the  second  leg  of  the  "lambda"  and 
one  downstream  thereof.  A  constant  pressure  reflection  of  this  sec¬ 
ond  leg  from  the  boundary  layer  was  assumed.  Many  of  the  features 
used  in  the  past  for  the  two-dimensional  interaction  between  an  inci¬ 
dent  oblique  shock  and  a  laminar  boundary  layer  were  incorporated 
in  the  present  model. 

The  boundary  layer  equations  corresponding  o  the  swept  case 
were  postulated  and  the  relation  between  the  tangential  velocity  com¬ 
ponent  and  the  stagnation  enthalpy  were  used  to  eliminate  this  com¬ 
ponent  in  the  momentum  equation  corresponding  to  the  direction  nor¬ 
mal  to  the  shock.  Thus  the  two-dimensional  boundary  layer  inter¬ 
action  in  planes  normal  to  the  shock  could  be  considered  first;  the 
spanwise  boundary  layer  and  secondary  flow  effects  could  then  be 
considered. 

The  technique  of  solution  for  the  boundary  layer  properties  is 
based  on  an  integral  method  for  the  momentum  and  energy  equations 
with  the  pressure  distribution  unknown.  As  in  previots  investigations 
the  velocity  external  to  the  boundary  layer  was  considered  to  be  the 
independent  variable.  As  a  result,  the  range  of  integration  was  de¬ 
fined  by  the  flow  conditions  far  from  the  region  of  interaction  which 
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is  known  a  priori  from  inviscid  flow  considerations.  The  end  points 
of  this  range  are  singular  since  they  transform  upon  final  integration 
into  X  — ^ 00,  In  general,  the  numerical  integration  is  carried  out 
separately  from  the  end  points  of  the  interval  with  iteration  employed 
to  yield  matching  at  the  intersection  point  of  the  upstream  and  down¬ 
stream  solutions. 

To  verify  the  validity  of  the  inviscid  flow  model  and  the  accuracy 
of  the  treatment  of  the  boiandary  layer,  there  was  considered  first 
the  two-dimensional  adiabatic  wall  case,  for  which  accurate  and  care¬ 
fully  obtained  experimental  data  and  the  results  of  previous  analyses 
are  available.  In  a  subsequent  report,  the  method  will  be  applied  to 
the  two-dimensional  and  the  sweep  case  with  heat  transfer. 

Several  numerical  examples  are  presented  for  the  two-dimen¬ 
sional  interaction  case,  and  the  results  are  compared  to  the  available 
experimental  data.  The  analysis  is  shown  to  be  in  good  agreement 
therewith. 

For  a  problem,  in  which  the  boundary  layer  thickness  upstream 
of  interaction  is  known,  the  unknown  parameter  to  the  problem  is  the 
boundary  layer  thickness  at  the  downstream  edge  of  the  interaction 
region,  Aqo*  Under  some  circumstances,  the  value  of  can  be 
found  with  essentially  no  iteration.  When  verification  of  experimental 
data  Involving  a  fixed  shock  location  is  desired,  two  parameters  must 
be  determined;  namely,  Aqq  and  the  value  of  the  Reynolds  number 
based  on  the  transformed  boundary  layer  thickness  upstream  of  inter¬ 
action. 
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Consider  the  nondimensional  integral  for  displacement  thickness 


With  the  assumption  that  ^  =  0  across  the  bovmdary  layer,  and 
for  a  gas  with  a  constant  specific  heat 


The  profiles  used  for  u/ug,  and  H/Hq  are  taken  from  Libby  and  Visich 
(Reference  14) . 


u  3  4  z  I  4 

i.  e.  U=  —  =2T-2T+T+-3-(T-3T  +  3T  -T)  (n) 

“e 

(12) 

=  ^  =  1  -  (1-W)(1-10T^  +  15T^-  6T^)+bi  (T-6t^+  8T^- 3<T^) 
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From  the  Crocco  relation 


<*u  w  w 


H-H„  H/H  -H„/H, 


»  -  «w/He 


g  -  W 

1  -  w 


Therefore  Equation  (37)  becomes 


-  =  Ki  ^  {I+2WK2  -  K2  -  W"  Ki 


where 


-  K3  U 


K,  = 


2H  (  1  -  W) 
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K3  = 


Substituting  Equations  (11),  (12)  ,  and  (38)  into  (15)  and 
integrating  yields 


=  AKj  -  BKi  K3  -  C 


where 
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C  = 


10 


z 

60 


when 


w  =  0  but  W  1 
e  ' 


A  =  7  (1  +  W)  +  bi 


and  when  W  =  1  and  b^  =  0 

2 


A  =  1 


2H 


For  a  flat  plate,  a  simple  relationship  exists  between  W  and  bj  , 
which  can  be  readily  determined  by  means  of  Equations  (2  ),  (4  ) 
and  the  Crocco  relation. 

That  is 


H 

differentiating 
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(40) 
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t  1 

a  /uN* 
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APPENDIX  B 


DEVELOPMENT  OF  THE  BOUNDARY  LAYER  EQUATIONS 

The  basic  partial  differential  equations  describing  the  laminar 
compressible  boundary  layer  of  a  perfect  gas  with  a  constant 
Prandtl  number  of  unity,  a  Chapman  viscosity-temperature  rela¬ 
tion,  and  a  constant  coefficient  of  specific  heat  are: 


Momentum  in  the  x-Direction 

puuj^  +  pvuy  =  -pjj,  +  {liUy)y  {  I  ) 

Momentum  in  the  z -Direction 

puw^  +  pvWy  =  (iJLWy)y  (  2  ) 

Energy  Equation 

puHj^  +  pvHy  =  {|iHy)y  (  4  ) 

Continuity 

(pu)jj  +  (pv)y  =0  (  3  ) 


Equations  (I  )  to  (  4  )  can  be  formulated  for  approximate 
solution  by  an  extension  of  the  von  Karman  integral  technique.  That 
is,  Equations  (  I  ),  (  2  ),  and  {  4  )  are  multiplied  by  dy  and  are 
integrated  from  the  wall  to  the  edge  of  the  boundary  layer. 

By  applying  the  continuity  equation  (Equation  (  3  )  )  and  the 
Dorodnitzyn  transformation  which  involves  the  definition  of  the 
normal  coordinate  t  such  that  for  a  given  x 

dt  =  -£-  dy  (45  ) 

Pe 

and  with  the  introduction  of  the  boundary  layer  thickness 
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Equations  (1),  (2),  &  (4)  become 

±  [6^(  u(i-u)dT] 

_  vv 

"pT^t 

Ud-vJdT]  +  [6,j[  u(l-«|dT]^^  A  . 

CHl^elWT)„ 


f!2.+ A  +A* 

dx  pg  dx  y  Ug  dx 

(  7  ) 


±  jej^'  u(i-g)dTj  u(i-g)dTj 


Pe“« 


d^ 


“  P-'i  S. 
e  t 


(gr) 


w 


(  9  ) 


Equations  {  8  )  and  (  9  )  are  identical  in  W  and  g  ,  hence  only 
the  equation  for  g  need  be  considered  and  W  can  be  determined 
from  the  Crocco  relation 


W 


H  -  H 


w 


g-W 

1  ■xxr 

A  ^  VT 


(10 ) 


With  the  introduction  of  the  parameter 
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(47) 
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Equations  {  7  )  and  (  8  )  can  be  rewritten  with  ^  as  the  independent 
variable.  Let 

6. 


A  = 


A*  -  S 

h 


R  = 


and  M  = 


l^e 


Therefore  Equation  (  7  )  becomes 


(^1  ~  ■*■  R  rlr 
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R  dU 
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CrM 


C  ^ARZlpeUg^Sj 


(  20) 
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and  Equation  {  8  )  becomes 


—  (F  A)  =  -F  a(—  +  L  - 

d;  ^  [i  R  ' 


CjjMbi 


CARZ  Ipe'^e^ 


(21) 


and 


A  2  c2 

Pe  ^t 


du. 


z  ~ 


R  A 


2ChP^H.,  dx  . 


/UeJ 


(21a) 


Using  the  profiles  of  Reference  14  for  U  and  g,  the  integrals, 
Fj ,  and  F3  can  be  evaluated,  i.  e. 


^=I‘mi-«)dT  =^-4!,  -  ^ 


315  945  2268 


(13) 

(14) 


F,  =X'  U(l-g)dT  M1-W)(^  ■’’■(im  "  4lro) 


Equations  (  20)  and  (  21)  are  not  in  a  convenient  form  for  numerical 
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ABSTRACT 


This  paper  presents  a  numher  of  physical  concepts 
pertaining  to  the  reaction  of  inviscid  flows  to 
bodies  moving  at  high  speeds.  A  physical  inter¬ 
pretation  is  given  to  the  hypersonic  similarity 
parameter.  The  total  aerodynamic  force  on  a  body 
is  delineated  on  the  basis  of  this  interpretation 
and  upon  a  synthesis  of  the  total  force  in  terms 
of  primary  forces  that  control  the  reaction  of  the 
fluid.  Within  the  framework  of  these  concepts, 
formulas  are  presented  for  the  calculation  of  the 
inviscid  hypersonic  pressures  for  vehicles  com¬ 
posed  of  planar  surfaces. 


DETERMINATION  OF  HYPERSONIC  AERODYIJAMIC  LOADS 
AND  DERIVATIVES  ON  RE-ENTRY  GLIDE  VEHICLES 


INTRODUCTION 


The  prediction  of  the  gas  dynamic  force  and  moment  reactions  on  a 
vehicle  as  it  traverses  the  atmosphere  depends  essentially  on  a 
proper  solution  of  the  system  of  partial  differential  equations  that 
governs  the  disturbance  flow  produced  by  the  moving  vehicle  and  that 
satisfies  the  appropriate  kinematical  conditions  prescribed  along 
the  boundaries  of  the  region  of  disturbance.  Very  few  solutions  are 
available  for  the  aerodynamic  forces  and  moments  acting  on  arbitrary 
bod-'es  moving  in  known  flows.  The  primary  reasons  are: 

1.  Theoretical  models  of  the  dynamics  of  gas  motions 
are  not  always  available. 

2.  Solutions  to  the  differential  equations  governing 
the  body  disturbance  flow  are  difficult  to  determine. 

3.  The  surfaces  and  lines  along  which  initial  conditions 
and  boundary  conditions  must  be  satisfied  are  not 
prescribed  a  priori  or  are  too  complex,  geometrically, 
within  the  framework  of  existing  theoretical 
techniques. 

As  a  result  of  these  basic  difficulties,  various  investigators  have 
devised  theoretical  techniques  that  allow  the  evaluation  of  the 
aerodynamics  of  bodies  of  simple  geometry  such  as  cone  bodies,  two- 
dimensional  flat  plates,  etc..  Ihese  theoretical  approaches  are 
valid  provided  the  similarity  parameters  such  as  Mach  number  and 
Reynolds  number  and  the  surface  attitude  of  the  body  relative  to  the 
free  stream  meet  certain  prescribed  requirements.  Other  available 
approaches  are  more  or  less  engineering  schemes  to  extrapolate  the 
available  theoretical  techniques  so  that  rough  evaluations  of  the 
aerodynamics  of  a  vehicle  can  be  made  for  conditions  of  vehicle 
geometry  and  attitudes  that  are  beyond  the  theoretical  limits  of 
these  quantities  stipulated  in  the  theoretical  techniques. 


In  reference  (l)  a  unified  approach  for  the  reliable  piediction  of 
vehicle  aerodynamics  is  proposed  and  discussed  in  detail.  The 
proposed  approach  is  essentially  an  engineering  procedure  for  the 
prediction  of  vehicle  aerodynamics  that  is  based  upon  a  rational 
interpretation  of  the  vehicle  net  force  and  moment  in  terms  of  the 
behavior  and  magnitude  of  the  components  of  these  q.uantities.  The 
unified  approach  is  composed  of  four  operations.  These  operations 
for  vehicles  moving  at  constant  speed  along  flat  trajectories  are 
as  follows : 

1.  Tearing  -  a  geometric  operation  in  which  the  complete 
configuration  is  decomposed  into  the  most  complex 
element  for  which  aerodynamic  knowledge  is  available. 

2.  Aerodynamic  Synthesis  -  an  algebraic  operation  in  which 
the  net  aerodynamic  force  or  moment  of  each  element 

is  evaluated  by  first  calculating  a  sub-set  of  the 
aerodynamic  quantity  and  secondly  summing  these  sub¬ 
forces  or  sub-moments  into  the  net  aerodynamics  of 
the  element. 

3.  Aex'odynamic  Interference  -  an  algebraic  operation  in 
which  the  contribution  ^o  an  element  of  the  aerodynamic 
influence  or  interference  of  nei^boring  elements  is 
determined . 

4.  Configuration  Synthesis  -  a  geometric  operation  in 
which  the  evaluation  of  the  vehicle  net  force  or  net 
moment  is  a  synthesis  of  the  aerodynamic  quantities 
of  the  elements  and  of  the  incremental  forces  or 
moments  produced  by  aerodynamic  interference. 

The  successive  application  of  these  four  operations  will  result  in 
a  rational  evaluation  of  the  vehicle  aerodynamics.  The  application 
of  this  approach  to  vehicles  performing  time  dependent  maneuvers 
and/or  maneuvers  along  non- flat  trajectories  involves  primarily  an 
appreciable  extension  of  the  tearing  operation  defined  previously 


so  as  to  include  the  tearing  of  "motion-geometry"  spaces.  A  de¬ 
tailed  expose  of  this  generalized  operation  is  currently  under 
preparation  hy  the  author. 

The  primary  purpose  of  the  present  paper  is  to  present  a  few  of 
the  physical  concepts  of  INVISCID  flow  action  and  reaction  that 
provided  a  basis  for  the  analytical  development  of  the  unified  ap¬ 
proach  described  in  reference  1.  We  will  discuss  briefly  the  fol¬ 
lowing  items: 

1.  A  Physical  Interpretation  of  the  Hypersonic 
Similarity  Parameter. 

2.  Symmetric  and  Anti -symmetric  Inviscid  Disturbance 
Forces . 

3.  Relations  for  the  Approximate  Evaluation  of 
Hypersonic  Forces. 


SECTION  I:  A  PHYSICAL  INTERPRETATION  OF  THE 
HYPERSONIC  SBilLARITY  PARAMETER 


We  will  start  the  present  discussion  with  a  description  of  the 
physical  process  that  defines  the  role  of  the  well  known  similarity 
parameter,  M  OC  ,  as  a  parameter  controlling  the  variation  of  aero¬ 
dynamic  quantities  with  Mach  number  and  with  angle  of  attack  or 
with  the  local  slope  of  a  surface,  S  ,  with  respect  to  the  free- 
stream  direction.  If  we  express  Mach  number  as  the  ratio  of  the 
velocity  of  a  moving  point  disturbance  to  the  speed  of  propagation 
of  the  disturbance  wave  caused  by  the  point,  then  it  is  clear  that 
the  parameter  M  OC  becomes 


/ 

V 


For  our  purposes ,  the  moving  point  is  simply  an  infinitesimal  area 
of  a  surface  that  is  moving  in  some  specified  direction.  For 
example,  a  plate  at  some  angle  of  attack,  OC  ,  and  with  forward  velo¬ 
city,  Voo  ,  Will  have  its  lower  surface  moving  at  a  speed,  Vj^,  equal 

to  Vcx)  sinOCQ  in  a  direction  normal  to  the  lower  surface  of  the 
plate.  An  infinitesimal  area  of  this  lower  surface  will  act  as  a 
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disturbance  point  and  transmit  a  disturbance  wave  of  velocity  a]_ 

into  the  surrounding  fluid.  For  small  angles  of  attack  for  which 
the  SinCf.o~  OC  o  the  velocity  of  the  disturbance  point  is 
%  =  VqjCC  and  the  ratio  of  this  quantity  to  the  speed  of  wave 

propagation  is: 


The  similarity  parameter  K  =  MqoOC  can  therefore  be  interpreted, 
under  the  restriction  sinCC  «  CC,  as  the  ratio  of  the  normal  velo¬ 
city  of  a  surface  point  to  the  speed  of  sound  or  speed  of  wave 
propagation  in  the  free  stream  flow.  A  parameter  that  can  be 


simply  related  to  K  is  th^  ratio 


which  can  be  considered 


as  the  "local"  similarity  parameter  and  denoted  by  K]_.  This  para¬ 


meter  is  obviously  related  to  K  in  the  following  way. 


K,  =  K 


a,‘ 


(3) 


When  is  less  than  one  the  magnitude  of  the  normal  velocity  of  a 
surface  point  is  less  than  the  local  speed  of  sound  or  the  local 
speed  of  wave  propagation.  When  is  greater  than  one  the  magnitude 

of  the  normal  velocity  of  a  surface  point  is  greater  than  the  local 
speed  of  sound.  We  now  propose  to  show  that  the  mode  of  disturbance 
pressure  reaction  on  the  moving  surface  depends  upon  the  relative 
magnitude  of  Kq_;  that  is  if  is  less  than  one  or  greater  than  one. 


First,  we  resolve  the  resultant  velocity  V^j,  of  a  segment  of  the 
Gui'l'CiCS  i.n"tc  it-s  riOi*in3.1  vsloci't'''’  cciTi''^onsn't  V-’  8,nd  in'to  i’ts 


velocity  component  Vij,  and  inspect  the  propagation  of  fluid  distur¬ 
bances  produced  by  the  segment  when  moving  only  in  the  direction  of 
Figure  1  is  an  illustration  of  these  items.  When  the  surface 


segment,  assumed  flat  for  simplicity,  moves  normal  to  its  plane,  each 
point  of  the  segment  acts  as  a  source  of  disturbance  and  the  segment 
transmits  disturbances  into  the  flow  that  propagate  at  the  local 
velocity  of  sound.  The  disturbed  fluid  suffers  a  change  in  momentum 
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I.—  COMPONENT  MOTIONS  OF  A 
PLATE  MOVING  WITH  VELOCITY  V^ 


which  in  an  infinitesimal  time  results  in  a  fluid  pressure  reaction 
along  the  segment  surface.  If  is  less  than  the  local  speed  of 

sound,  aj^,  the  elemental  pressure  of  each  disturbance  wave  will  be 

transmitted  to  all  points  of  the  segment.  Stated  differently,  each 
disturbance  produces  a  variable  distribution  of  reaction  pressure 
along  the  plane  of  the  segment.  Now  if  the  segment  in  addition  to 
its  normal  velocity  has  a  velocity  V,p  then  the  magnitude  of  the 

pressure  and  the  distribution  of  pressure  on  the  segment  will  vary 
according  to  the  magnitudes  of  the  velocities  and  V^.  If  the 

resultant  velocity,  Vn  and  becomes  supersonic,  then  the 

disturbance  field  may  be  bounded  by  the  chock  attached  to  the  leading 
edge  of  the  segment  and  by  the  surface  of  the  segment.  The 
elemental  pressure,  however,  transmitted  to  the  segment  as  a  result 
of  a  disturbance  from  a  point  of  the  segment  will  still  "wipe"  the 
region  of  the  segment  aft  of  the  location  of  the  disturbance  source. 
We  can  describe  this  condition  by  labelling  the  segment  subsonic  for 
Ki  <  1. 


Assume  now  that  >  1,  the  segment  moves  normal  to  its  plane 
(V^  =  o)  at  a  speed  greater  than  the  local  speed  of  propagation 

of  disturbances.  Now  the  elemental  disturbances  produced  by  each 
point  of  the  segment  cannot  transmit  pressures  to  all  points  of  the 
segment  (neglecting  edge  effects)  because  the  disturbance  points  or 
sources  are  moving  at  a  velocity  Vjj  relative  to  the  undisturbed  flow 

that  is  greater  in  magnitude  than  the  speed  of  propagation  of  the 
disturbance  produced  by  the  segment.  For  this  case  then  the 
elemental  pressure  reaction  on  the  segment  occurs  only  in  the  local 
neighborhood  of  the  disturbance  source  and  there  is  no  significant 
influence  of  this  elemental  pressure  external  to  the  disturbance 
point.  It  is  appropriate  to  label  the  disturbance  flow  associated 
with  this  mode  of  pressure  reaction,  "impact  flow";  and  the  pressure 
reaction  on  the  segment,  "impact  surface  pressure".  Now  if  we 
superimpose  a  tangential  velocity  Vtji  on  the  segment,  the  mode  of 
pressu>’e  rpaption  on  the  surface  will  not  change  as  long  as 
K]_  >  1.  The  magnitude  of  the  pressure  reaction  to  a  principal 
order  is  also  independent  of  the  axial  velocity.  Thus  the  axial 
velocity  has  an  insignificant  effect  on  the  surface  pressure  when 
K2_  >  1  or  when  the  segment  is  "supersonic"  and  an  important 

effect  on  the  surface  pressure  when  the  segment  is  subsonic 
(K]_  <  l).  For  this  later  case  as  indicated  previously  the 

L, 
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disturbance  produced  bj  the  plate  can  propagate  away  from  the  plate, 
and  the  pressure  reactions  along  the  plate  from  these  disturbances 
depend  upon  the  relative  location  of  the  plate  and  the  elemental 
disturbance  fields  at  any  instant  of  time. 

For  supersonic  speeds  the  relation  between  and  Koo  can  be  ob¬ 
tained  from  the  shock  flow  relations.  Tt  turns  out  that  when 
Kp  =  1,  the  free-stream  parameter  ^s  appi’oximately  5/3*  Figure 

2  has  been  prepared  in  order  to  illustrate  the  salient  features  of 
the  preceding  remarks,  lliis  figure  is  an  illustration  of  the 
variation  of  the  ratio  of  shock  angle  to  angle  of  attack,  O/CC  ,  with 

Vm 

the  local  hypersonic  similarily  parameter,  Kj^  =  .  For  values  of 

K-j^  <<  1  it  is  noted  that  for  a  given  angle  of  attack  the  disturbance 

field  is  large,  that  is  e/oC  >>1.  Tiis  extent  of  the  disturbance 
field  in  this  case  is  primarily  a  function  of  the  speed  of  wave  ;  ro- 
pagation  aj^.  Now  as  we  increase  relative  to  a]_  the  disturbance 

field  becomes  less  dependent  on  a3_  and  for  values  of  VJ^J  >  a-j^,  that 

is  K]_  >  1,  the  extent  of  the  disturbance  field  depends  primarily 

on  the  normal  velocity  of  the  plate,  that  is  ^  is  approximately 

constant  for  >  1.  In  figure  3  show  the  relation  that  must 

exist  between  the  shock  angle  and  the  angle  of  attack  for 

K]l  =  In  to  be  equa]  to  one.  It  is  also  clearly  evident  from  this 
ai 

figure  that  the  relation  K  =  Moo  OC  =  5/3  is  an  excellent  approxi- 
■.ation  to  this  relation  as  we  stated  previously.  We  also  show  in 
figure  3  an  approximate  e::plicit  i'elation  between  0  and  OC  that 
satisfies  che  condition  Kj_  =  1.  This  relation  is  9  =  5/3  OC  . 

Figure  ^  is  an  attempt  to  illustrate  for  a  flat  plate  two-dimensional 
wing  the  statements  made  previously  regarding  the  strong  dependence 
of  the  compression  surface  pressure  on  Vj^,the  normal  velocity  of 
t.  e  plate.  It  is  noted  from  this  figure  that  for  .'alues  of  Kp  >  1 

the  surface  pressure  Ft  for  any  SDecified  frec-s 1: eau.  Mach  number, 

2 

M  CD  ,  varies  directly  as  .  This  quadratic  relationship  between 
the  surface  pressure  and  is  a  necessary  relationship  for  the 

generation  of  im.pact  pressures  and  forces  as  we  shall  show  subse¬ 
quently. 
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SPEED  OF  SOUND 
BEHIND  SHOCK 


ANbLt  OF  ATTACK,  Ct,  DEG. 


E  RELATION  BETWEEN  6  AND 
■ISFIES  THE  CONDITION  K,=  l 


SECTION  II:  SYMMETRIC  AND  ANTI-SYMMETRIC 
INVISCID  DISTURBANCE  FORCES 


The  purpose  of  this  section  is  to  present  a  few  thou^ts  involving 
symmetric  and  non-symmetric  flows  and  forces  that  will  reflect  the 
significance  of  the  interpretations  of  the  hypersonic  similarity 
parameter  described  in  Section  I.  In  the  ensuing  discussion  we 
shall  consider  only  elements  with  three  orthogonal  planes  of 
symmetry.  Figure  5  is  an  illust^-ation  of  such  an  element  and  the 
orthogonal  planes  of  symmetry.  In  the  subsequent  discussion  we  will 
call  the  plane  of  symmetry  AON  the  "vertical"  plane.  In  a  similar 
way  the  planes  of  symmetry  NOY  and  AOY  will  be  called  the  "cross- 
flow"  plane  and  "chord"  plane  respectively.  We  make  the  further 
assumption  that  the  velocity  of  motion  of  the  element,  Vgj,  ,  is  in  the 
vertical  plane  of  symmetry  and  the  vector  in  this  plane  that  defines 
the  velocity  makes  an  angle  oC  with  the  A  axis  (see  figure  5)*  The 
components  of  Ygg  along  the  A-axis  anl  N-axis  will  be  denoted  by 
and  V|^  respectively.  For  convenience  in  what  follows  the 
direction  of  the  A-axis  will  be  called  the  axial  direction  and  the 
velocities  and  forces  in  this  direction  the  axial  velocity  and  axial 
force  respectively.  In  the  same  way  for  the  N-axis  we  will  use  the 
connotations  normal  direction,  normal  velocity  and  normal  force. 

With  the  acceptance  of  the  aforestated  def i ni tions  we  define  a 
symmetrical  force  as : 

The  force  in  a  plane  of  symmetry  of  the  element  as  it 
moves  in  the  directio’  of  the  axis  of  symmetry  of  that 
pi’  ,ne. 


It  is  clear  that  in  this  case,  the  element  produces  a  disturbance 
flow  that  is  symmetrical  with  respect  to  the  direction  of  motion. 
Figure  6  is  an  illustration  of  two  symmetrical  flows  corresponding 
to  movements  in  the  axial  direction  and  in  the  normal  direction. 

We  postulate  that  symmetrical  forces  are  proportional  to  the  sq.uare 
of  the  velocity  of  motion  of  the  element, that  is, 

=  P;,  vf  ,  1  =  A,  N  (4) 

where 

F^  is  a  function  of  Mach  number,  Reynolds  number 
and  element  geometry. 
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Superscript  "s"  denotes  symmetrical  force.  For  zero  angle  of  attack 
of  the  element  the  appropriate  symmetrical  force  is  an  axial  force. 
For  the  element  at90  degrees  angle  of  attack,  the  symmetrical  force 
is  the  normal  force.  If  we  accept  the  possibility  of  the  existence 
of  symmetrical  forces  when  the  element  is  at  some  non- zero  angle  of 
attack^,  then  these  forces  can  be  expressed  in  terms  of  OC  as  follows ; 


A®  =  A|  Vf  =  A|  vJ  cos^a 

(5) 

N®=  N|Vn  =  No®visia^oc 

(6) 

The  series  expansion  of  these  expressions  in  terms  of  CC  in  the 
neighborhood  of  OC  =  0  yields 

A®  =  a|  Va  [  I  -  OC  2  4  */3  CC  ^  -  2/45  OC®  +  •  •  •  ]  (T ) 

and 

N®=No  Vrtf  [  *'^3  oc'^4  %5  OC^  -  •  •  •  ]  (8) 

Substituting  Vj^/Vqo  in  these  expressions  for  CC ,  as  a  valid  approxi¬ 
mation,  in  the  neighborhood  of  OC  =  0  and  multiplying  the  terms  in 
the  brackets  by  we  obtain 

A®=  A  ®  [  I  -  { 1  -  '^3  CC  2  +  %5  0C“*  -  •  •  •  )  ]  (9) 

N®=  No®[  V^^-(  '/3  a^-  %5  +  *  *  •  )  ]  (10) 

The  collection  of  terms  of  the  right  hand  side  of  equations  (9 )  and 
(10 )  respectively  may  be  considered  as  sets  of  sub-forces  that 
represent  the  contributions  of  the  axial  and  symmetrical  forces  to 
the  total  aerodynamic  force  on  the  element  when  it  is  moving  at  some 
non-zero  angle  of  attack.  If  any  of  the  axial  or  normal  sub-forces 
have  the  same  functional  form  in  the  velocities  or  Vj^  as  the 

primary  axial  or  primary  normal  force  then  the  contribution  of  that 
symmetrical  sub-force  is  invariant  with  angle  of  attack.  To  il¬ 
lustrate  this  latter  point  more  clearly  we  write  equations  (9)  and 
(10)  in  the  following  form: 


(11) 


A^=  Ao  -  Ao 

N^=  No^Vn  -  N|  qc^  ^g(cc)  Vjf 


where 


Fg  (oc)  =  ( '/a2  _  I/3  4.  2/^5  0-2  -  ■  •  ■  ) 
Sgloc^)  =  (  '/3  -  ^45  cc2  +  •  •  •  ) 


It  is  clear  from  equation  (12)  that  the  normal  suh-force. 
that  exists  when  0°  <  oC  <  90°  is  the  same  function  of  as  the 

primary  normal  force  that  exists  at  OC  =  90°.  Stated  more  de¬ 
scriptively,  the  above  results  imply  that  pure  symmetrical  forces 

such  as  can  exist  when  the  velocity  of  motion  of  the  element 

is  not  parallel  to  an  axis  of  symmetry  of  the  element.  Before  pro¬ 
ceeding  with  a  discussion  of  the  sub-forces  of  equations  (ll )  and 
(12)  that  depend  on  angle  of  attack,  CC  , in  addition  to  the  normal 
velocity;  we  must  discuss  the  concept  of  anti -symmetric  forces. 


For  motion  in  the  axial  direction  the  sjTtimetrical  force  is  a 
function  of  V^.  If  the  thickness  of  the  element  is  assumed  to  be 


zero,  that  is,  the  element  is  contained  in  the  chord  plane  of 
symmetry  then,  of  course,  the  axial  force  is  zero.  If  however,  in 
addition  to  the  axial  velocity,  V^,  a  small  normal  velocity^ 

Vjj 


Vm  ( 


N  ''V 


A 


0)jis  given  to  the  planar  element  a  force  is  experienced 


by  the  element  in  a  direction  that  is  normal  to  its  chord  plane  if 
we  exclude  possible  edge  forces.  This  force  is  a  function  of  the 
product  of  the  axial  velocity  and  normal  velocity,  (or 


and  is  appropriately  named  an  anti -symmetric  force  because  of  the 
change  only  in  the  direction  cf  the  force  with  a  change  in  the 
direction  of  the  noi  iial  velocity,  Vj^. 


An  excellent  example  of  an  aerodynamic  antisymmetric  force  is  the 
inviscid  "aerodynamic  lift"  on  thin  surfaces  based  upon  the  Cir¬ 
culation  theory  of  lift  (reference  2).  All  linear  theories  for  the 
prediction  of  an  anti -symmetric  force  such  as  a  normal  force  acting 


I 


on  a  thin  plate  are  based  upon  the  assumption  that  the  aerodynamic 
force  on  the  plate  is  directly  proportional  to  the  first  order  pro¬ 
duct  of  the  velocities  Vjj  or  Vqo  For  example  the  theoretical 

normal  force  acting  on  a  two-dimensional  wing  of  zero  thickness  that 
is  moving  at  supersonic  speeds  is  given  by  the  following  expression 
(reference  3)  provided  the  angle  of  attack  of  the  wing  is  small 


2  Poa  C 


OL 


(13) 


The  angle  of  attack  cC  is  properly  approximated  by  ^  for  values  of 

Voo 

OC  in  the  nei^borhood  of  zero  and  we,  therefore,  can  express  the 
normal  force  as 


N 


2  ^co  C 

•]»%- 1 


Voo 


(14) 


For  planar  elements  a  general  anui- symmetric  relationship  between 
the  normal  force  and  the  angle  of  attack  is  provided  by  the  sine 
relation,  that  is 

N®=NeVisiacc  (15) 


where  Sin  oC 


% 

=  ^  and  N-  is  a  parameter  independent  of  CC 

Voo 


A  proper 


set  of  sub-forces  of  this  primary  force  is  given  by  the  terms  of  the 
series  expansion  of  sinOC 


=  n/  Vj  [  OC  -  '/3j  OC^  +  l/jj.  OC®  -  .  .  .  j 

or 

/  =  [VnV„-  '/g  OC  +  '/,20  CC.5  Vn  -  .  .  •  ]  (16) 

\  VnV«,-  a  ^^(cc)  (17) 

where 


=  (  Vg  -  '/|20 


! 


L. . , 


«  ♦ 


) 


(18) 


Eq.uation  (l8)  reveals  two  types  of  sut-forces  associated  with  the 
prescribed  SinCC  variation  of  the  primary  normal  force  with  angle  of 

attack.  The  sub-force  r^v  kVco  which  retains  the  functional  form  of 
the  primary  force  and  the  set  of  sub-forces  composed  of  the  terms  of 
the  expression  OCg^( OC  )  These  latter  sub-forces  are  propor¬ 

tional  to  as  are  the  symmetrical  normal  sub- force  (see  en nation 

(12));  however,  they  are  anti-symmetrical  because  of  the  linear 
dependence  of  these  forces  on  angle  of  attacK  (see  equation  (I8)). 

It  was  stated  in  our  discussion  of  symmetrical  normal  forces  that  it 
was  necessary  to  discuss  anti-symmetric  forces  before  we  could  ade¬ 
quately  discuss  the  symmetrical  normal  sub-forces  that  depend  on 
angle  of  attack.  We  will  now  discuss  these  forces  as  well  as  the 
QC -dependent  anti-symmetrical  sub-forces.  First  it  is  necessary  to 
emphasize  that  the  underlying  assumption  of  the  previous  and  subse¬ 
quent  discussion  is  that  the  aerodynamic  forces  acting  on  bodies  or 
elements  moving  through  an  inviscid  fluid  or  gas  are  of  two  basic 
types.'  forces  that  depend  on  the  square  of  the  velocity  of  motion 
when  it  is  parallel  to  an  axis  of  symmetry  of  the  body,  and  forces 
that  depend  upon  the  product  of  the  components  of  the  velocity  of 
motion  when  the  velocity  is  not  parallel  to  an  axis  of  symmetry 
of  the  body,  Ihe  former  force  has  been  labelled  a  symmetric  force 
and  the  latter  an  anti -symmetric  force.  In  an  attempt  to  establish 
the  relative  invariance  of  each  of  these  force  fields  when  acting 
simultaneously  and  in  order  to  also  establish  the  degree  of  de¬ 
pendence  of  these  forces  during  their  simultaneous  action,  sets  of 
sub-forces  of  the  primary  forces  were  established  and  these  sub¬ 
forces  were  examined  in  order  to  assess  the  degree  of  dependency 
between  the  prim.ary  types  of  forces.  It  turns  out  that  both  the 

sjTnmetrical  normal  force,  N^,  and  the  anti- symmetric  normal  force, 

N^,  have  sub- forces  that  are  invariant  with  angle  of  attack  and  in 
addition  each  of  these  primary  forces  have  sub- forces  whose 
analytical  form  varies  with  angle  of  attack.  For  the  symmetrical 
normal  force  these  OC-coupled  sub-forces  are  from  equation  (12) 
charac Iciized  by  „ 

^  Vn  (19) 

The  corresponding  anti -symmetrical  sub-forces  obtained  from 
equation  (I8)  are  given  by  expressions  of  the  type 

(20) 
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The  g- functions  of  these  expressions  are  always  positive.  The  total 
set  of  these  sub-forces  represents  the  contribution  of  interaction 
effects  between  the  symmetric  and  anti-symmetric  forces  to  the  net 
force  acting  on  a  body.  The  similar  dependence  of  these  sub-forces 

on  reflects  the  strong  influence  of  the  cross-flow  velocity  Vjj  on 
these  interaction  forces. 

We  are  now  in  a  position  to  express  the  net  primary  forces  on  an 
element  in  terms  of  symmetric  and  anti-symmetric  sub-forces.  We 
shall  illustrate  this  operation  for  the  normal  force  only.  Ihe  net 
normal  force  is  expressed  as  follows: 


N=  +  N® 

or 

N=nS  VhV«,  +  nSvS  +N*  a 


(21) 


'i 


where 


^oc  ^  ^  are  parameters  independent  of  CC  and  are 
not  necessarily  equal  to  Kp  or  N^. 

The  first  two  terms  of  the  right  hand  side  of  eq.uation  (21)  represent 
the  contributions  of  the  sub-forces  that  are  invariant  with  angle  of 
attack.  The  last  two  terms  are  the  oC -coupled  sub-forces  discussed 
above.  Ihe  full  significance  of  this  equation  can  be  described  more 
clearly  by  an  illustrative  application  of  this  result  to  a  two- 
dimensional  flat  plate  moving  at  a  hypersonic  Mach  number  such  that 

^2  -1  PS  ^  lower  surface  of  the  plate  will  be  denoted  by 

the  subscript  "  and  the  upper  surface  by  the  subscript  "u".  In 
terms  of  the  lower  and  upper  surface  sub- forces,  the  no:  al  aero¬ 
dynamic  force  acting  on  the  plate  can  be  expressed  as 


N=(an)^V„V„+(AN)' vfj+(AN)®a:%g(a^)V^+(AN)“  CC  gj(cl‘')vJ  (22) 


2\.,2 


where 


(ANf„=(<},-(N;V,(AN);=(N;),X)a-  ••• 


A  /..Ax 


.t 
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Within  the  limitations  of  hypersonic  small  disturbance  theory 
(reference  k  )  the  lower  and  upper  surface  forces  can  be 
accurately  approximated  by  the  following  series  expansions  presented 
in  Table  I. 

TABLE  I 


Njl  -  ^LOWER-^oo 


=  Nr 


'/2y°co 


N 


a 


-Pa 


r,  '^UPPER-''^®  _  \/2 

'/2P„  fu 


K  =  MooOC<5/3 

+  1.20  Vn 

K  >  % 

Nj2  =  2.4  g, 

oc 


K  =  MooOC  <  5 


Na=-j|^V„Vo,-ctg*(oc2)VN^ 

+  l.20VN^  +  oc2g^f(a2)VN 

K  >  5 

Nll=  0 


WHERE ! 


=  c  =  chord  of  plate ,  Ji  =  l.4 

O-oo 


g/  (  oc2  )  0.36  Moo- 0.032  Mo^oc^  +0.006  Mioc'^ - 

g^^A  (  a2)  =  0.40  Mco  +  0.0096  mJ  cc2  +0.000018  Mc|a'»+ •  •  • 


g  s  (  a2)  =  0  08  mJ  +  0.00064  M„^  cc^  i- 


g/(a*^)=  5/3-1.158  .^  +  1.608  ^ 


» 


The  functional  forms  of  the  normal  sub-forces  (or  sub-pressures) 
exhibited  in  Table  I  are  in  complete  agreement  with  the  corresponding 
sub-forces  of  equations  (21)  and  (22)  derived  from  the  general  con¬ 
siderations  of  symmetric  and  anti -symmetric  forces  discussed  pre¬ 
viously.  The  pure  anti -symmetric  and  symmetric  sub-forces,  that  is 

the  it  V„  V_^and  /  V?.  terms  are  clearly  in  evidence.  The  terms 
o  N  oo  o  N 

representing  the  CC -coupled  sub-forces  with  their  direct  dependence 
on  the  square  of  the  cross-flo\  velocity  are  in  accord  with  our 

general  results.  Note  also  from  the  tabulated  sub-forces  of  Table  I 
that  the  algebraic  sum  of  the  lower  and  upper  surface  coefficients 

4 

of  the  pure  anti -symmetric  force  is  finite  and  equal  to  — — ;  whereas, 

M  oo 

the  sum  of  the  lower  and  upper  surface  coefficients  for  the  pure 
symmetric  sub-force  is  zero.  The  relations  are  easily  established 
from  the  well  known  properties  of  the  behaviors  of  symmetric  and 
anti-symmetric  functions  plus  the  requirement  that  the  resultant 
normal  force  acting  on  the  plate  must  change  sign  with  as  Vj^ 

approaches  zero  throu^  a  positive  and  negative  range  of  values.  The 
implications  of  this  result  on  the  development  of  approximate  for¬ 
mulas  for  the  calculation  of  hypersonic  "pressure"  forces  will  be 
discussed  in  a  later  section. 

There  are  a  number  of  significant  facts  pertaining  to  the  mechanism 
of  aerodynamic  force  reaction  on  bodies  moving  at  high  speeds  that 
can  be  learned  from  the  preceding  table.  Pirst—it  is  clear  from  the 
tabulated  expressions  for  the  upper  surface  or  "expansion  surface" 
sub-forces  that  the  total  normal  force  of  the  upper  surface  can  be¬ 
come  zero  when  the  symmetrical  sub-forces  are  equal  in  magnitude  to 
the  anti -symmetrical  sub-forces.  That  is  when 

"1;,  V;,  Voo  +  oc  gi(oc^)VN  =  1.20  Vn  +a%u(«^)VN  (23) 

The  onset  of  uhis  null  expansion  force  occurs  when  K  =  MooOC=  5  foi* 
y  =  1.4.  Tne  second  point  to  oe  made  deals  with  the  magnlLude  of  Ihe 
sub-forces  acting  on  the  lower  surface  of  the  two-dimensional  wing. 
For  values  of  K  less  than  5/3  the  compression  sub-forces  are  pre¬ 
dominantly  anti-symmetrical.  For  values  of  K  >  5/3;  'the  compression 
sub-forces  are  of  the  symmetric  type.  The  transition  from  anti¬ 
symmetric  forces  to  symmetrical  forces  at  K  =  5/3  is  important  to 
note.  This  value  of  K  is  to  an  excellent  approximation  the  ratio  of 
the  normal  velocity  of  the  wing  to  the  velocity  of  sound  behind 


the  shock  eq.ual  to  one  (Kj^  =  l)  as  we  stated  in  Section  I.  It  is 

clear  therefore  that  transition  from  anti -symmetric  forces  to  sym¬ 
metric  forces  occurs  when  the  Mach  number  normal  to  the  compression 
surface  changes  from  a  subsonic  value  (K]^  <  l)  to  a  supersonic  value 
(Kj^  >  l).  Note  also  from  Table  I  that  the  expression  for  the  com¬ 

pression  sub- force  for  K  >  5/3  Is  a  function  of  an  angle  cc  *  = 

8.00 

and  not  a  function  of  the  angle  of  attack  of  the  plate.  This  result 
Is  further  evidence  of  the  validi^y  of  the  statement  made  in  Section 
I  concerning  the  independency  of  compression  force  and  angle  of 
attack  when  K  >  5/3 • 

For  values  of  K  greater  than  5  it  is  noted  from  the  expressions  for 
the  compression  sub-forces  that  the  oC  *-coupled  symmetrical  sub-force 
is  approximately  zero  and  the  pure  symmetrical  sub-force  remains 

finite  and  equal  to  2.i»  v|j  .  Tiiis  value  of  K  therefore  represents  a 

good  approximation  to  the  onset  of  discontinuous  flow  over  the  plate 
since  for  K  >  5  the  upper  surface  normal  force  is  zero.  For  T  =  1 
instead  of  1.4  the  compression  force  for  values  of  K  >  5  is  approxi¬ 
mately  2V^  the  well  known  classical  Newtonian  relation  for  normal 
force.  Figure  7  is  an  attempt  to  'llustrate  the  mechanism  of  the 
sub-force  actions  discussed  above  as  the  angle  of  attack  is  increased 
from  a  small  value  <  5/3)  to  a  large  value  (Moo >5)* 

There  is  one  additional  point  we  wish  to  make  concerning  the  in¬ 
creased  magnitude  of  the  compression  surface  symmetrical  sub-force 
when  the  value  of  K  increases  and  becomes  greater  than  5/3*  From 
Table  I  we  note  that  this  sub- force  is  1.2V|^  for  K  <  5/3  and 

2.kY-^  for  K  5/3«  If  we  approximate  the  lower  surface  flow  by  the 

flow  of  a  distribution  of  sources  that  aerodynamically  simulates  the 
lower  surface  of  the  plate  then  the  doubling  of  the  magnitude  of  the 
symmetrical  force  can  be  considered  as  the  result  of  doubling  the 
strength  of  the  source  distribution  in  order  to  eliminate  the  flux 
through  the  forward  cones  of  these  disturbances  when  the  Mach  number 
normal  to  the  plate  is  greater  than  one. 

We  conclude  this  section  by  referring  the  reader  to  a  graphical 
representation  of  the  "M„  ^  "  domains  that  is  presented  in  figure  8. 
The  relationship  and  relative  extent  of  the  domain  within  which  a 
particular  sub-force  or  sub-pressure  is  predominant  is  clearly  evi¬ 
dent  from  this  figure. 
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FIGURE  7.  -  VARIATION  OF  THE  DISTRIBUTION  OF 
SUB-FORCES  WITH  THE  PARAMETER  M^a 
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FIGURE  8.--  Moo  a  DOMAINS  FOR  THE  COMPRESSION  SUB-FORCES 

OF  TWO  -  DIMENSIONAL  PLATES 


b^CTION  III:  RELATIONS  FOR  THE  APPROXIMTE 
EVALUATION  OF  HYPERSONIC  FORCES 


The  foregoing  concepts  will  now  be  used  as  s  basis  for  the  develop¬ 
ment  of  approximate  analytical  expressions  for  the  calculation  of 
the  aerodynamics  of  component  elements.  liie  following  discussion  is 
a  description  of  the  development  of  these  expressions.  In  a  later 
section  these  e>:presslons  are  used  to  evaluate  the  aerodynamic 
characteristics  of  a  number  of  re-entry  configurations. 

The  starting  point  of  the  analytical  development  is  the  expressions 
for  Ihe  pressure  coefficients  tabulated  in  Table  1.  It  is  clear  that 
althou^  the  tabulated  expressions  have  been  derived  for  the  upper 
(expansion)  and  lower  (compression)  surfaces  of  a  sharp  edge  two 
dimensional  plate,  they  are  also  equally  8.pplicable  to  the  expansion 
surface  and  compression  surface  of  sharp  leading  edge  planar  ele¬ 
ments,  provided  there  is  no  communication  of  flow  b-tween  the  ex¬ 
pansion  and  compression  surfaces  of  the  element.  For  convenience 
the  expressions  for  pressure  coefficients  listed  in  Table  1  are  re¬ 
peated  here  and  recast  in  a  form  more  suitable  for  analytical 
interpretation. 


Kj  =  <  V3  AND  8^  <  5 


%  =  — +1.20+0.36  K, -0.0323  k!  +  0.0006  (21,) 

Oi  Kj) 

-I2  =  -  +  1.20-0.40  K^^+0.08  -0.0096  kJ 

(PR) 

+0.00064  -0.0000  K® 


665 


5/3  <  <  5  AND  <  5 


Sj  3  Kj 


1.158  .  1.608  . 

- 3 —  +  — + 


K 


Kl 


(26) 


.a 


=  RIGHT  HAND  SIDE  OF  EQUATION (25) 

S: 


'a 


K,  >  5  AND  >  5 


=  RIGHT  HAND  SIDE  OF  EQUATION  (26) 


u 


u 


=  0 


(27) 


where ; 

Subscripts  "1"  and  "u"  denote  the  lower  surface  and  upper 
surface  of  planar  element  respectively. 

K  is  the  hypersonic  similarity  parameter. 

O  is  the  angle  of  a-ctack  of  a  differential  element  of 
the  planar  surface. 

Equations  (24)  to  (27)  exhibit  the  strong  functional  dependence  of 
Cp/§  2  on  the  similarity  parameter  K  =  Moo  S  »  Note  also  the  alge¬ 
braic  equivalence  of  the  sub-forces  of  the  upper  and  lower  sur¬ 
face  for  Kj^  <  5/3  that  is  for  a  Mach  number  normal  to  the  compression 
surface  that  is  less  than  one  and  the  increase  in  the  magnitude  of 
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the  coefficient  of  S  ^  ,  from  1.2  to  2.4,  when  Kjj  >  5/3  that  is 

when  the  Mach  number  normal  to  the  compression  surface  is  greater 
than  one.  It  is  clear  therefore  that  any  proposed  modification  of 
the  expressions  (24)  to  (27)  for  the  pressure  coefficients  of  planar 
elements  must  incorporate  the  change  in  the  magnitude  of  the  com¬ 
pression  sub-force  as  we  proceed  from  Kj  <  5/3  to  >  5/3  and 
must  accept  the  full  eq^uivalence  of  the  coe-^ficients  of  the  expansion 
and  of  the  compression  sub-pressures  for  Kjj^  <  5/3*  Of  course 

any  changes  to  the  coefficients  of  the  S  ^  sub-pressures  must  reflect 
in  appropriate  changes  to  the  other  terms  of  the  preceding  expres¬ 
sions  that  represent  the  subset  of  hi^er  order  sub-pressures. 

Tiiere  is  one  additional  important  point  we  wish  to  make.  The 
partitioning  of  the  compression  and  expansion  sub-pressures  into 
domains  of  K  discussed  previously  allows  direct  understandable  ap¬ 
proximations  to  be  made  to  the  preceding  expressions  for  the  pressure 
coefficients  since  the  predominant  sub-pressure  terms  in  each  domain 
of  K  are  clearly  evident. 

We  are  now  in  a  position  to  present  analytical  approximations  to  the 
pressure  coefficients  for  the  compression  surface  and  expansion  sur¬ 
face  of  planar  surfaces.  The  following  assumptions  will  be  made 
based  upon  the  preceding  discussion. 

For  K£  <  5/3;  terms  of  order  K  and  hi^er  will  be  approxi¬ 
mated  by  a  constant,  h*,  in  the  expression  (24)  for  compression 
pressures. 

For  Kjl  >  5/3;  terms  of  negative  powers  greater  than  2  will  be 
neglected  in  the  expression  (25)  for  compression  pressure. 

This  corresponds  to  a  second  order  variation  in  angle  of  attack. 

In  the  expression  (26)  for  the  expansion  pressures  tenns  of 
order  K^  and  hi^er  will  be  approximated  by  a  constiant,  h^. 

The  coefficient  of  a2  of  the  S  ^  sub-pressure  terms  of  the 
compression  pressure  coefficient  and  cApansion  pressure  coef¬ 
ficient  will  be  replaced  by  an  arbitrary  parameter,  ^  q. 

The  constants  ho  and  h^  that  replace  the  K  terra  and  hi^er  order 
terms  in  the  expressions  for  the  compression  and  for  expansion 
pressure  coefficients  are  determined  by  the  value  assigned  to 
^o  physical  boundary  conditions  of  the  aerodynamic 

field  of  the  planar  surface. 


Based  upon  these  assumptions  the  following  approximate  expressions 
for  the  pressure  coefficients  of  eq^uations  (24)  to  (27)  are  readily 
obtained. 


*<£  <  ^^^3  ,  <  5 


Cp 


.u 


Ko 


+  C 


(28) 


(29) 


5/3  <  <  5 


2C„  + 


SI  ■  '  3k! 


(30) 


3  2 


RIGHT  HAND  SIDE  OF  EQUATION  (29) 


5/3<  Kj  ,  >  5 


SI 


RIGHT  HAND  SIDE  OF  EQUATION  (3O) 


=  0 


'a 


( ) 


The  specific  applicability  of  equations  (28)  to  (3I)  depends  upon  a 
knowledge  of  ^  ^  and  of  course  the  evaluation  of  the  constants 
h^  and  h’^. 
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First  let  us  determine  hi  as  a  function  of  C-  by  considering  the 
p  p 

behavior  of  /  &  in  the  nei^borhood  of  Ki  =  5/3*  From  equation 
(28)  we  have  ^ 


In  a  similar  manner  the  value  of  h”  in  terms  of  ^  q  is  determined  by 
the  condition  that  C^/  =  0  for  K^  >  5  (see  eq_uation  (3l))» 

=  -H  +  Co  +5  =  0.  K^=5 

Solving  this  eq.uation  for  h^  yields: 

^^0  =  ~(Co-  %)  (35) 

The  parameter  must  now  be  determined.  A  glance  at  ec^uation  (30) 
reveals  that  2  is  approximately  the  compression  pressure  coef¬ 
ficient  for  large  values  of  Kjj  (say  Kjj  >5)*  In  the  present  study 
we  will  accept  the  relation 

2  Co«  Cp  (36) 

^STAG. 
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which  is  in  accord  with  the  proposal  of  Lees  that  for  K^— *■00 

the  surface  pressure  coefficient  is  approximated  to  a  satisfactory 
degree  by  the  stagnation  pressure  coefficient  at  a  particular  Mach 
number.  A  reasonable  engineering  approximation  to  the  actual  values 

of  for  Mach  numbers  greater  than  2.0  is 

^stag. 

Cp  «  1.80  ,  >  2.0 

STAG. 

We  will  use  this  value  of  Cp  as  a  good  approximation  to  2'^q, 

■^s  tag . 

that  is,  ^  Q  =  0.90.  We  wish  to  emphasize,  however,  that  the  pre¬ 
ceding  formulation  of  ex-pressions  for  the  evaluation  of  pressure 
coefficients  provides  for  a  reasonable  degree  of  flexibility  in  the 
choice  of  values  for  ^  q  within  practical  limits.  The  fact  that  the 
value  of  Q  contributes  to  the  magnitude  of  the  coefficients  of  the 

important  compression  and  expansion  5  ^  sub-pressures  at  small  as 
well  as  at  large  angles  of  attack  assures  the  proper  distribution  of 
the  effect  of  ^  q  on  the  total  surface  pressures  for  a  large  range 
of  the  similarity  parameter  K  =  Moo  CC.  With  the  assumption  that 
2<jo  =  1.80,  the  following  numerical  values  of  h^  and  h*^  are 
established. 

hi  I-)  =0.30  (37) 

and 

h^=  -  -|-)=-0.50  (38) 

0 

Note  that  the  coefficient  hg  properly  reflects  the  entropy  change 
through  the  attached  shock  by  having  a  value  that  is  less  in  magni¬ 
tude  than  ho,  the  coefficient  that  approximates  the  effects  of  the 
hi^er  order  terms  on  the  isentropic  expansion  pressure  coefficient. 

Now  if  in  the  ec^uations  (28)  to  (30)  for  the  pressure  coefficients 
we  set  ^0  =  0.90  and  substitute  the  numerical  values  for  h^  and  h*^ 
from  actuations  (37)  and  (38)  we  obtain  the  following  approximate 
expressions  for  the  pressure  coefficients  for  the  compression  and 
expansion  surfaces  of  a  planar  element. 


670 


K/S  KuS  5 

i 

+  0.90  +  0.30 

of  Kj 

(39) 

-?r  »-  -§-  +  0.90  -  0.50 

Oa 

(40) 

%  ^  ,  Ki,  <  5 

§2  “  '-80  +3^1 

(41) 

qU- 

-  RIGHT  HAND  SIDE  OF  EQUATION  (40) 

Ka>  5 

C  ^ 

=  RIGHT  HAND  SIDE  OF  EQUATION  (41) 

Cp 

sa  ■° 

(42) 

mu  <■«  ^ « rmr%  4«»"%  /)iO\  "tv*  fs.  vM«^  "^O 

j.liC  CAUl  \  V  ^  v/iiW  \./^xuiu(>  v/U  X  uxvi/lio  x\jl. 

calculation  of  the  compression  and  expansion  pressure  coefficients 
that  are  applied  in  a  subsequent  section  to  the  calculation  of  the 
aerodynamics  of  a  number  of  I’e-entry  vehicles.  We  wish  to  emphasize 
that  althou^  equations  (39)  and  (40)  retain  only  terms  to  the 
second  order  in  the  second  order  terms  O.3O  and  -  O.5O  8  ^ 

do  reflect  the  approximate  contributions  of  S  3  terms  and  hi^er 

order  terms  to  the  pressure  coefficients.  To  illustrate  this  point 
consider  again  eqLuations  (39)  (*+0)  for  'the  lower  and  upper  sur¬ 
face  pressure  coefficients  for  the  conditions  5/3  and  5* 

In  these  equations  the  numerical  coefficient  O.9O  represents  the 
value  chosen  for  ^  q,  the  parametric  coefficient  of  <S  ^  sub¬ 
pressures.  It  is  clear  that  these  sub-pressures  do  not  contribute 
to  tVie  normal  force  for  the  range  of  K  under  consideration  in  ac¬ 
cordance  with  our  previous  remarks  regarding  the  req,uired  null  con¬ 
tribution  of  these  sub-pressures  to  the  "lifting"  pressure.  Now 
consider  the  numerical  coefficients  O.3O  and  -O.5O.  These  coef¬ 
ficients  are  the  values  of  h^  and  h^  respectively.  Now  the  second 

order  terms  formed  from  these  constants  (that  is  O.3O  S  and 
-O.5O  S  are  approximations  of  the  contributions  of  the  <S  ^ 

terms  to  the  pressure  coefficients  and  ^  contribute  to  the  "lifting 
pressure  as  required. 

For  example,  if  equations  (39)  and  (kO)  are  applied  to  a  flat  plate 
(Sj^=  Su=^^^^  =Ku  =  K)  the  following  result  for  lifting 
pressure  is  obtained. 


LIFTING 


p/  pa 

-  P  - 


Moo  CC  <  S/3 

4//-^ —  oc  +  0.8  oc‘ 


The  term  0.8  OC  ^  is  the  quadratic  approximation  to  the  contribution 
of  the  ^  ^  terms  +  higher  order  terms  to  the  lifting  pressure.  It 
is  not  the  contribution  of  the  symmetrical  CC  ^  sub-pressure  to  the 
lifting  pressure.  Biis  contribution  is  zero  as  previously  stated 

for  -c  5/3. 

It  is  possible  to  extend  the  order  of  approximation  of  the  preceding 
equations  (39)  "to  (40)  so  as  to  include  §  3  terms.  If  this  ex¬ 
tension  is  made  the  following  expressions  are  obtained,  expressed  in 
terms  of  ^o* 


K.S  %,  K^<  5 


(1(4) 


A  simple  analysis  reveals  that  the  maximum  value  of  q  permissible 

in  these  eq.uations,  that  is  compatible  with  the  assumptions  and 
approximations  made  in  the  development  of  equations  (28)  to  (31)  is 
the  value  ^  =  O.8O.  Larger  values  of  ^  such  as  ^  =  0.90 

results  in  the  introduction  of  an  artificial  positive  pressure  along 
the  "expansion"  surface  for  values  of  between  4.0  and  5*0*  Tbis 

pressure  however  is  extremely  small,  O  and  is  a  negligible 


contribution  to  the  net  pressures  acting  on  the  surface.  There  is 
one  additional  point  we  wish  to  make  concerning  the  third  order  ap¬ 
proximations  of  equations  (43)  and  (44).  If  we  accept  the  previously 
stated  assumption  that  forces  of  the  magnitude  of  Cp  to  approach  zero 

as  Ky — 5j  as  it  should  from  the  exact  variation  of  isentropic  Cp 

with  K^,  then  the  ma.gnitude  of  the  coefficient  of  (that  is  h^)  in 

the  approximate  expression  (44)  for  Cp  is  smaller  than  the  magnitude 

of  the  corresponding  coefficient  h^  of  K/  in  expression  (43)  for 
d  u  r 

C^.  This  result,  that  is  hg  hQ  ^  implies  that  the  entropy 

change  across  the  attached  lea(3ing  edge  shock  increases  the  magnitude 
of  the  contribution  of  the  <S  ^  term  to  C^  relative  to  the  corres¬ 
ponding  isentropic  contribution  of  the  S  u  ^p*  result  is 

contrary  to  the  result  of  precise  shock-expansion  analysis  which 
reveals  that  the  entropy  change  throu^  the  shock  produces  a  re¬ 
duction  in  magnitude  of  the  coefficient  of  the  S  -  term 
relative  to  the  magnitude  of  the  corresponding  coefficient  of  <S  ^ 

in  the  expansion  pressure  expression.  It  is  clear  from  our  previous 
discussion  that  retaining  only  terms  to  the  second  order  in  <S 

completely  removes  the  afore  stated  restriction  on  ^  and  the 

0  u  ' 


*0 


*‘0 


We  will  complete  the  present  discussion  by  an  illustration  of  the 
applicability  of  the  preceding  pressure  expressions  to  the  calcula¬ 
tion  of  normal  force  coefficients  for  two  configurations.  These 
configurations  are  a  delta  configuration  and  a  conoid  configuration. 
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Comparisons  of  the  variations  of  the  calculated  and  experimentally- 
determined  normal  force  coefficients  with  angle  of  attack  are  shown 
in  figures  (9)  and  (10)  for  each  of  these  configurations.  The  cal¬ 
culated  variations  are  based  upon  Newtonian  theory  (Cp  =  K  sin^CC  ) 
and  upon  the  present  theory.  It  is  evident  from  these  comparisons 
that  the  present  theory  yields  a  satisfactory  analytical  approxi¬ 
mation  to  the  experimental  variations. 
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ANGLE  OF  ATTACK,  Q  DEGREES 


FIGURE  9—  COMPARISON  OF  CALCULATED  AND  EXPERIMENTAL 
NORMAL  FORCE  COEFFICIENTS  FOR  A  DELTA  WING 
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A  CrdTIGAL  RE\/IEW  CF  HiEDICTION  TECHNIQIES 
APH<IC.ABLE  TO  RE-ENTRY  VEHICLES 
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Edward  T .  Meleason ,  2nd  Lt , ,  USAF 
Flight  Etynamics  Laboratory 
Aeronautical  Systems  Division 


ABSTRACT 


The  state  of  the  art  with  regard  to  aerotherinodynamics 
has  progressed  from  the  development  of  a  rational  theory  for 
determination  of  stagnation  point  heating  rates  to  the  develop¬ 
ment  of  a  practical  lifting  re-entry  device  in  less  than  five 
years  time.  Due  to  this  phenomenal  rate  of  advance,  borne  of 
necessity,  the  field  of  aerothexmodynaraics  is  today  as  much  art 
as  science  -  lacking  is  the  ordered  developEiient  of  procedures 
necessary  for  the  analysis  of  new  end  varied  weapon  systems  as 
v/ell  as  timely  ana  meaningful  tests.  At  the  same  time,  new 
vehicles  are  posing  problems  of  an  increasingly  diverse  nature 
enca.ipassin^  nev;  llov/  regimes,  nev/  aerodynamic  heating  mechanisms 
and  new  vehicle  design  concepts.  Despite  these  difficulties, 
much  has  been  done  both  theoretically  and  eAperirasntally  to 
advance  the  fund  of  knowledge  concerning  aerothermodynamics. 

This  paper  ’/all  attempt  to  outline  that  progress  and  underscore 
some  of  the  problems  connected  vath  an  engineering  evaluation 
of  the  aerodyiionic  heating  on  arbitrary  lifting  re-entry  devices. 
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LIST  OF  SYMBOIS 

heating  parameter  (Equation  A-4) 

heat  transfer  rate,  btu/ft^  sec 

radius,  ft 

velocity,  ft/sQc 

altitude,  ft 

drag  coefficient 

lift  coefficient 

ratio  of  lift  to  drag 

angle  of  attack 

angular  position  of  the  leading  edge  stagnation  line 
measured  from  the  zero  angle  of  attack  position 

density  ratio  across  the  shock 

sweep  angle 

viscous  interaction  parameter 
Subscripts 

body 

convection 

effective 

hot  gas  radiation 

maximum 

normal 

optimum 

stagaation 

sweep 

free  stream 


tv/o  dimensional 


A  CKETICAL  REVIEW  OF  tF£DICTIQN  TECHTIQUES 
APHJCABLE  TO  RE-ENTRY  VEHICLES 


INTRODUCTION 

The  use  of  more  sophisticated  lifting  re-entry  systems  for  return 
from  both  orbit  and  space  has  posed  to  the  engineer  serious  problems  of 
thermal  protection.  Unlike  their  ballistic  predecessors,  these  vehicles 
are  composed  of  complex  geometries  and  traverse  regions  where  they  en¬ 
counter  many  diverse  induced  environments.  This  paper  will  consider  the 
aerodynamic  heating  of  such  configurations  and  the  developi^nt  of  desi0i 
procedures  for  their  analysis. 

Although  complete  generality  is  the  goal  of  the  paper, it  is  obvious 
that  some  reasonable  compranise  betv/een  generality,  volume,  and  utility 
must  be  reached.  Accordingly,  it  v/as  concluded  to  enumerate  many  of  the 
phenomena  connected  ’/dth  aerodynamic  heating  of  these  vehicles,  referring 
to  a  large  extent  to  published  papers  on  the  subject.  In  addition,  in  an 
attempt  to  present  an  up-to-date  resume  of  the  state  of  the  art,  new 
work  of  an  unclassified  nature  will  be  outlined.  Classified  literature 
of  course  cannot  be  presented. 

References  1  through  3  present  a  cross  section  of  the  basic  pro¬ 
cedures  involved  in  the  evaluation  of  aerodynamic  heating  of  lifting 
entry  systems.  For  the  most  part  these  methods  will  not  be  included  in 
this  paperj  however,  the  reader  is  invited  to  review  these  works  for  a 
more  complete  understanding  of  the  field. 

In  the  review  of  this  subject  two  areas  were  seen  to  play  important 
parts.  These  areas  are  the  evaluation  of  flow  regimes  encountered  by  the 
re-entrant  vehicle  end  the  evaluation  of  the  magnitude  and  variation  of 
aerodynamic  heating  over  the  vehicle  surface  in  these  regimes.  This  paper 
vnll  therefore  be  subdivided  into  sections  to  cover  each  of  these  areas, 
vdth  a  concluding  section  for  the  analysis  of  the  combined  vehicle  and 
con  cl  usi  Oils  01  the  paper. 
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FLOW  REGIMiiS 


First  analysis  ol  the  aerodynamic  heating  assumed  a  simple  equilibrium 
flow  model  wherein  the  boundary  layer  was  considered  tliin  in  comparison 
with  the  shock  layer.  This  model  was  expedient  in  that  it  decoupled  the 
boundary  layer-shock  layer  influence  and  allowed  simplified  solutions  to 
the  aerodynamic  heating.  It  was  also  quite  acceptable  for  the  ballistic 
missile  case  which  proceeded  lifting  vehicles  for  re-entry.  liif ortunately , 
as  glide  entry  systems  developed,  a  trend  to  lighter  and  lower  wing  loading 
vehicles  also  developed.  These  vehicles  may  decelerate  in  a  region  where 
the  foregoing  model  is  not  appropriate  and  corrections  to  the  model  must 
be  made.  Coincidently,  the  effects  of  real  gas  flows  and  chemical  non¬ 
equilibrium  appeared  so  that  these  several  effects  must  be  considered. 

In  addition  to  these  formidable  problems  of  orbital  re-entry,  the  impli¬ 
cations  of  near  space  entry  are  now  becoming  important  and  here  not  only 
are  we  interested  in  the  low  density  chemically  reacting  gas  but  also  \ri.th 
new  mechanisms  of  heat  transfer  brought  about  by  the  presence  of  appreci¬ 
able  ionization  in  the  shock  layer  and  the  transference  of  energy  to  the 
body  by  radiation.  This  section  will  therefore  discuss  the  various  flow 
pnenomona  encountered  and  point  out  qualitatively  where  they  occur.  The 
follov/ing  sections  will  then  describe  the  implications  of  the  flow 
phenomena  on  the  re-entrant  system. 


ITow  regines  can  conveniently  be  grouped  into  three  general  areas 
based  on  predominant  flow  phenomena  as  shO’;fli  in  Table  1.  These  include  (1) 
classical  hypersonic  flo’./  where  the  thin  boundary  layer  assumption  holds 
and  the  ilow  is  in  chemical  equilibrium;  (2)  low  density  chemically 
reactive  flows  where  molecular  dissociated  non -equilibrium  flow  exists  in 
addition  to  low  density  shock  layer-boundary  layer  interaction;  and  (3) 
ionized  gas  flow  found  in  the  superorbital  flight  regime.  General  charac¬ 
teristics  of  these  regions  are  found  in  the  aforementioned  table.  Defi¬ 
nition  of  these  flow  regimes  in  terms  of  energy  and  density  consider¬ 
ations  has  been  treated  by  various  authors.  Figure  1  presents  the 
approximate  boundeiries  recogiized  by  current  technology  on  an  altitude  - 
velocity  plot.  The  region  of  validity  of  classical  hypersonic  flow  has 
been  defined  by  trobstein  (4)  who  predicts  the  emergence  of  significant 
low  density  interaction  effects  at  an  altitude  of  approxiraately  200,000 
feet,  Frobstein's  analysis  is  concerned  primarily  v/ith  the  appearance  of 
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chemical  equilibrium  and  frozen  flow  has  been  attempted  by  Ferri  (5), 
iiivel  (6),  iiankey  (l),  and  others.  The  general  consensus  is  that  chemical 
non-equilibrium  also  exists  in  the  inviscid  flow  field  at  about  200,000 


feet. 


The  boundaries  presented  in  Figiure  1  assume  a  vehicle  nose  dimension 
of  one  foot  radius  due  to  the  popularity  of  this  particular  simplification 
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TYPICAL  LIFTING  RE-ENTRY 
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in  eaialytical  treatments.  It  sliould  nov;ever  be  remembered  that  all  these 
phenomena  are  dependent  on  the  body  radius  which  may,  in  certain  cases,  be 
significantly  different  from  one  foot,  shifting  the  boundaries  of  the  various 
regions  and  even  bringing  into  consideration  nev:  phenomena. 

The  regions  of  appreciable  ionization  and  radiation  heating  can  be 
inferred  by  choosing  a  certain  eq^uilibrium  electron  density.  This  analysis 
has  chosen  one  percent  free  electrons.  First  effects  of  this  ionization 
are  seen  in  the  electronic  heat  conduction  to  the  surface  of  the  body.  In 
addition  to  this,  increasing  the  velocity  or  alternately  decreasing  the 
altitude  at  a  given  velocity  will  introduce  the  new  mechanism  of  hot  gas 
radiation  heating.  1-lac  Adams  (7)  has  considered  these  phenomena  and  has 
outlined  their  influence.  At  this  conference  Dr.  Scale  has  presented 
a  paper  on  some  recent  work  being  performed  in  this  area  at  General 
Electric. 


DESI®  ANALYSIS 

Now  that  the  flow  regimes  have  been  delineated  and  their  general 
features  described,  the  very  formidable  problem  of  the  design  analysis 
of  generalized  three  dimensional  configurations  presents  itself.  For 
a  field  as  new  as  atmospheric  entry  of  lifting  configurations  no  preset 
notions  of  reverenced  configurations  should  be  present.  Tv/o  classes  of 
configurations  are  hovjever  emerging  as  desirable  design  choices.  These 
are  the  highly  swept  delta  planforra  of  the  Dyna-Soar  type  and  the  lifting 
body  configuration  such  as  pioneered  by  NASA  Ames  and  critically  investi¬ 
gated  at  the  Aeronautical  Systems  Division,  Both  types  embody  the  same 
geometrical  contours  -  i.e.,  blunt  spherical  noses,  highly  swept  cylindri¬ 
cal  segnents  and  flat  or  curved  lower  surfaces.  This  section  will  there¬ 
fore  investigate  these  basic  elements  or  lifting  configurations  through¬ 
out  the  three  flow  regimes  previously  outlined.  Further,  the  following 
section  mil  synthesize  the  final  configuration  from  these  design  pro¬ 
cedures. 

Even  more  unconventional  than  the  planform  of  these  vehicles  is 
their  entry  attitude*  As  few  as  ten  years  ago  high  angles  of  attack 
denoted  some  twenty  or  thirty  degrees.  At  the  start  of  the  Dyna-Soar 
program  it  appeared  that  the  an^e  of  attack  during  re-entry  could  be 
limited  to  the  range  between  L/D  (about  10  to  15  degrees)  and  Cl 
(about  55  degrees).  Figure  2  illustrates  these  attitude  regimes  for  a 
typical  lifting  configuration.  Today  we  are  faced  v/ith  many  design  con¬ 
cepts  and  some  analysis  of  vehicles  which  fly,  in  the  broadest  sense  of 
me  word,  at  almost  90  degrees  to  the  local  horizontal  for  a  sizeable 
portion  of  their  entry  trajectory.  In  order  to  approach  our  goal  of 


completeness,  the  analysis  will  be  extended  whenever  possible  to  include 
these  vehicular  concepts. 


Stagnation  Point  Flows 


The  stagnation  region  of  a  blimt  spherical  body  is  one  of  the  most 
thoroughly  treated  items  in  the  study  of  hypersonic  aerothermodynamics, 

A  classical  piece  of  literature  on  this  problem  is  the  paper  of  Fay  and 
Riddell  (8)  who  treated  the  cases  of  air  in  chemical  equilibrium  and 
frozen  non-equilibrium.  As  a  result  of  their  study,  as  well  as  others, 
it  has  become  commonplace  to  use  the  rule  of  thumb  that  the  stagnation 
heating  rate  can  be  reduced  according  to  the  inverse  square  root  of  the 
body  radius.  This  is  however  not  a  universal  truth.  As  the  entry  velocity 
increases  to  that  of  lunar  return  w.id  space  entry  speeds,  this  rule  of 
thumb  loses  its  significance  entirely  as  radiation  from  the  hot  gas 
layer  becomes  an  important  or  even  dominant  mechanism.  One  interesting 
by-product  of  the  combined  hot  gas  radiation  and  convective  heating 
environment  is  that  one  may  define  an  optimum  sphere  nose  radius*,  whic.*  is 
given  by  the  equation: 


(1) 


Figure  3  shov/s  the  relative  heating  parameter  plotted  vs  the  body  radius 
for  various  values  of  the  parameter  "n".  Unfortunately,  this  parameter 
can  only  be  bounded  in  the  region  of  interest  for  re-entering  ^lido  systems 
due  to  the  onset  of  non-equilibrium  hot  gas  radiation.  Its  equilibrium 
value,  however,  for  moderate  entry  angles  is  of  the  order  of  1/10 

and  its  non-equilibrium  value  can  be  expected  to  be  higher,  perhi-ps  by  an 
order  of  magnitude  (c.f.  ref.  (7))*  In  addition  to  the  region  wnere 
superorbital  effects  are  important,  several  eifects  arise  due  exclusively 
to  tnc  low  Reynolds  namber  flows,  hoshizaki  (9),  *robstein  (lO) , 

Van  Dyke  (li)  and  others  have  sho\si  that  these  lov/  densities  produce  a 
shock  generated  vorticity  as  well  as  other  lesser  second  order  effects 
thaf  may  increase  the  stagnation  point  heating  by  a  factor  of  two  or  more. 
Tnis  problem  mil  be  fully  discussed  in  a  paper  by  llr.  iloshizaki  later  in 
this  conference.  These  two  problems,  then,  -  entry  at  super-orbital 
speeds  ana  the  analysis  of  low  Reynolds  number  flows  -  bound  une  region 
of  applicability  of  tlie  Fay  and  Riddell  solution  and  in  fact  form  tne 
frontier  to  our  present  detailed  understanding  of  stagnation  region  flews. 


*A  full  development  of  this  equation  is  given  in  Appendix  A  of  this  paper 


^TIVE  HEATING  PARAMETER  VS  BODY  RADIUS 
VARIOUS  VALUES  OF  THE  PARAMETER  Yl 


Swept  Cylinder  Flows 


By  the  conventional  Mangier  boundary  layer  transformation ,  the 
stagnation  point  solution  may  be  transformed  into  a  two  dimensional 
cylinder  solution  where  the  cylinder  is  oriented  normal  to  tlie  free 
stream  flow.  Lees  (12)  has  obtained  a  simplified  expression  for  the 
tv/o  dimensional  cylinder  heating  rate,  as  have  others  in  the  field. 

An.  interesting  problem  is  describing  what  occurs  v/hen  the  cylinder  is 
swept  to  high  angles  with  respect  to  the  free  stream  and  further  what 
happens  vdien  this  highly  swept  cylinder  (which  can  be  thought  of  now  as 
a  leading  edge)  is  brought  to  on  angle  of  attack.  Taking  these  problems 
in  order,  the  following  is  observed.  As  the  cylinder  is  swept  to  higiher 
angles,  the  heating  rate  varies  as  the  ''n"th  pov;er  of  the  cosine  of  the 
swept  angle  -  i.e.,  U3^J\.  where  "n"  is  some  constant  between 

generally  accepted  values  of  1.0  and  1.5®  One  problem  that  has  been 
noticed  here  is  that  all  the  data  v/hich  verify  this  constant  are  low 
Mach  number  data  (Moo  ^  lO).  At  high  sweep  angles,  these  low  free 
stream  Mach  nvtmbers  yield  transonic  Mach  numbers  normal  to  the  leading 
edge  (Mn«  2.0  to  3.0).  In  this  region  it  has  been  shown  (I3)  that  the 
spanvri.se  velocity  gradient  is  a  strong  function  of  the  Mach  number.  It 
appears  further  that  if  higher  Mach  number  data  is  used,  the  "n"  does  in 
fact  approach  a  value  of  3/2  as  contrasted  v/ith  1.0  for  the  lower  Mach 
number  data. 

As  the  swept  cylinder  is  pitched  to  an  angle  of  attack  the  "effective 
sweep"  of  the  cylinder  is  decreased  according  to  the  geometric  relation-* 
ship  =  siri'CsmAcoioc.).  In  this  situation  the  angle  to  the  stagna¬ 

tion  line,  "  S  ",  measured  from  the  zero  a . 'J.e  of  attack  position  becomes: 
S=  U«-'  This  geometric  modt'l  appears  to  predict  the  stagia- 

tion  line  movement  (^uite  satisfactorily  at  low  angles  of  attack;  however, 
it  loses  its  validity  rapidly  for  angles  of  attack  greater  than  15 
degrees.  In  an  attempt  to  obtain  at  least  a  conservative  if  not  an  exact 
estimate  of  the  variation  of  5  vri.th  the  angle  of  attack,  the  slope  of  the 
geometric  expression  for  S  was  obtained  at  zero  angle  of  attack  and 
linearly  extended  to  5  =  90"  The  resiri-tant  expression  (  ^/a,-  cos'-A  )  seems 
to  raatcn  the  data  remarkably  well  in  the  limited  range  of  Mach  and  Reynolds 
numbers  available  in  the  literature  (Figure  4)»  Further,  this  linearized 
scheme  vri.ll  predict  the  angle  of  attack  v/here  the  stagnation  line  inter¬ 
sects  the  lower  surface  (see  Figure  5)  Tor  conservative  design  of  the 
leading  edge  heat  protection  system. 

In  addition  to  the  prediction  of  the  stagnation  line  movement  vri.th 
angle  of  attack,  the  magnitude  of  xhe  resultant  leading  edge  heating  with 
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FIGURE  4  LEADING  EDGE  STAGNATION  LINE  LOCATION  AS  A  FUNCTION 
OF  ANGLE  OF  ATTACK  AND  SWEEP  ANGLE 
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FIGURE  5  ANGLE  OF  ATTACK  PRODUCING  STAGNATION  CONDITIONS 
ON  THE  LOWER  SURFACE  AS  A  FUNCTION  OF  SWEEP  ANGLE 
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both  sweep  and  angle  of  attack  is  calculable  with  the  aforementioned  un¬ 
certainty  on  the  '’n'’th  power  of  the  cosine  of  the  sweep  an^e.  The 
resultant  equation,  which  is  ratioed  to  the  stagnation  point  heating  rate, 
is  given  as: 

I  -  sin  cos  (K, 

~lrr 

which  reverts  back  to  the  familiar  cosine  "n''th  power  of  the  sweep  for 
zero  angles  of  attack. 

The  low  density  effects  obtained  on  the  spherical  nose  do  not  appear 
on  swept  cylinders  until  a  much  lower  shock  Reynolds  numbers  so  that 
these  effects  need  not  be  considered  in  the  preliminary  desigi  of  lifting 
re-entry  systems.  Analogous  to  this,  the  radiation  heating  of  leading 
edges  is  not  considered  a  problem  because  of  the  high  sweep  and  hence 
lower  effective  stagnation  temperature  of  the  leading  edge  coupled  with 
the  small  radius  of  the  leading  edge  necessary  to  attain  aerodynamic 
glide  efficiency. 

Above  the  angle  of  attack  where  the  flow  deflection  angle,  6  , 
reaches  the  lower  surfacSj  the  leading  edge  is  no  longer  a  critical 
problem.  At  this  vehicle  attitude  the  lov/er  svurface  flow  is  of  prime 
importance  and,  as  will  be  pointed  out  in  the  next  section,  the  leading 
edge  becomes  the  effective  trailing  edge  for  severe  angles  of  attack 
(  ^  55  degrees). 


_  _ [ 

^ITTAO 


(2) 


Flat  Hate  Flows 


The  analysis  of  the  lower  surface  of  a  delta  or  lifting  body  con¬ 
figuration  has  been  made  assuming,  by  strip  theory,  that  the  lower 
surface  is  a  flat  plate.  As  we  will  see  later  in  this  paper,  this  is  not 
a  valid  assumption;  however,  this  analysis  will  give  some  valiaable 
insight  into  the  centerline  heating  of  the  vehicle.  In  addition,  the 
use  of  this  model  simplifies  the  theoretical  analysis  considerably  and 
allows  at  least  some  estimates  to  be  made  theoi'etically. 

The  calculation  of  flat  plate  heating  on  the  surface  in  the  classical 
hypersonic  regime  has  reached  a  state  of  engineering  completion.  The 
v/ork  of  Dr,  Eckert  (14)  on  the  reference  temperature  and  enthalpy  methods 
as  v/ell  as  many  so-called  simplified  methods  (c,f.  Hankey,  Nevimann  and 
Flinn  (l))  will  give  the  degree  of  accuracy  required  for  design  analysis. 
Basically,  however,  these  methods  suffer  from  several  shortcomings.  They 
do  not  consider  viscous  interaction  effects  and  they  are  limited  in  angle 
of  attack  by  the  oblique  shock  assumptions. 
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In  the  region  of  appreciable  shock  interaction  and  nose  bluntness, 
the  approaches  of  Cheng  et  al  (15)  and  Kaplan  (16)  will  give  first  order 
design  accuracy.  Unfortunately,  very  little  data  is  available  in  this 
region  with  which  to  correlate  these  s^dies.  As  the  viscous  interaction 
parameter  is  increased  still  further  (X  in  the  order  of  hundreds),  the 
only  kno'wn  experimental  work  is  that  of  Nagaraatsu  and  Sheer  (l?)  for 
pressure  distribution  on  a  sharp  flat  plats  in  the  viscous  interaction 
region  from  2.5  to  756.  The  .’'eronautical  Systems  Division  also  has  an 
experimental  program  in  this  area  which  will  measme  both  heat  transfer 
and  pressuit  in  the  viscous  interaction  range  from  5»0  'to  300*  Elements 
of  this  program  have  been  completed  in  the  Arnold  Engineering  Developnent 
Center's  I-Iot  Shot  facility  and  are  reported  in  reference  18. 


Blunt  Body  Flows  1 

As  the  angle  of  attack  is  increased  to  90  degrees,  the  spanvdse 
component  of  the  flov/  becomes  dominant  and  we  may  think  of  the  delta  wing 
as  a  series  of  spanvdse  lamina  (normal  to  the  centerline).  This  approach 
has  been  taken  by  Cole  end  Brainerd  (I9).  The  region  of  applicability 
of  this  approach  for  a  flat  surface  appears  to  be  between  an  angle  of  T 

attack  of  70  degrees  and  90  degrees  and  the  procedure  is  particularly 
amenable  to  highly  sv/rpt  delta  surfaces  (y\.^70  degrees).  Aialogous  to  ’ 

this,  GASL  (20)  has  shown  that  the  heat  transfer  on  a  cone  at  even 
moderate  angles  of  attack  can  be  predicted  by  a  yawed  cylinder  approxi-  • 

mat ion. 

-mm 

The  exclusion  of  chemical  non-equilibrium  effects  from  the  foregoing  ; 

comments  is  a  result  of  the  present  uncertainty  concerning  the  surface 
catalysticity  of  structural  materials  and  the  resultant  degree  of  con- 
servatism  afforded  by  the  assumption  of  molecular  equilibrium  in  the  flovf.  y  / 

In  all  fairness  it  must  be  said,  however,  that  current  theoretical  analyses 
as  v/ell  as  laboratory  scale  experiments  have  shown  a  sizeable  reduction  ^ 

in  the  aerodynamic  heating  due  to  the  onset  of  chemically  frozen  flows 
v/here  the  surface  does  not  recombine  the  flow  and,  if  presently  planned 
free  flight  tests  shov:  the  same  trend,  an  increase  in  aerodynamic 

efficiency  due  to  lov/er  surface  temperatures  and  lower  nose  radii  may  be  ’  ^ 

affected . 

This  section  has  dealt  with  some  aspects  of  the  determination  of 
the  aerodynamic  heating  over  simple  geometrical  shapes  approximating  a 
lifting  entry  configuration.  Although  design  procedures  do  in  fact  exist 
for  these  vehicles  they  are  confined  to  regions  of  geometric  symmetry  ' 

v/here  the  three  dimensional  flow  may  be  approximated  by  a  two  dimensional 


model.  In  addition,  the  complex  shock-boundary  layer  interaction  effects 
have  been  treated  very  lightly  and  an  appalling  lack  of  data  exists  in 
the  low  density  regime  for  realistic  three  dimensional  configurations. 


THE  VEHICLE 

Following  a  discussion  of  the  flow  regimes  encountered  by  a  re¬ 
entrant  vehicle  as  well  as  the  geometric  components  making  up  such  a 
vehicle,  the  discussion  here  will  center  about  the  synthesis  of  the 
entire  vehicle  based  on  the  previous  sections,  liifortunately,  the  two 
dimensional  models  and  the  use  of  symmetrical  sections  do  not  apply  here 
since  we  are  faced  with  a  distinctly  three  dimensional  surface  such  as 
a  delta  wing  or  a  lifting  body.  Bertram  (2),  as  well  as  others,  has 
made  it  clear  that  the  flow  on  such  configurations  is  neither  planar 
nor  conical  in  nature  but  varies  from  a  viscous  inflov;  at  low  angles 
of  attack  to  an  outflow  at  high  attack  angles.  See  for  instance  Figure 
6  of  this  paper.  This  deviation  of  the  viscous  flow  from  strip  theory 
manifests  itself  in  the  piling  up  of  the  boundary  layer  on  the  center- 
line  at  low  angles  of  attack  (  O®  )  and  a  thinning  of  the  center- 
line  boundary  layer  at  high  angles  of  attack  (  55  ),  The  resultant 

change  in  the  boundary  layer  thickness  and  the  invariance  of  the  in- 
viscid  flow  phenomena  cause  a  decrease  or  increase  in  the  aerodynamic 
heating  to  the  centerline.  The  procedures  previously  given  will 
certainly  aid  in  the  preliminary  analysis  of  these  vehicles;  ho\/ever, 
three  dimensional  methods  or  many  hours  of  vand  tunnel  investigations 
are  necessary  for  their  detailed  design.  Some  dimmer  of  hope  has 
been  shorn  in  the  recent  interest  in  the  three  dimensional  characteristics 
approach  both  in  ths  country  and  abroad  (c.f.  Fowell  (21),  Mcretti  (22), 
and  Probstein  (23)).  One  of  these  authors  at  least.  Dr.  Moretti,  has 
developed  an  operating  program  which  is  presently  in  the  final  check  out 
phase  at  the  Aeronautical  Systems  Division,  This  program  will  treat 
arbitrary  geometries  without  the  restriction  cf  axial  symmetry  at 
variable  angles  of  attack.  Reference  22  gives  a  full  account  of  its 
theoretical  development  and  Figures  7  and  8  show  samples  of  the  output 
for  a  delta  vring  at  ten  degrees  angle  of  attack.  A  combination  of  this 
computer  program  to  obtain  inviocid  otrcamlinos  and  the  work  of  Dr. 
Vaglio-Laurin  to  compute  heat  transfer  (24)  vdll  greatly  improve  the 
accxiracy  of  methods  in  the  classical  hypersonic  regime  and  possibly  even 
allow  correction  of  the  two  dimensional  methods  for  more  accurate  design 
analysis.  Certainly  it  is  yielding  a  greater  insight  into  the  flov/ 
about  arbitrary  shapes  at  hypersonic  speeds  than  previously  afforded 
the  engineer. 
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CONCLUSaCONS 


As  can  be  surmised  from  the  previous  discussions,  there  remain  many 
detailed  problems  in  the  area  of  hypersonic  aerothermodynamics  vMch 
require  attention.  The  analytical  work  of  Moretti  and  Vaglio-Laurin  and 
the  experimental  efforts  of  Bertram  and  Henderson,  as  well  as  others, 
represent  the  current  level  of  sophistication  in  hypersonic  flovf  descrip¬ 
tion  and  heat  transfer  analysis.  These  techniques  are,  however,  limited 
to  the  classical  hypersonic  flow  regime  and  are  restricted  gecmetrically 
to  simple  body  shapes  without  surface  perturbations.  The  extension  of 
this  type  of  analysis  to  include  lov/  density  effects  and  superorbital 
phenomena  is  seriously  handicapped  at  present  by  the  analytical  com¬ 
plexity  of  the  problem  as  v/ell  as  the  state  of  development  of  advanced 
hypervelocity  facilities  and  their  instrumentation. 

Flow  descriptions  and  heat  transfer  analysis  of  truly  complex  con¬ 
figurations,  considering  problems  of  shock  wave  impingement  and  shock 
wave -boundary  layer  interactions,  are  only  beginning  to  be  investigated. 
Chemical  non-equilibrium  effects,  particularly  in  the  superorbital  regime 
are  knovm  only  '/dthin  an  order  of  magnitude  at  selected  points  on  the 
surface  of  the  vehicle  and  distributions  of  the  quantities  are  completely 
uniaio’/na. 

It  must  be  concluded  tnat  while  the  basic  technology  of  hypersonic 
aerothermodynamics  has  developed  significantly  in  the  past  few  years,  the 
development  of  rational  design  procedui’es  for  the  analysis  of  new 
vehicular  concepts  -  and  the  reporting  of  these  techniques  -  has  not. 

As  a  result,  there  exists  a  need  for  considerable  refinement  of  tech¬ 
niques  on  virtually  all  fronts  before  a  truly  knowledgeable  preliminary 
design  of  a  generalized  glide  re-entry  vehicle  becomes  a  reality. 


APmiDIX  A 


DEVELOH^iENr  OF  THE  OPTB'iUM  SPHERE  NOSE  RADIUS  EC^UATION  FOR  SUPERORBITAL 
ENTRY  OF  A  UFTING  VEHICLE 


In  the  entry  of  lifting  configurations  frcm  space t  the  processes  of 
both  convective  heating  and  hot  gas  radiation  must  be  considered.  If 
both  these  processes  are  included  in  the  total  heating  rate  equation  and 
the  resultant  equation  is  differentiated  with  respect  to  the  body  radius, 
an  optinuim  sphere  nose  radius  will  be  evident.  This  development  of  the 
equation  assumes  tnat  the  two  modes  of  aerodynamic  heating  may  be  linearly 
combined  to  give  the  total  heating*  We  write  the  total  heating  rate 
equation  as  the  following: 


'totnl 


=  % 


HCR 


'CONV. 


A-1 


FXirther,  we  see  from  the  form  of  the  equations  for  hot  gas  radiation  and 
convective  heating  that; 


^CONV 


SO: 


=  n-e  R  ^  (L 


So  that  we  can  finally  write; 


't6t*C 


I  +  n-€ 


where  "n"  is  defined  in  our  equations  as 

n  =  IA&G5^I0^'  (^j 


A-2 


A-3 


A-4 


This  definition  is  based  on  Lees'  simplified  e:q>ressions  for  convective 
heat  transfer  and  hot  gas  radiation  as  presented  in  reference  12.  It 
is  evident  that  the  equation  for  ^  (A-3)  has  the  proper  form 

since  the  limiting  cases  of  “n*  going  %o  zero  and  "n*  going  to  a  very 
large  number  give  us  the  extremes  of  pure  convective  heating  and  over¬ 
powering  hot  gas  radiation  heating. 


If  we  now  differentiate  equation  A-3  with  respect  to  the  body 
radius  and  solve  for  the  minimum,  the  following  equation  is  obtained; 
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I'icvcce  A-1  shows  the  quantity  "n"  plotted  on  an  altitude  -  velocity  plot, 
'i’his  calculation  is  based  on  an  equilibrium  model  of  hot  gas  radiation 
and  must  be  modified  for  the  inclusion  of  radiation  non-equilibrium. 

'li.e  linear  addiiion  oi  the  convective  and  hot  gas  radiation  heating 
is  indeed  a  first  approximation  to  the  actual  case;  ho'.<ever,  at  the 
altitudes  which  we  are  considering  the  assumption  is  thought  to  be 
reasonably  accurate.  In  aduition  to  this  approximation,  tJie  assumption 
of  an  optically  thin  fas  was  made  and  again  in  this  re^^on  this 
assvfi.Aiofl  v;as  found  to  be  quite  good  for  realistic  radii  (i.e,,  Rq  = 

20  feet  or  less) . 
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TYPICAL  LIFTING  RE-ENTRY 
TRAJECTORY  FOR  NEAR  SPACE  MISSIONS 
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FIGURE  A-l  HEATING  PARAMETER  "n”  AS  A  FUNCTION  OF  ALTITUDE  AND  VELOCITY 
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TURBULENT  BOUNDARY  LAYERS  ON  HIGHLY  COOLED  SURFACES 

AT  mCH  MACH  NUMBERS 
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Cornell  Aeronautical  Laboratory,  Inc. 


ABSTRACT 

The  structure  and  integrated  properties  of  turbulent 
boundary  layers  on  highly  cooled  surfaces  at  Mach  numbers 
up  to  16  are  deduced  from  pitot  pressure  surveys  taken 
at  the  exit  of  a  conical  nozzle  in  the  Cornell  Aeronautical 
Laboratory  48"  Hypersonic  Shock  Tunnel.  It  is  shown 
that  predictions  of  boundary  layer  displacement  thickness 
determined  by  using  the  equivalent  flat -plate  method  and 
the  reference  temperature  concept  for  relating  compress¬ 
ible  to  incompressible  skin-friction  coefficients  are  in 
good  agreement  with  the  experimental  data.  The  existence 
of  a  thick  laminar  sublayer  at  high  Mach  numbers  and  low 
Reynolds  numbers  is  confirmed  experimentally. 


TURBULENT  BOUNDARY  LAYERS  ON  HIGHLY  COOLED  SURFACES 

AT  HIGH  MACH  NUMBERS 


INTRODUCTION 

The  computation  of  compressible  turbulent  boundary-layer 
development^"^  and  the  resultant  heat  transfer  and  skin  friction  is  not 
on  nearly  as  sound  a  theoretical  foundation  as  the  correspondii^  calcu¬ 
lations  for  the  case  of  a  compressible  laminar  boundary  layer.  The 
primary  reason  for  this  is  the  difficulty  of  determining  and  expressing 
in  analytical  form  those  terms  in  the  turbulent  boundary-layer  equations 
related  to  momentum  and  energy  transport.  As  a  lesult,  most,  if  not 
all,  of  the  analyses  of  turbulent  flow  are  semi-empirical  in  nature. 

In  many  cases,  the  data  used  as  a  partial  basis  for  the  analysis  and 
as  experimental  confirmation  of  the  validity  of  the  resultant  method 
were  obtained  at  flow  conditions  far  from  those  at  which  application 
is  desired.  This  is  true  particularly  when  hypersonic  flow  conditions 
are  being  considered.  Thus,  the  need  for  experimental  data  pertaining 
to  turbulent  boundary  layers  at  hypersonic  flow  conditions  is  clear. 

The  one  condition  that  characterizes  the  boundary  layer  on  any 
body  in  hypersonic  flight  is  the  large  heat  transfer  across  the  layer 
into  the  body  (i.  e. ,  a  small  wall-to-total  enthalpy  ratio).  However, 
the  Mach  number  at  the  edge  of  the  boundary  layer  can  be  as  low  as 
subsonic  or  as  high  as  the  flight  value,  and  in  the  case  of  a  slightly 
blunted,  slender  body,  varies  along  the  body  itself  from  subsonic  in 
the  nose  region  to  hypersonic  far  back  on  the  slender  afterbody. 

Hence,  two  extreme  cases  of  boundary  layer  flow  resulting  from 
hypersonic  flight  are  evident.  First,  there  is  the  case  where  blunt¬ 
ness  dominates  (the  local  entropy  is  nearly  that  behind  the  normal 
shock  at  the  nose)  and  the  Mach  number  at  the  edge  of  the  boundary 
layer  is  subsonic  or  moderately  supersonic.  This  case  is  considered 
in  Refs.  5  and  6.  The  second  case  is  that  of  the  flow  over  a  sharp, 
slender  body  or  far  back  on  a  slightly  blunted,  slender  body  where 
the  Mach  number  external  to  the  boundary  layer  is  hypersonic  (the 
entrnov  is  nearl  that  behind  the  oblioue  shock  generated  bv  the 

k.  4  4  A  «.>  « 

slender  body).  The  latter  case,  which  is  considered  in  this  paper, 
is  related  to  the  flow  in  a  hypersonic  shock  tunnel  nozzle.  In  both 
the  slightly  blunted  slender  body  and  nozzle  flows,  boundary  layer 
transition  can  occur  near  a  sonic  region  and  the  flow  expands  down¬ 
stream  at  increasing  Mach  number  and  decreasing  Reynolds  number. 
The  nozzle  is  a  convenient  place  in  which  to  conduct  boundary  layer 
studies  because  of  the  high  effective  flow -stagnation  pressure  and  long 
effective  I  o>mdary-layer  growth  lengths  there.  This  similarity  between 


the  flows  permits  one  to  make  general  cc.iclusions  about  the  turbulent 
flow  over  slender*  bodies  from  experimental  data  taken  in  nozzles. 

A  careful  experimental  investigation  of  turbulent  boundary 
layers  on  moderately  cooled  (Hy^/HT  si.  5)  surfaces  at  external  Mach  ^ 
numbers  up  to  7.  7  is  reported  in  Ref.  7.  The  experimental  programs 
presented  here  extend  the  range  of  available  data  to  more  highly  cooled 
wall  conditions  (Hy,/HTSS.  1)  and  higher  Mach  numbers. 
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LIST  OF  SYMBOLS 

Constants 
Nozzle  area 

Constant  in  the  general  skin  friction  law  (Eq,  8) 

Constant  in  the  form  factor  equation  (Eq.  6) 

Skin  friction  coefficient 
Specific  heat  at  constant  pressure 
Nozzle  throat  diameter 
Static  enthalpy 
Total  enthalpy 

Incompressible  boundary  layer  form  factor 
Constant  relating  the  reference  and  total  temperatures 
Reference  length  for  the  nozzle 

Distance  from  the  end  of  shock  tube  to  the  nozzle  throat 
exit 

Mach  number 

P,eynolds  number  exponent  in  the  general  skin  friction  lav* 
(Eq.'  8) 

Exponent  in  the  outer  turbulent  flow  velocity  profile 
expression  [u/ug  =  (y/6)^'“] 
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Pressure 

Pitct  pressure 

Heat  transfer  rate 

Cylindrical  radius 

Reynolds  number  based  on  length  L 

Temperature 

Velocity 

Axial  distance 

Distance  normal  to  the  wall 

Pressure  gradient  parameter 

Ratio  of  specific  heats 

Boundary  layer  momentum  thickness  (Eq.  21b) 

Conical  nozzle  half -angle 
Viscosity 

Exponent  in  the  viscosity  law 
Boundary  layer  thickness 

Boundary  layer  displacement  thickness  (Eq.  21a) 
Density 

Variable  in  equatio  >.  determining  the  laminar  sublayer 
Skin  friction 
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within  the  boundary  layer 
at  the  edge  of  the  boundary  layer 
at  tb^e  edge  of  the  laminar  sublayer 
stagnation  or  supply  conditions 
evciluated  at  the  reference  temperature 
at  the  wall 

nozzle  throat  or  sonic  conditions 


SECTION  I:  EXPERIMENTAL  STUDIES 


g 

Two  experimental  studies  which  yielded  data  pertaining  to 
turbulent  boundary-layer  characteristics  on  highly  cooled  surfaces 
have  recently  been  conducted  in  the  CAL  48"  Hypersonic  Shock  Tunnel. 
In  the  first  of  these  investigations,  pitot  pressure  surveys  were  made 
of  the  boundary  layer  at  the  exit  of  a  10.  5®  half-angle  conical  nozzle 
at  Mach  numbers  between  8  and  16  and  Reynolds  numbers  per  foot  of 
3  X  10^  to  1.9  X  10^.  Secondly,  heat  transfer  measurements  were  made 
on  the  inside  surface  of  a  co’ lector -expansion  nozzle  model.  Details 
of  these  programs,  tlie  shock  tunnel,  and  associated  instrumentation 
are  discussed  in  the  following  sections. 

A.  The  48"  Hypersonic  Shock  Tunnel  and  Associated  Instrumentation 

The  basic  components  of  the  shock  tunnel  are  shown  in  Fig.  1. 
Helium  and  helium-air  mixtures  are  used  as  the  driver  gas  at  pressures 
to  6000  psi  and  at  temperatures  varying  from  room  temperature  to 
1400*R.  Corresponding  maximum  tunnel  reservoir  conditions  using 
air  as  the  driven  gas  are  4000  psi  and  5600 *R  for  "tailored  interface" 
operation.^  A  test  time  (defined  as  the  time  over  which  the  reservoir 
pressure  is  constant  -  Fig.  2)  of  approximately  6  milliseconds  is  thus 
achieved.  Three  axisymmetric  nozzles  are  used  to  expand  the  shock- 
compressed  gas  to  the  test  section;  namely,  (1)  a  contoured  nozzle 
having  a  24"  exit  diameter  and  a  design  Mach  number  of  8,  (2)  a 
conical  (10.5®  half  angle)  nozzle  having  a  24"  exit  diameter  and  a 
Mach  number  range  of  6  to  18,  (3)  a  contoured  nozzle  having  a  48" 
exit  diameter  and  a  design  Mach  number  of  16. 

Pressure  transducers^^  have  been  developed  at  CAL  which 
meet  the  particular  requirements  of  shock  tunnel  testing.  The  piezo¬ 
electric  elements  are  extremely  sensitive,  allowing  pressures  as  low 
as  .  002  psi  to  be  measured.  Compensation  and  isolation  techniques 
have  been  employed  to  minimize  the  sensitivity  of  the  transducers  to 
acceleration  and  thermal  effects.  The  pitot  pressui’e  rake  shown  in 
Fig.  3  was  used  to  make  the  boundary  layer  surveys.  The  outputs  of 
the  transducers  are  recorded  on  film  using  cameras  in  conjunction 
with  oscilloscopes. 

Thin-film  resistance  thermometers^^  were  used  for  heat 
transfer  measurements.  They  are  strips  of  platinum  about  5  mm.  x 
.  5  mm.  and  .  1  micron  thick  which  have  been  deposited  on  and  fused 
to  pyrex  glass  buttons.  The  resistance  of  the  gage  is  a  linear  function 
of  temperature.  Since  the  heat  capacity  of  the  gage  itself  is  negligible, 
the  film  temperature  is  the  instantaneous  surface  temperature  of  the 
glass  and  may  be  related  to  the  heat  transfer  rate.  The  thin-film 


Figure  1  BASIC  COMPONENTS  OF  THE  CORNELL  AERONAUTICAL  LABORATORY  48"  HYPERSONIC  SHOCK  TUNNEL 
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gages  have  been  used  to  measure  heating  rates  as  low  as  .  3  Btu/ft 
sec.  and  as  high  as  2000  Btu/ft^  sec.  When,  as  in  one  of  the  present 
programs,  the  glass  temperature  changes  significantly  during  the  run, 
the  change  of  the  thermal  properties  of  the  glass  must  be  taken  into 
account  in  the  data  reduction. 

For  both  the  determination  of  pressure  and  heat  transfer,  the 
maximum  instrumentation  and  recording  errors  are  believed  to  be 
about  10%. 

B.  Nozzle  Boundary  Layer  Studies 


Pitot  pressure  surveys  were  taken  through  the  boundary  layer 
at  the  exit  (the  rake  was  positioned  within  .  5"  of  the  exit)  of  the  10.  5* 
half-angle  cone  nozzle  for  a  series  of  Mach  numbers  (8,  12,  14,  16) 
at  several  nominally  constant  Reynolds  numbers.  For  most  runs,  the 
total  temperature  was  about  4300*R  which  produces  a  wall -to -total - 
stagnation  enthalpy  ratio  of  .  12.  Several  runs  were  made  at  other 
enthalpy  levels.  Table  I  lists  the  pertinent  test  conditions  for  each 


run. 


Typical  pitot  pressure  profiles  (Po*^  i  /p  V)  given  in 

Fig.  4.  The  corresponding  Mach  number  profile  obtained  from 
Po'b  1  /p  shown  in  Fig.  5.  The  usual  assumption  of  negligible 

static-pressure  change  across  the  boundary  layer  was  made.  The 
effect  of  free-stream  Mach  number  and  Reynolds  number  on  the 
profiles  is  clear  from  the  figures.  The  local  probe  Reynolds  number 
based  on  its  minimum  inlet  dimension  becomes  quite  small  (the  order 
of  1)  near  the  wall  for  low  pressure  runs.  The  pitot  pressure  data 
taken  at  the  very  low  probe  Reynolds  numbers  were  consistent  with 
those  taken  at  the  higher  values  and  the  integrated  boundary-layer 
characteristics  also  remained  self-consistent.  The  results  of  Ref.  12 
indicate  that  large  errors  occur  for  Re^  less  than  about  15;  but  little, 
if  any,  evidence  of  this  was  apparent  in  the  data  here. 


The  assertion  that  the  boundary  layers  surveyed  were  turbulent 
and  that  the  effective  length  for  the  layers  is  the  distance  from  the 
nozzle  throat  to  its  exit  implies  that  transition  from  laminar  to  turbu¬ 
lent  flow  occurred  near  the  throat.  It  was  not  possible  to  confirm  this 
directly  from  measurements,  but  its  reasonableness  can  be  seen  from 
throat  Reynolds  number  considerations.  The  throat  Reynolds  numbers 
based  on  throat  diameter  and  boundary  layer  growth  length  from  the 
end  of  the  shock  tube  to  the  exit  of  the  throat  are  listed  in  Table  I. 

In  fully  developed  pipe  flow,  transition^^  usually  occurs  when  the 
flow  Reynolds  number  based  on  pipe  diameter  is  greater  than  lO"^, 
even  for  smooth  surfaces  and  low  free-stream  turbulence.  Using 


BOUNDARY  LAYER  SURVEY  TEST  CONDITIONS 


Figure  i^b  EFFECT  OF  REYNOLDS  NUMBER  ON  THE  BOUNDARY 
LAYER  PROFILE  AT  TWO  MACH  NUMBERS 


this  criterion,  transition  would  occur  upstream  of  the  throat  for  all 
the  runs.  Considering  a  Reynolds  number  based  on  the  boundary  layer 
growth  length,  transition^^  usually  occurs  in  the  range  10^ --10^. 

From  this  point  of  view',  the  nozzle  boundary  layer  also  became  fully 
turbulent  near  the  throat. 


C.  Collector -Expansion  Nozzle  Studies 


The  shock  tunnel  was  used  to  supply  the  high  temperature  and 
high  pressure  gas  for  the  test  of  a  collector -expansion  nozzle.  The 
model  was  located  downstream  of  the  sonic  throat  in  the  tunnel  as 
shown  in  Fig.  6.  The  inlet  Mach  number  to  the  model  was  maintained 


at  2.  2  while  the  iivlet  Reynolds  number  per  foot  was  varied  between 
3.  5  X  10^  and  28  x  10^.  The  total  enthalpy  of  the  gas  was  44  x  10^ 
ft-lb/slug,  corresponding  to  a  stagnation  temperature  of  5400*R. 
The  interior  wall  of  the  nozzle  model  was  instrumented  wdth  thin- 


film  heat-transfer  gages  at  various  axial  locations  (Fig.  7), 


Summary  curves  of  the  data  are  given  in  Fig.  8,  plotted  as 
a  function  of  distance  along  the  nozzle.  The  data  are  presented  in 
terms  of  q/po*  ®  because  classical  turbulent  flow,  flat-plate  theory 
predicts  that  this  parameter  is  independent  of  inlet  flow  stagnation 
pressure  in  the  range  of  total  enthalpy  of  this  program.  Hence,  when 
q/pQ*°  is  used,  the  data  for  different  supply  pressures,  p^,  should 
correlate  on  a  single  curve. 


SECTION  II:  ANALYTICAL  BASIS  FOR  THE  DATA  CORRELATION 


The  boundary-layer  development  on  the  surface  of  wind  tunnel 
nozzles  has  been  analyzed  in  detail  by  several  authors.^^*  in  this 
section,  a  simplified  method  of  approach  to  the  problem  applicable  to 
hypersonic  flow  is  given.  It  is  assumed  that  over  much  of  the  nozzle 
length 

(a)  »  / 

(b)  »  /  (1) 

{c)  T^^ ^ 
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Figure  6  NOZZLE-MODEL  INSTALLATION 


Figure  7  COLLECTOR-EXPANSION  NOZZLE  MODEL 


In  general,  the  integrated  boundary-layer  momentiun  equation  can  be 
written  as 

p'x  O  J  <<e  </j<  Z 

The  factor  multiplying  0  in  Eq.  (2)  can  be  simplified  using  assump¬ 
tions  (1). 

The  one -dimensional  continuity  equation  states  that 


Using  (la-b) 


^  ^  ^  constant 


/<■,  =  const. 


hence 


Then 


X 


Tr&J^^c 


J-  ^J-  ^ _ 1. 

Pe  o' K  y-  </>i  "  X 


Assuming  ideal  gas  relations  are  valid  and  making  an  expansion  in 
terms  ol^Xzl  which  is  a  small  quantity,  it  can  be  shown  that 


/  c/i^e  ^  d  A?<y.  / 


Next,  a  relation  between  Mg  and  x  is  needed.  The  nozzle  area  ratio 
at  a  given  x  station  is  given  by 

A  k  ^  r<.  V^<?  ^ 


where  r,)c  is  the  nozzle  throat  radius.  Define  a  reference  length  ;ras 
A  tjc  X 

~  ^ "  ;r 


Again,  using  ideal  gas  relations  between  area  ratio  and  Mach  number. 


A.  simple  relationship  between  6*  and  &  is  derived  in  Ref.  14,  assuming 
a  Stewartson  type  coordinate  transformation  is  valid  for  turbulent  flow. 


(6) 


where  ^ 


which  is  the  boundary -layer  form  factor  in  the  transformed  “incom¬ 
pressible"  plane,  varies  over  a  small  range  with  1.5  a  reasonable  mean 
value.  Now  using  Eqs.  (3 — 6)  in  Eq.  (2)  one  obtains 


(7) 


where  all  length  variables  {0 ,  x)  are  non-dimensionalized  using^. 
A  skin-friction  law  of  the  form 


is  assumed,  where  “r"  refers  to  the  reference  temperature  (Tj.) 
defined^  as 

For  the  cool  wall  case,  can  be  taken  as 

7^  7^  ,  A'-  '// 

In  terms  of  free -stream  quantities,  Eq.  (8)  becomes 


For  classical  laminar  and  turbulent  flow  the  constants  (Am,  m)  are 

)22  /4>y>. 

Z  .334 

.0Z3 


Lciminar 

Turbulent 


5 


Using  the  simple  form  of  Reynolds  analogy,  the  corresponding  heat 
transfer  is  given  by 


s 


z 


(9) 


The  solution  to  Eq.  (7)  can  be  determined  in  closed  form  for 
two  cases  of  interest.  The  first  case  corresponds  to  a  local  similarity- 
type  solution  in  which  changes  in  flow  properties  along  the  nozzle  are 
taken  into  account.  The  second  case  is  simply  the  equivalent  flat-plate 
approach,  whose  only  justification  is  that  it  has  in  many  situations  in 
the  past  yielded  results  in  reasonable  agreement  with  experiment. 

Consider  first  the  local  similarity -type  solution.  In  this  case, 
the  skin-friction  term  becomes 

Cj^  ^  ^  /  /  p  //p  ^  \  ^^***__^  ~ ‘/m 

'  ^ 

where  subscript  "o”  refers  to  nozzle  stagnation  conditions  and,,^*~'7“^ 
Using  Eq.  (5)  and  substituting  for  Mg  in  terms  of  x, 

^  /  (10) 

**  yrt 


Now  Eq.  (7)  becomes 


which  is  a  linear  ordinary  differential  equation  whose  solution  can  be 
written  by  inspection. 


.  rr  >7 

C7  _  X  A 

^  ^  z 


(11) 


It  was  assumed  that^  =:  0  at  x  »  0.  After  considerable  algebraic  manipu 
lation,  Eq.  (11)  can  be  expressed  i.n  terms  of  quantities  appropriate  for 
nozzle  flows.  Hence, 


_ 

-Zyn  CY-/~ 


yrt 


Z' 


(12) 


Using  Eq.  (6), 


i-h  cu~)rn 


f'^e) 


z  O-^^) 


€ -r- r  /•y  i  ^ 

A  ^  r  — - xrlfXzL)'^  -V  (13) 

^  P  J  y/y» 

Next,  consider  the  simple  equivalent  flat-plate  case.  In  this  case 
variation  of  flow  quantities  along  the  nozzle  are  ignored,  so  Eq.  (7) 
becomes 

c/0  ^-f  -  V/>t 


and  the  integration  is  simple. 


^ 

^  "  /-'/ry, 


[  J 


l+UJ-yn 


cf*.  _ 


C.A„ 


/-  >/ry, 


(^) 


t  +  OJ 
"  yn 


'•/’e  «e  \  '//»» 


It  is  interesting  to  note  that  the  functional  dependence  of  Eqs.  (14)  and 
(15)  on  Me  and  Re^  are  identical. 

Return  briefly  to  Eq.  (14)  which  can  be  written  as 
Ae  \  /^r  y 

Using  Eq.  (6) 


dC<r<  ,  ^2  H.  /  jlifeJl 

/r'  75  Kr^y^Y-  y 


Consistent  with  the  equivalent  flat-plate  assumption,  Eq.  (lb)  becomes 

_  Z^o  c(e  y 

c/K  "  CiT'O/y  \  y<r  y 

^  cr~/)/<C'~  L  y 

Eq.  (17)  suggests  that  nozzle -displacement  thickness  data  can  be 
correlated  in  terms  of  a  Reynolds  number  based  on  reference  density 
and  viscosity  independent  of  Mg. 


SECTION  III:  BOUNDARY  LAYER  DATA  ANALYSES 

AND  CORRELATION 


The  boundary  layer  data  were  analyzed  and  correlated  to  deter¬ 
mine  to  what  extent  the  assumptions  and  empirical  results  customarily 
used  in  turbulent  boundary-layer  analyses  were  valid  at  hypersonic  flow 
conditions. 


The  basic  assumption  made  in  the  analysis  was  that  the  Crocco 
energy  relation 

/y  =  a  +  b  u 


//  - 


(18) 


was  valid.  Eq.  (18)  is  rigorously  valid  for  a  flow  with  zero  pressure 
gradient  and  Prandtl  number  equal  to  one.  In  the  case  of  laminar  flow 
where  solutions  to  the  boundary  layer  equations  can  be  obtained,  the 
Crocco  relation  is  in  reasonable  agreement  (Fig.  9)  with  the  n^nerical 
solutions^®  for  a  very  favorable  pressure  gradient  (/?  =  2)  and  a  highly 
cooled  wall  (Hy^/H<p?s 0).  It  is  probable  that  Eq.  (18)  becomes  a  be  ter 
approximation  in  the  turbulent  case  as  it  does  in  the  laminar  case  when 
approaches  zero.  The  turbulent'  and  laminar  cases  are  com¬ 
pared  in  Fig,  9  for  =  .  5.  Since  no  measurement  was  made  in 

the  study  reported  here  from  which  the  local  total  enthalpy  profile  in 
the  boundary  layer  could  be  determined  directly,  Eq,  (18)  was  applied 
to  relate  the  Mach  number,  velocity,  and  temperature  profiles. 


P  Te  [  Te  J  L  rk  J  i  ) 


(19b) 


Typical  boundary-layer  profiles  calculated  using  Eq.  (19)  are  shown  in 
Figs.  10  and  11,  Note  that  the  shock  tunnel  results  agree  quite  well 
with  those  from  continuous  flow^^  and  Hot-shot  tunnels.^® 
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The  boundary  layer  velocity  profiles  were  analyzed  assuming  , 
the  structure  to  consist  of  an  outer  turbulent  layer  where  u/ug  =  (y/6)  ' 
and  an  inner  laminar  sublayer  where  u/ Ug  y/6.  The  method  given  in 

Ref.  19  was  applied  to  estimate  the  thickness  (6j^/6)  and  the  velocity 
(uj^/ug)  at  the  edge  of  the  laminar  sublayer. 


Calculations  were  carried  out  for  n  -  9»  =  1, 

and  Tvv/Tq  =  0  for  Mg  =  8,  12,  16  and  Res  from  1  x  10^  to  5  x  10^.  The 
results  are  given  in  Figs.  12  and  13.  It  is  clear  that  at  high  Mach  numbers 
and  low  Reg,  the  laminar  sublayer  becomes  quite  tnick.  The  estimates  of 
the  laminar  sublayer  corresponding  to  the  measured  profiles  are  indicated 
in  Fig.  10.  The  agreement  is  good  in  some  cases  and  only  fair  in  others. 

The  integrated  boundary-layer  parameters,  6*  and  9,  are  related 
to  the  boundary -layer  thickness,  6,  by  the  following  integral  relations. 

ik,  /-  f  c/Cr/s)  (21a) 

f  =  f  d(y/s)  (21W 

a  fe  3 

Eq.  (21)  was  evaluated  using  the  profiles  given  by  Eq.  (19).  The  results 
as  a  function  of  Mach  number  are  shown  in  Fig.  14.  Even  though  velocity 
profiles  were  found  to  be  dependent  on  Reynolds  number,  the  integrated 
parameters  are  primarily  a  function  of  Mach  number  since  the  strong 
dependence  of  the  boundary-layer  density  profiles  (Fig.  11)  on  Mach 
number  dominates  the  weaker  Reynolds  num’  er  effect  on  the  velocity 
profiles.  The  boundary -layer  thickness  was  defined  as  that  distance 
from  wall  where  the  pitot  pressure  was  99%  of  the  free-stream  value. 

The  ratio  6«/6  was  also  calculated  from  nozzle-area  ratio 
considerations^  The  effective  nozzle  area  was  determined  from  the 
known  throat  area  and  the  measured  Mach  number  at  the  edge  of  the 
boundary  layer.  Note  from  Fig.  14c  that  the  agreement  between  5^/b 
calculated  in  this  manner  and  from  the  int-'.grated  boundary -layer 
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TURBULENT  OUTER  LAYER 


Figure  12  VELOCITY  RATIO  AT  THE  EDGE  OF  THE  LAMINAR  SUB-LAYER 


profiles  is  usually  quite  good.  However,  it  should  be  pointed  out  that 
this  ratio  v'hen  determined  from  area  ratios  is  quite  sensitive  to  the 
selection  of  Mg.  This  was  especially  true  at  Mg  <  10  where  the 
boundary  layer  effect  was  smaller  than  at  higher  Mach  numbers. 
Integrating  the  profiles  is  a  much  more  reliabl'^  way  of  getting  6«/ 6 
since  it  is  not  very  sensitive  to  the  small  uncertainties  of  ±.2  which 
exist  in  the  determination  of  Mg.  Nevertheless,  the  agreement 
between  the  two  methods  gives  some  experimental  justification  for 
the  use  of  the  Crocco  energy  relations  in  the  determination  of  the 
profiles.  A  comparison  between  the  form  factor  calculated 

from  the  profiles  and  the  analytical  expression  (Eq.  6)  derived  in 
Ref.  14  using  a  Stewartson  type  boundary-layer  transformation  is 
shown  in  Fig.  14?>.  The  agreement  is  not  surprising  as  it  is  primarily 
dependent  on  the  a^i sumption  of  the  Crocco  energy  relation  which  was 
used  in  the  calculation  of  both  6  and  6«. 


Empirical  relations  for  6*/x,  6/x  and  6*/ 5  which  fit  the  data 
were  developed. 


(22a) 


aJ  *  ** 

^  =:  ^ 


{22b) 


=  "7q7  — 


(22c) 


"x"  is  the  distance  between  the  nozzle  exit  and  throat.  The  curves 
C(<rresponding  to  the  empirical  relations  above  are  given  in  Figs.  15 
and  lb-  The  GAL  experimental  data  presented  are  for  a  wall -to -total 
enthalpy  ratio  of  .11.  It  was  not  possible  from  a  few  runs  made  at 
slightly  lower  wall-to -total  enthalpy  ratios  to  determine  the  effect  of 
further  wall  cooling  on  and  5.  Boundary -layer  results  obtained  in 
contoured  nozzles  at  CAL,  in  continuous  flow  tunnels  (moderately  cool 
wall)  at  Sandia^O  and  Ohio  State,^^  and  in  Hot-shot  tunnels^®  are  also 
shown  in  Figs.  15  and  16.  The  agreement  of  all  the  data  with  the 
empirical  relation  (Eq,  22)  is  good.  An  empirical  relation^^  developed 
by  J.  Lee  for  the  calculation  of  displacement  thickness  in  hypersonic 
v/ind  tunnel  nozzles  is  also  indicated  in  Fig.  15  'r  comparison.  Note 
thac  in  the  Reynolds  number  (Re^^)  range  10^  -  10^  for  which  Lee 
developed  his  relation,  the  two  expressions  do  not  give  a  significantly 
different  result. 
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Figure  15  CORRELATED  BOUNDARY  LAYER  DISPLACEMENT  THICKNESS  DATA 


Figure  16  CORRELATED  BOUNDARY  LAYER  THICKNESS  DAT. 


It  was  shown  analytically  in  Section  II  that  the  boundary-layer 
displacement  thickness  in  a  hypersonic  nozzle  can  be  written  in  the 
same  form  as  the  empirical  relations  (Eq.  22) 

h.  -tUsl 

The  particular  expression  obtained  using  the  equivalent  flat-plate 
approach  was 

2, 


Cq  Arrt 
/-'/rr, 


(V) 


-/ 


where  it  was  assumed  that 


~‘/r>7 


The  expression  corresponding  to  the  equivalent  flat  plate  is  being  used 
in  preference  to  the  one  corresponding  to  the  local  similarity  approach 
because  the  factor  vs\y/ (2  y  -  1)  -  2m  (  y  -  1  -  Cq)  in  Eq.  (13)  is  felt  to 
be  undesirably  sensitive  to  m.  Also  the  equivalent  flat-plate  method 
was  found  (Appendix  I)  to  yield  good  results  for  the  heat  transfer 
distribution  in  an  expanding  flow.  The  constants  Am  and  m  which 
give  a  good  fit  to  the  experimental  data  were  determined  for  =  1, 
ar  =  1.4,  T^/Tq  =  .  11. 


Ayr,  ^.073  ,  r»^3.35 


Eq.  (8)  fits  the  data  (Fig.  15)  almost  as  well  as  Eq.  (22a)  and,  in 
addition,  is  consistent  with  general  result,  Eq.  (15).  The  friction 
relation  implied  by  Eq.  (23) 


~  .0  73 


is  between  the  classical  turbulent  (m  =  5)  and  laminar  (m  =  2)  relations 
as  might  be  expected  from  the  velocity  profiles  (Fig.  10). 

It  was  indicated  by  Eq.  (17)  that  the  Mach  number  dependence 
in  the  correlation  of  displacement  thickness^  re  suits  could  be  removed 
by  plotting  6«/x  as  a  function  of  P.f-  «  Such  a  plot  is  given 

in  Fig.  17.  All  the  data  are  seen  to  correlate  quite  well  and  the 
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Figure  17  BOUNDARY  LAYER  DISPLACEMENT  THICKNESS  CORRELATED  IN  TERMS  OF  A 
REYNOLDS  NUMLER  BASED  ON  THE  REFERENCE  TEMPERATURE 


prediction  of  Eq,  (17)  reasonably  well  confirmed.  Hence,  S^/x  can  also 
be  written  as 


The  correlated  results  discussed  in  the  previous  two  paragraphs 
indicate  that  the  equivalent  flat-plate  method  and  the  reference  tempera¬ 
ture  concept  for  the  relating  of  incompressible  and  compressible  skin- 
friction  coefficients  yield  results  in  good  agreement  with  experimental 
data  for  turbulent  boundary  layers  on  liighly  cooled  surfaces  at  high 
Mach  numbers. 


APPENDIX  I: 


CORRELATION  OF  THE  COLLECTOR -EXPANSION 
NOZZLE  HEAT  TRANSFER  DATA 


As  described  in  Section  I-C,  the  heat  transfer  distribution  m  a 
collector -expansion  nozzle  model  was  determined.  The  data  are  given 
in  Fig.  8.  Calculations  of  the  expected  heat  transfer  were  made  using 
the  equivalent  flat-plate  method  discussed  in  Section  II. 


/ 


(1.1) 


This  corresponds  to  Eq.  (9),  with  m  =  5,  Am  =  .  029,  and  is  the  classical 
turbulent-flow  heat-transfer  equation.  The  local  flow  conditions^  > 
were  determined  using  the  model  inlet  conditions  (Min.  Po»  Tq)  and  the 
geometric  area  ratio  in  the  model.  The  results  of  the  calculations  are 
shown  on  Fig.  8  with  reasonable  agreement  between  the  predictions  and 
the  experimental  data.  As  suggested  by  Eq.  (I.  1)  the  dependence  of  the 
heat  transfer  on  the  stagnation  density  level  may  be  accounted  for  by  the 
use  of  the  parameter  q/po*®  rather  than  q. 

The  agreement  shown  in  Fig.  8  betv/een  the  calculated  and 
measured  heat  transfer  distributions  indicates  that  the  simple  equiva¬ 
lent  flat-plate  method  is  an  acceptable  calculation  procedure  in  the  case 
of  expanding  flow  having  large  favorable  pressure  gradients  as  long  as 
the  pressure  change  is  continuous  and  not  abrupt.  Note  that  in  the 
neighborhood  of  the  sudden  change  (x  =  5  in  Fig.  8),  the  difference 
between  theory  and  experiment  is  larger.  The  results  also  indicate 
that  the  use  of  the  reference  enthalpy  method  as  it  relates  to  the  skin 
friction  law  (Eq.  8)  and  the  effective  flow  properties  is  valid  for  highly 
cooled  walls  and  moderately  high  total  temperatures. 
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THE  VISCOUS  BLUNT-BODY  PROBLEM 
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ABSTRACT 


A  brief  review  of  several  papers  dealing  with  the  effect  of  shock¬ 
generated  vorticity  on  stagnation-point  heat  transfer  is  presented. 

Shock  detachment  distances,  velocity  and  enthalpy  profiles,  and  heat- 
transfer  rates  are  compared. 

An  analysis  is  then  presented  which  attempts  to  describe  the  flow 
around  a  blunt  body  when  the  shock  layer  is  completely  viscous. 

An  integral  method  is  employed  to  reduce  the  governing  equations 
to  a  set  of  total  differential  equations  which  describe  the  shape  of  the 
shock  wave.  Insufficient  boundary  conditions  exist  at  the  stagnation 
point  to  solve  the  equations.  The  downstream  boundary  condition  that 
the  shock  angle  approach  the  inviscid  value,  or  that  all  disturbances  at 
large  distances  from  the  body  vanish,  is  necessary.  These  boundary 
conditions  preclude  a  simple  solution  to  the  viscous  blunt-body  problem. 
A  method  for  determining  an  approximate  solution  is  indicated. 


LIST  OF  SYMBOLS 


a  velocity  profile  coefficients 

b  enthalpy  profile  coefficients 

C.  mass  fraction  of  species 

Cp  total  specific  heat  at  constant  pressure 

C  frozen  specific  heat  at  constant  pressure 

P 

D. j  diffusion  coefficient  for  a  multicomponent  system 

diffusion  coefficient  for  a  binary  system 
defined  by  Eq.  (20c) 

Fg  defined  by  Eq.  (20d) 

f  velocity  function,  Eq.  (18) 

g  enthalpy  function,  Eq,  (19) 

h  static  enthalpy 

til 

h^  static  enthalpy  of  i^‘  species,  including  enthalpy  of  formation 

H  total  enthalpy 

k  total  thermal  conductivity 

k  frozen  thermal  conductivity 

molecular  weight  of  species  i 
n^  moles  of  species  i  per  unit  volume 

n^  total  number  of  moles  per  unit  volume 

P  static  pressure 
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LIST  OP  SYMBOLS  (CONT’  D) 


total  Prandtl  number,  P"  =  C  n/k 

P 

energy  flux 

body  radius  measured  from  body  centerline 
body  radius 
Reynolds  number, 

Reynolds  number,  p^U^R/Pg 
distance  along  shock  wave 
temperature 

velocity  component  parallel  to  body 

free -stream  velocity- 

velocity  component  normal  to  surface 

mole  fraction  of  species  i ,  -  n^/n^ 

body-oriented  coordinate  system 

isentropic  index 

shock  detachment  distance 

defined  by  Eq.  (12d) 

boundary  layer  thickness 

momentum  thickness  Eq.  (15) 

modified  momentum  thickness  Eq.  (16) 

enthalpy  thickness  Eq.  (17) 

difference  between  body  and  shock  angle 

Dorodnitzyn  variable  Eq.  (12  a) 

body  angle 

body  curvature 

1  +  Ky 

dynamic  viscosity 


LIST  OF  SYMBOLS  (COlff’  If, 


i>  kinematic  viscosity 

p  density 

p  density  ratio  across  shock,  P„/p^ 

(f)  shock  angle 

w  vorticity 

Subscripts 

B .  L .  boundary  layer 

FM  free  molecule 

0  stagnation  point 

S.L.  shock  layer 

i  i^*^  chemical  species 

w  wall  quantities 

6  quantities  immediately  behind  shock 

0°  free  stream  condition 

Primes  denote  differentiation. 


THE  VISCOUS  BLUNT  BODY  PROBLEM 


INTRODUCTION 

When  heat  transfer  and  shear  to  a  hypervelocity  vehicle  are  computed  by 
conventional  methods,  the  shock  layer  is  considered  to  be  separable  into  an 
inviscid  and  viscous  region.  The  viscous  region  is,  of  course,  the  boundary 
layer.  One  assumes  that  there  is  no  interaction  between  the  inviscid  flow  and 
the  boundary  layer.  This  assumption  is  valid  as  long  as  the  boundary  layer 
remains  very  thin  with  respect  to  the  shock-layer  thickness  and  the  gradients 
in  the  inviscid  flow  are  much  smaller  than  the  gradients  which  exist  in  the 
boundary  layer.  Ferri  and  Libbv  (Ref.  1)  point  out  that  when  the  bow  shock 
is  highly  curved,  the  varying  shock  strength  can  produce  large  entropy  gradi¬ 
ents  and  vorticity  which  may  interact  with  the  vorticily  generated  by  viscosity 
in  the  boundary  layer.  The  degree  of  interaction  depends  on  the  relative  mag¬ 
nitude  of  the  two  vorticities.  When  the  two  vorticities  are  of  the  same  order 
of  magnitude,  there  can  be  a  considerable  interaction  between  the  Inviscid 
flow  and  the  boundary  layer.  This  interaction  can  have  a  significant  effect  on 
the  heat  transfer  and  shear  to  the  body. 

The  problem  of  determining  the  effect  of  external  vorticity  on  heat  transfer 
and  shear  has  been  considered  by  many  authors  (Refs.  2  -  12).  Their  work  can 
be  placed  in  two  broad  categories:  (1)  the  vorticity  interaction  regime  and  (2) 
the  viscous  shock-layer  regime.  These  papers  are  briefly  reviewed  and  com¬ 
parisons  are  made  where  possible. 

In  all  of  the  above  investigations,  the  bow  shock  shape  is  assumed  to  be  a 
known  quantity.  In  the  present  paper,  the  problem  of  determining  the  shock 
shape  and  the  attendant  flow  field  when  the  shock  layer  is  completely  viscous 
is  considered.  A  direct  solution  is  sought  in  which  the  shock  shape  and  the 
shock-layer  flow  characteristics  are  determined  for  a  given  body  shape. 


SECTION  I.  THE  VORTICITY  INTERACTION  REGIME 


In  the  vorticity  interaction  regime,  the  boundary-layer  equations  are 
assumed  to  be  applicable  with  the  outer  boundary  conditions  modified  to  account 
for  the  external  voiticity.  The  surface  boundary  conditions  are  usually  taken 
to  be  the  zero  slip  and  zero  temperature  jump  conditions. 


There  is  disagreement  among  several  authors  on  how  the  outer  boundary 
conditions  should  be  modified.  The  particular  point  in  question  is  whether  or 
not  the  effect  of  the  pressure  gradient  due  to  the  boundary-layer  displacement 
thickness  is  of  the  same  order  as  the  effect  of  external  vorticity.  Van  Dyke 
(Ref.  4)  gives  a  clear  discussion  of  this  point  and  the  viewpoints  of  numerous 
authors  for  flow  over  a  flat  plate  and  around  blunt  bodies.  He  also  shows  by 
means  of  an  inner  and  outer  expansion  technique  th^t  for  flow  over  a  blunt  body, 
the  induced  pressure  gradient  must  be  taken  into  account.  His  results  confirm 
the  conclusion  reached  by  Murray  (Ref.  12)  for  flow  over  a  flat  plate. 

The  increase  in  heat  transfer  caused  by  the  interaction  of  the  external  vor¬ 
ticity  with  the  boundary-layer  vorticity  is  significantly  affected  by  the  induced 
pressure  gradient.  Hayes  and  Probstein  (Ref.  13),  for  example,  neglect  the 
induced  pressure  gradient  and  obtain  for  the  effect  of  external  vorticity  on  stag¬ 
nation  point  heat  transfer 


‘^vort. 


0.305 


Van  Dyke  (Ref.  14),  in  an  extension  of  his  previous  work  to  compressible 
flow,  includes  the  induced  pressure  gradient  and  obtains  for  the  same  conditions 


^vort.  =  1  +  0.8419 

^B.L. 


which  predicts  that  the  effect  of  external  vorticity  is  almost  three  times  as  large 
as  that  predicted  by  Hayes  and  Probstein.  For  strong  shocks  (y  —  1)  ,  Van  Dyke 
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indicate!  .-hat  the  vorticity  effect,  which  is  given  by  the  second  term  in  the  above 

-  -  5  /4  - 

equation,  varies  as  (p)  .  For  p  =0. 10,  Van  Dyke's  prediction  for  the 

effect  of  vorticity  on  heat  transfer  is  about  twice  that  predicted  by  Hayes  and 
Probstein.  It  should  be  noted  that  the  above  increase  in  heat  transfer  is  due  only 
to  external  vorticity  and  does  not  include  the  effects  of  body  curvature  and  dis¬ 
placement  thickness.  The  above  results  will  be  discussed  further  in  a  subsequent 
section. 


SECTION  n :  THE  VISCOUS  SHOCK-LAYER  REGIME 


In  the  viscous  shock-layer  regime,  as  the  name  implies,  the  shock  layer 
is  completely  viscous,  and  one  cannot  distinguish  between  a  viscous  layer  near 
the  wall  and  a  nearly  inviscid  region  away  from  the  wall  Ho  and  Probstein 
(Ref.  6),  Herring  (Ref.  9),  and  Cheng  (Ref.  11)  have  considered  the  compressible 
flow  near  the  stagnation  point  of  a  blunt  body  under  the  above  conditions.  Ferri, 
Zakkay  and  Ting  (Ref.  10)  have  also  considered  this  problem  and  their  work  will 
be  classified,  perhaps  improperly,  as  a  viscous  shock-layer  solution  for  the  pur¬ 
poses  of  this  discussion,  since  they  apply  their  results  in  the  same  Reynolds 
number  range  as  the  previously  mentioned  authors. 

The  works  of  the  above  authors  differ  principally  in  the  governing  equations 
and  the  outer  boundary  conditions  applied  behind  the  shock  ’./ave.  The  zero  slip 
and  zero  temperature  jump  boundary'  conditions  are  employed  at  the  wall  by 
all  of  the  above  authors.  The  main  differences  in  tlieir  analysis  are  conveniently 


sumntarized  in  the  following  table; 

Governing 

Boundary  Conditions 

Author 

Equations 

Behind  Shock  Wave 

Gas  Properties 

Ho  and  Probstein 

Navier-Stokes 

Inviscid  Strong 

Shock  Relations 

M  ~'yh  >  P  ~  ^ 

Herring 

Boundary  Layer 

Inviscid  Strong 

Shock  Relations 

pjj,  =  const. 

P  ~ 

Cheng 

Boundary  Layer 
plus  Centrifugal- 
Force  Term 

Inviscid  Strong  Shock 
Relations  Modified 
for  Heat  Conduction 
and  Shear  Behind  Shock 

pu  =  const. 

1 

P  ~  T 

Fer’"i;  Zakkay 
and  Ting 

Boundary  Layer 

Inviscid  Strong  Shock 
Relations 

pp  =  const. 

P  ~  ^ 
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In  all  of  th3  analyses,  the  shock  wave  is  assumed  to  be  a  thin  discontinuity  in  the 
flow. 

In  Figure  1,  the  results  for  the  shock  detachment  for  a  sphere  obtained  by 
Ho  and  Probstein,  Herring,  and  Cheng  are  presented.  These  results  are  for  a 
highly  cooled  wall  which,  because  of  the  higher  average  den..uty  in  the  shock 
layer,  causes  the  shock  detachment  distance  to  be  less  than  the  inviscid  value. 

The  inviscid  values  were  obtained  from  Ref.  15.  There  is  a  significant  diffc  rence 
in  the  results  obtained  by  these  authors ,  especially  at  the  lower  Reynolds  numbers 
considered.  Ho  and  Probstein' s  results  show  that  the  shock  detachment  distance 
begins  to  increase  with  decreasing  Reynolds  number  at  very  low  Rey»iolds  numbers. 
The  flow  model  on  which  their  analysis  is  based  is,  admittedly,  probably  not  valid 
at  these  low  Reynolds  numbers.  Cheng's  results,  on  the  other  hand,  show  a  rapid 
decrease  in  shock  detachment  distance  at  very  low  Reynolds  number. 

Also  shown  in  Figure  1  are  the  incompressible  results  of  Probstein  and 
Kemp  (Ref.  5) .  In  this  case ,  the  shock  detachment  distance  is  greater  than  the 
inviscid  value  due  to  the  viscous  retardation  of  flow  in  the  shock  layer. 

The  corresponding  velocity  and  enthalpy  profiles  are  presented  in  Figures  2 
and  3,  respectively.  These  profiles  are  quite  similar  in  appearance,  but  note  that 
the  normal  distance  has  been  normalized  to  the  shock  detachment  distance.  Since 
the  results  for  the  shock  detachment  distance  vary  significantly,  tl;ie  actual  veloc¬ 
ity  and  enthalpy  at  a  given  point  from  the  body  can  also  vary  significantly.  Also 
note  the  reduction  in  the  value  of  the  velocity  and  enthalpy  immediately  behind  the 
shock  in  Cheng's  results.  Tliis  is  due  to  the  boundary  conditions  employed  by 
Cheng  behind  the  shock  wave  which  take  the  heat  conduction  and  shear  into  account. 

The  heat-tran.sfer  results  obtained  by  these  authors  are  compared  in  Figure  4. 
The  results  are  normalized  to  t»ie  free-molecule  heat -transfer  rate  which  is  given 
by 

_  1  „3 

"^FM  2  ^■^'>0 

Also  shown  in  Figure  4  for  comparison  purposes  are  the  boundary-layer  values 
as  calculated  by  Fay  and  Riddell  (Ref.  16)  for  a  dissociated  boundary  layer  and  by 
Reshotko  and  Cohen  (Ref.  17)  for  pu  =  cons;,ant.  The  constant-density  value  for 
the  stagnation  point  velocity  gradient  (Rei.  13)  was  used  with  the  boundary  layer 
theories. 
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Ho  and  Probstein  (Ref.  6) 
Viscoos  Shock  Layer 


Figure  4  Comparison  of  Heat-Transfer  Results 


Ho  and  Probstein  neglect  dissociation  but  take  the  viscosity  proportional 
to  the  square  root  of  the  enthalpy.  Their  results  can  probably  be  compared 
best  to  the  Fay  and  Riddell  boundary-layer  theory.  It  is  seen  that  the  viscous 
shock  layer  results  of  Ho  and  Probstein  fall  above  the  Fay  and  Riddell  values 
and  approach  them  at  high  Reynolds  number.  This  increase  in  heat  transfer 
over  the  boundary-layer  values  at  low  Reynolds  number  is  due  mainly  to  the 
external  vorticity. 

Herring  and  Cheng  assume  pfx  =  constant  so  that  their  results  should  be 
properly  compared  to  the  boundary-layer  values  of  Reshotko  and  Cohen.  Herring's 
results  lie  above  and  approach  the  Reshotko  and  Cohen  values  at  the  higher 
Reynolds  nuinbers.  Cheng's  results,  on  the  other  hand,  are  substantially  higher 
than  the  Reshotko  and  Cohen  values  at  the  higher  Reynolds  numbers  and  then  fall 
below  the  boundary-layer  values  at  very  low  Reynolds  numbers.  This  fall-off 
can  probably  be  attributed  to  the  decrease  in  enthalpy  and  velocity  due  to  heat 
conduction  and  shear  immediately  behind  the  shock. 

The  effect  of  external  vorticity  on  heat  transfer  can  be  more  clearly  seen 
by  normalizing  the  viscous  shock  layer  results  to  appropriate  boundary-layer 
values.  Some  care  must  be  exercised  in  selecting  the  boundary-layer  reference 
value  since  there  is  a  significant  difference  in  the  results  of  Fay  and  Riddell  for 
a  dissociated  air-boundary  layer  and  Reshotko  and  Cohen's  results  for  a  perfect 
gas  boundary  layer  (see  Figure  4). 

In  Figure  5,  the  various  results  obtained  for  the  ratio  of  shock  layer  to 
boundary-layer  heai  transfer  is  presented.  Ho  and  Probstein's  results  are 
referenced  to  Fay  and  Riddell,  while  Cheng  and  Herring's  results  are  referenced 
to  Reshotko  and  Cohen.  Ferri  et  al. ,  Hayes  and  Probstein,  and  Van  Dyke  all 
obtain  the  heat-transfer  ratio  directly.  All  of  the  results  are  for  a  density  ratio 
of  0. 10.  Ho  and  Probstein,  Herring,  Hayes  and  Probstein,  and  Van  Dyke  are  in 
general  agreement  and  predict  a  much  smaller  effect  of  external  vorticity  than 
Ferri  et  al.  and  Cheng.  Herring's  results  are  in  fair  agreement  with  Ho  and 
Probstein  except  that  his  results  fall  abruptly  to  one.  Van  Dyke's  inner  and 
outer  expansion  technique  gives  results,  for  the  effect  of  external  vorticity  only, 
which  are  roughly  twice  those  given  by  Hayes  and  Probstein's  vorticity  interaction 
theory. 

The  ratio  of  shock  layer  to  boundarv-laver  heat  transfer  is  not  only  a 
function  of  Reynolds  number  but  is  also  a  function  of  the  density  ratio  across 
the  shock,  p  .  In  fact,  the  heat  transfer  ratio  is  dependent  far  more  strongly 
on  the  density  ratio  than  on  the  Reynolds  number.  This  is  illustrated  in  Figure  6. 
All  of  the  theories  considered,  with  the  exception  of  Cheng's,  indicate  that  the 
heat-transfer  ratio  is  Inversely  proportional  to  the  density  latio  raised  to  some 
power  greater  than  unity.  Cheng's  results  show  a  very  weak  dependence  on 
density  ratio. 
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Figure  5  Comparison  .  Ratio  of  Shock  Layer  to  Boundary  Layer  Heat-Transfer  Results  for 


constant 


In  Figure  7,  experimental  data  presented  by  Ferri  and  Zakkay  (Ref.  18) 
are  compared  to  the  results  of  various  theories.  Cheng  and  Ferri  et  al.  are 
in  good  agreement  with  the  data,  while  Hayes  and  Probstein's  and  Van  Dyke's 
predictions  are  somewhat  low.  Although  the  data  wei*e  obtained  for 
0.153  ^  p  £  0.167,  Cheng's  prediction  for  p  =  0. 13  is  used  since  his 
results  are  weakly  dependent  on  p  . 


SECTION  IH:  DISCUSSION  OF  THE  VISCOUS  BLUNT-BODY  PROBLEM 


In  all  of  the  papers  discussed  above,  with  the  exception  of  Van  Dyke's 
work  (Ref.  14),  the  bow  shock  shape  is  assumed  known.  Van  Dyke  starts 
with  the  inviscid  flow  obtained  by  neglecting  the  boundary  layer  as  the  first 
term  of  his  outer  expansion  and  then  corrects  the  shock  shape  for  the  influence 
of  the  viscous  layer  (second  term  in  outer  expansion) .  Tliis  correction  to  the 
shock  shape  has  been  made  to  date ,  only  at  the  stagnation  point. 

The  problem  presently  considered  is  that  of  determining  the  shape  of  the 
bow  shock  when  the  shock  layer  is  completely  viscous.  For  a  viscous  shock 
layer,  the  shock  shape  and  the  shock-layer  flow  characteristics  are  closely 
related.  This  can  be  easily  seen  when  one  considers  that  cooling  the  shock 
layer  reduces  the  shock  detachment  distance  (Figure  1) ,  and  that  small  changes 
in  the  shock  detachment  distance  can  result  in  significant  changes  in  the  shock 
curvature.  The  reader  is  reminded  that  the  pressure  gradient  and  the  vorticity 
behind  the  shock  are  dependent  on  the  shock  curvature.  If  there  is  a  uniform 
reduction  in  the  shock  detachment  distance,  the  shock  curvature  will  not  be 
affected.  However,  one  would  expect  that  the  shock  detachment  distance  will 
increase  more  rapidly  than  the  viscous  layer  around  a  blunt  body.  In  other 
words,  the  shock  layer  becomes  less  viscous  around  the  body  so  that  the 
reduction  in  shock  detachment  distance  will  be  a  maximum  at  the  stagnation 
point  and  will  decrease  around  the  body.  This  means  that  the  shock  will  be 
flatter  than  the  inviscid  shape  with  a  consequent  reduction  in  the  pressure 
gradient  and  vorticity  behind  the  shock.  Hence,  there  is  a  compensating 
effect  which  will  oppose  the  increase  in  heat  transfer  caused  by  the  shock¬ 
generated  vorticity. 

In  addition  to  the  flattening  of  the  shock  near  the  stagnation  point,  the  pres¬ 
ent  analysis  attempts  to  take  into  account  the  upstream  influence  of  the  flow,  i.  e. , 
the  stagnation  point  is  not  considered  independently  of  the  flow  away  from  it.  An 
integral  method  similar  to  that  employed  by  Maslen  ard  Moeckel  (Ref.  19)  in 
their  solution  of  the  inviscid  blunt  body  problem  is  used  to  reduce  the  governing 
equations  to  a  set  of  total  differential  equations.  It  is  shown  that  the  symmetry 
conditions  at  the  stagnation  point  do  not  provide  sufficient  conditions  to  determine 
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Figure  7  Comparison  of  Theory  With  ExperimentaJ 


the  shock  shape.  An  additional  boundary  condition  is  necessary.  This  additional 
boundary  condition  can  be  considered  to  be  the  condition  that  all  disturbances  far 
from  the  body  vanish  or  that  the  shock  angle  approach  the  inviscid  value.  In 
practice,  these  are  difficult  boundary  conditions  to  satisfy.  In  the  present  analy¬ 
sis,  a  method  for  obtaining  an  approximate  solution  is  indicated  in  which  the  down¬ 
stream  boundary  conditions  are  not  directly  satisfied. 

The  air  is  assumed  to  be  in  equilibrium  and  real  gas  effects  are  taken  into 
account.  The  total  thermodynamic  and  transport  property  method  discussed  by 
Hirschfelder  (Ref.  20)  is  used  to  include  the  effects  of  dissociation  and  ionization. 


SECTION  IV:  GOVERNING  EQUATIONS 


In  the  present  analysis,  the  gas  is  considered  to  be  a  continuum.  The  con¬ 
ditions  under  which  this  assumption  is  valid  have  been  discussed  by  Hayes  and 
Probstein  (Ref.  13).  According  to  their  results,  the  gas  behind  the  bow  shock  of 
a  blunt  hypervelocity  vehicle  is  a  continuum  for  free-stream  Reynolds  numbers 
greater  than  approximately  100  based  on  body  radius.  It  is  possible  under  certain 
conditions  for  the  gas  in  the  stagnation  region  to  be  a  continuum ,  while  away  from 
the  stagnation  point,  due  to  a  flow  expansion,  the  gas  is  not  a  continuum.  This 
situation  is  not  considered  in  this  investigation. 

The  shock  layer  is  assumed  to  be  completely  viscous  and  the  Navier-Stokes 
equations  are  simplified  accordingly.  The  shock -detachment  distance  'lom 
inviscid  flow  theory  is  approximately 
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The  shock-detachment  distance  and  viscous  layer  thickness  are  set  equal  to  obtain 


P^Re. 
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If  the  upper  li]^t  in  Reynolds  numher  is  arbitrarily  defined  by  6y  =  0. 1 6  and  by 
noting  that  p~^  «  1,  the  Reynolds  number  range  in  which  the  present  analysis  is 
valid  is  found  to  be  10^  ^  Re^  ^  10^  . 

If  one  neglects  all  terms  of  order  p  ^  and  higher,  the  Navier-Stokes  equa¬ 
tions  in  a  body-oriented  coordinate  system  (Fig.  8)  can  be  simplified  to: 
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where  diffusion  due  to  temperature  and  pressure  gradients  and  external  forces  have 
been  neglected  and  where  n  =  1  and  n  =  0  for  axisymmetric  and  plane  flow, 
respectively. 

Note  that  the  above  equations  are  just  the  bovmdary-layer  equations  with  the  ad¬ 
dition  of  the  curvature  terms.  A  body-oriented  coordinate  system  is  used,  since  a 
direct  solution  to  the  viscous  blunt -body  problem  is  sought,  i.  e. ,  for  a  specified 
body  shape,  the  shock  shape  and  flow  field  are  to  be  determined. 
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The  above  equations  should  be  valid  as  long  as  the  entire  shock  layer  remains 
viscous.  This  implies  that  the  shock  layer  must  everywhere  be  thin.  Such  is  the 
case  for  a  blunt-nosed  cone  many  nose-diameters  downstream  of  the  stagnation 
point.  On  a  hemisphere-cylinder,  the  present  analysis  is  valid  o'lly  up  to  the 
shoulder.  Downstream  of  the  shoulder,  the  flow  will  be  inviscid  behind  the  shock 
with  a  boundary-layer-type  flow  beneath  it.  In  the  inviscid  region,  Eq.  (2)  is  not 
valid. 


The  energy  equation  can  be  written  in  a  simpler  form  by  taking  the  effects  of 
dissociation  and  ionization  into  account  by  means  of  the  total  thermodynamic  and 
transport  property  concept.  This  concept  is  discussed  by  Hirschfelder  (Ref.  20) 
and  utilized  by  Hansen  (Ref.  21)  to  compute  the  properties  of  air.  In  order  to  make 
use  of  this  concept,  the  molar  concentration  must  be  a  function  of  temperature  only. 
This  is  approximately  true  in  the  shock  layer,  since  the  dependence  of  concentration 
on  pressure  is  fairly  weak  and  the  pressure  variation  across  the  shock  layer  is  ex¬ 
pected  to  be  small,  according  to  the  stagnation  point  results  of  Ho  and  Probstein 
(Ref.  6).  With  this  approximation,  a  total  thermal  conductivity  can  be  defined  which 
is  equal  to  the  sum  of  the  thermal  conductivity  due  to  molecular  collisions  and  to 
chemical  reactions. 

It  is  also  convenient  to  define  a  total  specific  heat  as 


The  enthalpy  in  the  shock  layer  can  also  be  assumed  to  be  a  function  of  temperature 
only  by  the  same  arguments  used  for  the  molar  concentration.  In  terms  of  the  total 
properties,  the  energy  equation  is 
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where  Pr  =  Cp  p/k  is  the  total  Prandtl  number  and 
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The  pressure  gradient  terms  in  the  energy  equation  can  be  eliminated  and 
the  energy  equation  written  in  terms  of  the  total  enthalpy  by  means  of  the  two  mo¬ 
mentum  equations.  After  some  naanipulations  and  by  consistently  neglecting  terms 
of  order  and  higher,  one  obtains 
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In  this  form  the  energy  equation  can  be  easily  integrated  across  the  shock  layer. 


SECTION  V:  INTEGRAL  FORM  OF  THE  MOMENTUM  AND  ENERGY  EQUATIONS 


The  momentum  and  energy  equations  are  integrated  across  the  shock  layer  to 
reduce  the  governing  equations  to  a  set  of  total  differential  equations.  A  solution 
to  these  equations  will  satisfy  the  momentum  and  energy  equation  in  the  large.  Only 
the  tangential  momentum  and  energy  equation  are  actually  integrated.  The  continuity 
equation  is  used  to  eliminate  the  normal  velocity  component,  while  the  normal  mo¬ 
mentum  equation  is  used  to  manipulate  the  pressure  gradient  term  into  a  form  suitable 
for  integration.  The  analysis  at  this  point  follows  closely  the  work  of  Maslen  and 
Moeckel  (Ref.  19)  lor  the  inviscid  flow  about  a  blunt  body.  The  addition  of  the  viscous 
terms  presents  no  difficulty.  By  means  of  the  normal  momentum  and  continuity  equa¬ 
tions,  the  tangential  momentum  equation  can  be  written  as 
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Equations  (8)  and  (9)  are  now  integrated  across  the  shock  layer  to  obtain 
X  -  mom. 


_d 

dx 


6 

/  f(f-l) 


o 


^6,0 


energy 


dx 


/f(g-l) 

o 


+ 


6 

/f{g  -  1) 


0 


(i  -  J.)  __!!« _ 8ii5 

pW2(Hj-hj  ay 


U 


2 

5 


Hr-H 

A  W 


(10) 


Pr 

5.  o  6 


JL  ^ 
Pr  ay 


+ 


5 


(11) 


The  compressibility  effects  can  be  reduced  significantly  by  introducing  the  Dorodnitzyn 
variable  defined  by 


so  that 


In  terms  of  the  Dorodnitzyn  variable  t],  the  momentum  and  energy  equations  become 
mom. 
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where  the  two  momentum  thicknesses  are  defined  by 
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and  an  enthalpy  thickness  by 


6|  =  4 


The  primes  denote  differentiation  with  respect  to  rj  . 

In  the  present  problem,  there  is  only  one  unknown  thickness,  namely,  the 
shock-layer  thickness.  The  other  unknown  quantity  to  be  determined  from  Eqs.  (13) 
and  (14)  is  the  enthalpy  gradient  at  the  wall.  All  other  quantities  can  be  expressed 
in  terms  of  the  shock  layer  thickness  and  its  derivatives  and  the  wall  enthalpy 
gradient. 


SECTION  VI:  VELOCITY  AND  ENTHALPY  PROFILES 


Before  Eqs.  (13)  and  (14)  can  be  solved,  the  integrals  which  appear  there 
must  first  be  evaluated.  In  oider  to  accomplish  this,  the  velocity  and  enthalpy 
profiles  are  assumed  to  be  representable  by  fourth- order  polynomials  in  tj  . 

The  zero  slip  boundary  conditions  are  used  at  the  wall.  Behind  the  shock  wave, 
the  Rankine-Hugoniot  relations  are  employed.  Cheng  (Ref.  11)  indicates  that  at  the 
lower  Reynolds  number  considered  herein,  the  Rankine-Hugoniot  relations  should 
be  modified  to  include  tangential  stress  and  heat  conduction  immediately  behind  the 
shock.  These  modifications  should  not  affect  the  success  or  failure  of  the  approxi¬ 
mate  solution  attempted  here,  but  may  affect  the  magnitude  of  the  numerical  results. 

The  velocity  and  enthalpy  profiles  are  assumed  to  be  of  the  form 


f  =  =  a^(x)  +  a^(x)  tj  +  a2(x)  +  a3(x)  +  a^(x)  t)^  (18) 
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where  sli  and  b]^  are  functions  of  x  only.  Nine  boundary  conditions  will  be 
specified  which  will  enable  nine  of  the  ten  coefficients  to  be  written  in  terms  of  the 
remaining  coefficient.  This  one  remaining  coefficient,  along  with  tlie  shock- 
detachment  distance,  will  be  determined  by  solving  the  momentum  and  energy 
equations  [Eqs.  (13)  and  (14)]. 

Four  boundary  conditions  are  specified  immediately  behind  the  shock  and 
five  at  the  wall.  The  four  boundary  conditions  used  behind  the  shock  in  the  body- 
oriented  system  (Fig.  8)  are  as  follows: 

(1)  u  =  u  or  f(l)  =  1  .  (20a) 

0 

For  later  use  note  that 

Ug 
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00 


(2)  V  =  V5  .  By  means  of  the  continuity  equation  this  boundary  condition  can  be 
written  as 


Equation  (20c)  is  equivalent  to  an  overall  mass  balance.  The  condition 
V  =  0  at  y  =  d  was  used  to  obtain  Eq.  (20c). 

(3)  cj  =  coc  .  This  boundary  condition  is  equivalent  to  satisfying  the  inviscid 
tangential  momentum  equation  behind  the  shock.  For  strong  shock  waves 
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The  vorticity  can  also  be  written  as 


Solving  for  f'(l) 


f'(l)  =  6 


^w  j  ^6, 0 
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(4)  H  =  Hg  or  g(l)  =  1  (20e) 


The  following  five  boundary  conditions  at  the  wall  are  used: 

(5)  u  =  0  ,  or  f(0)  =  0  (20f) 

(6)  f'"(0)  =  0  (20g) 

This  boundary  condition  is  obtained  by  evaluating  the  momentum  boundary-layer 
equation,  without  the  curvature  terms,  at  the  wall.  The  curvature  terms  are 
unimportant  near  the  wall.  It  was  also  assumed  that  near  the  wall,  pp  =  (pp  )^  . 

(7)  H  =  or  g(0)  =  0  (20h) 
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(9)  g"'(0)  =  3  [l  -  (Pr) J  H-fjp  -|-  f'(0)  ^"(0)  (20j) 

^  00 

Boundary  conditions  (8)  and  (9)  were  obtained  from  the  energy  equation  and  the 
derivative  of  the  energy  equation,  evaluated  at  the  wall,  under  the  same  assump¬ 
tions  used  to  obtain  boundary  condition  (6) . 

The  above  boundary  conditions  are  all  expressed  in  terms  of  known  functions 
of  body  geometry,  the  shock-detachment  distance,  and  the  shock  angle  and  its 
derivative. 

The  velocity  and  enthalpy  profiles  can  now  be  written  as 
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where  and  Fg  are  defined  by  Eqs .  (20c)  and  (20d). 

The  momentum  and  enthalpy  thicknesses  from  Eqs.  (15)  and  (17)  become 
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=  (0.3373  b^  -  0.9206)  -  (0.0033  +  0.0106)  Fg 


+  0.0013  b^  +  0.1376  + 
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-  0.  0430  Fg  -  0.2771  F^  Fg  +  0.  0153  Fg  F^  -  0. 1928  fJ 
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In  the  remainder  of  this  analysis,  the  two  momentum  thicknesses,  6  and 
5**  ,  are  set  equal. 


SECTION  VII:  FLUID  PROPERTIES 


The  present  analysis  is  valid  for  a  dissociated  as  well  as  for  an  ionized  gas. 
The  only  restriction  is  in  the  availability  of  total  thermodynamic  and  transport 
properties.  Since  the  flow  immediately  behind  the  shock  is  assumed  to  be  inviscid, 
the  Rankine-Hugoniot  relations  are  also  necessary  inputs  for  this  analysis. 

Hansen  (Ref.  21)  has  calculated  the  properties  of  air  for  temperatures  up  to 
15, 000 °K  over  a  wide  range  of  pressures.  His  results  for  the  appropriate  properties 
can  be  approximated  by  empirical  relations.  These  "pproximations  are  valid  for 
wall  temperatures  less  than  1500 °K,  for  flight  velocities  less  than  45,  000  fps,  and 
for  all  stagnation  pressures  normally  encountered  in  flight.  The  density- viscosity 
ratio  is  approximated  by 


(PM)y(PM)^  =  o.9(hyh^) 


0.367 


where  the  static  enthalpy  cooling  ratio  is  approximated  by 


H  cos  (p  H  cos  B 
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The  density  variation  across  the  shock  layer,  p^/p  ,  appears  only  in  the  integrand 
in  Eqs.  (13)  and  (14).  Hence,  a  rough  approximation  for  p./p  will  suffice.  Tlie 
density  is  approximated  by 
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where  the  effect  of  the  small  pressure  variations  across  the  shock  layer  has  been 
neglected. 

In  addition  to  the  property  variation  across  the  shock  layer,  the  variation 
along  the  shock  wave  is  necessary.  In  particular,  the  valuations  of  nscosity  and 
density  along  and  immediately  behind  the  shock  are  required.  The  viscosity  is 
approximated  by 
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The  density  variation,  Px/pf.^  cannot  be  conveniently  approximated  by  a  simple 
'  "  .  eai  ■  ’  ’ 


function  and  is  therefore  used  in  tabular  form. 


SECTION  VIII;  APPROXIMATE  METHOD  OF  SOLUTION 


The  momentum  and  energy  equations,  Eqs.  (14)  and  (15),  contain  several 
auxiliary  functions  which  are  conveniently  treated  as  additional  dependent  variables. 
There  are  a  total  of  nine  dependent  variables  so  that  the  problem  is  now  one  of 
solving  nine  simultaneous  first-order  equations.  The  boundary  conditions  for  these 
equations  are  obtained  from  symmetry  conditions  at  the  stagnation  point  and 
limiting  forms  of  the  differential  equations  valid  only  at  the  stagnation-point.  It 
is  thus  found  that  all  but  one  of  the  necessary  boundary  conditions  are  given  at  the 
stagnation  point.  An  additional  boundary  condition  downstream  of  the  stagnation 
point  is  necessary.  This  situation  is  similar  to  that  found  in  attempting  to  solve 
the  direct  inviscid  blunt-body  problem  (Ref.  13).  In  the  inviscid  case,  a  singularity 
exists  near  the  sonic  point  which  serves  as  a  downstream  boundary  condition.  This 
singularity  is  attributed  to  the  fact  that  the  flow  field  changes  from  an  elliptic  to  a 
hyperbolic  one  across  the  sonic  line.  Since  no  such  change  occurs  within  the  entire 
shock  layer  for  the  viscous  case,  a  downstream  singularity  should  probably  not  be 
expected.  In  the  viscous  case,  the  requirement  that  far  from  the  body  the  shock 


angle  should  approach  the  inviscid  value  and  that  disturbances  behind  the  shock 
vanish,  do  exist  but  these  conditions  are  quite  difficult  to  satisfy. 

It  should  be  noted  that  if  the  shock  curvature  at  the  stagnation  point  is 
assumed  known,  the  need  for  an  additional  boundary  condition  is  eliminated  and 
the  solution  can  be  locally  determined  at  the  stagnation  point.  This  is  tlie  impor¬ 
tant  assumption  made  by  the  majority  of  the  authors  discussed  in  the  previous 
sections.  With  the  stagnation  point  solution  in  hand,  the  equations  can  be  inte¬ 
grated  around  the  body.  A  serious  objection  to  this  scheme  is  tliai  it  does  not 
allow  for  any  upstream  influence. 

In  the  present  analysis,  a  guess  is  made  for  the  stagnation-point  detach¬ 
ment  distance  which  will,  in  principle,  enable  the  equations  to  be  integrated 
around  the  body .  The  shape  of  the  shock  wave  will  then  be  monitored  to  see  if 
another  normal  shock  develops  or  if  the  shock  turns  into  the  body.  The  initial 
guess  for  the  shock  detachment  distance  will  then  be  adjusted  until  a  smooth 
shock  wave  develops.  Current  expectations  are  that  tlie  downstream  shock  shape 
will  be  sufficiently  sensitive  to  the  initial  guess  for  the  shock-detachment  distance 
that,  for  practical  purposes,  the  adjustments  can  be  ignored.  Furthermore,  it  is 
expected  that  the  shock-shape  variations  will  be  minor  during  these  adjustments 
until  a  downstream  normal  shock  suddenly  develops  or  the  shock  turns  rapidly 
into  the  body. 

No  numerical  solutions  have  yet  been  obtained.  The  equations  are  currently 
being  programmed  for  solution  on  a  high-speed  digital  computer. 
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ABSTRACT 


A  survey  is  presented  outlining  the  structural  design 
problems  introduced  by  aerodynamic  heating  of  flight  vehicle 
structures.  Thermoelastic  problems  in  beams,  plates,  and 
shells  are  reviewed.  Comments  are  made  upon  structural 
stability  and  the  effects  of  nonlinear  material  behavior.  An 
attempt  is  made  to  define  those  problem  areas  which  have 
been  adequately  treated  analytically  and/or  empirically  and 
the  areas  requiring  additional  research.  The  application 
of  digital  and  analog  computers  to  these  problems  is  also 
discussed. 


A  SURVEY  OF  STRUCTURAL  DESIGN  PROBLEMS 
IN  A  COMBINED  THERMAL  AND  LOAD  ENVIRONMENT 


INTRODUCTION 

Modern  aerospace  vehicles,  and  those  which  are  currently  being  planned, 
present  the  structures  engineer  with  a  variety  of  new  problems,  many  of  which 
result  from  the  effects  of  aerodynamic  heating.  The  two  main  effects  of  elevated 
temperature  are  the  introduction  of  thermal  stresses  and  distortion  j  into  the 
structure  and  reduction  of  the  strength  and  rigidity  of  structural  materials.  It 
is  the  purpose  of  this  paper  to  survey  and  revie  v  the  methods  of  analysis  avail¬ 
able  for  treating  structural  elements  and  assemblies  subjected  to  thermal  stress 
and  mechanical  load. 

Since  plates,  shells,  and  beams  are  three  main  categories  which  include 
most  strucutral  elements  of  aerospace  structures,  the  major  portion  of  this  dis¬ 
cussion  is  devoted  to  methods  for  determining  stresses  and  deflections  of  these 
components  in  the  presence  of  thermal  gradients  and  mechanical  load.  A  brief 
discussion  of  the  bending  and  slab  problems  of  plates  is  followed  by  comments 
on  the  various  cases  which  have  been  solved.  Many  solutions  are  available  within 
the  limiting  assumptions  of  small  deflection  theory  and  uniform,  isotropic  ma¬ 
terial  behavior.  Some  work  has  been  done  in  applying  large  deflection  theory  to 
circular  and  rectangular  plates. 

Many  thermo -mechanical  shell  analyses  which  have  been  adequately  treated 
in  the  literature  are  described.  It  is  found  that  these  are  largely  limited  to 
axisymmetric  problems  of  thin  shells  assuming  small  deflection  theory  and  uni¬ 
form  material  properties.  Some  problems  involving  asymmetrical  temperature 
and  temperature-dependent  material  properties  are  discussed.  A  review  is  made 
of  recent  advances  in  buckling  analysis  of  thin  cylindrical  and  conical  shells. 

The  problems  of  beams  subjected  to  thermal  and  mechanical  loads  are  dis¬ 
cussed  with  reference  to  the  differences  between  the  engineerii^  beam  theory 
solutions  and  "exact"  elasticity  solutions.  Simple  engineering  analysis  methods 
are  indicated  which  are  considered  valuable  for  many  practical  problems. 

A  brief  general  discussion  of  stability  is  included  which  points  out  the  de¬ 
pendence  of  stability  analysis  upon  the  material  deformation  characteristics. 
Special  mention  is  made  of  the  nonlinear  and  time -dependent  relationships  which 
are  so  important  in  many  structures  designed  to  operate  at  elevated  temperatures. 
Note  is  made  of  the  fact  that  most  of  the  work  in  this  field  has  been  for  columns 
under  relatively  simple  conditions  and  that  much  more  extensive  studies  are 
required. 
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The  last  section  discusses  the  valuable  contributions  made  by  v£  ious  types 
of  computers  and  the  relative  advantages  of  digital  and  analog  types  ure  considered. 
The  methods  of  solution  employed  by  the  various  computers  in  applications  to 
thermal  and  mechanical  load  problems  are  briefly  described. 

A  complete  survey  of  structural  design  problems  in  a  combined  thermal  and 
load  environment  would  have  to  be  much  more  extensive  than  the  necessarily 
limited  scope  uf  the  present  paper.  Among  the  important  problem  areas  left  to 
others  are  the  effects  of  load -temperature  history  on  structural  materials.  Short 
time  and  cumulative  damage  to  the  physical  properties  at  room  and  elevated  tem¬ 
perature  are  of  major  importance,  including  creep,  fatigue,  and  the  phenomena 
(thermal  fatigue  and  creep  fatigue)  resulting  from  theri.-al  cycling  and  thermally 
induced  vibrations.  Also  omitted  are  discussions  of  deoign  procedures  for  min¬ 
imizing  thermal  stresses  and  the  important  problems  of  limit  analysis  associated 
with  the  fracture  or  collapse  of  a  structure  under  "ultimate"  combinations  of 
heat  and  load.  No  mention  is  made  of  what  may  be  one  of  the  most  difficult  and 
sensitive  problems  of  all,  the  definition  of  the  design  criteria  by  which  the  struc¬ 
tural  adequacy  may  be  judged;  general  criteria  must  be  established  for  each  type 
of  vehicle  and  specific  criteria  for  each  model. 
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SECTION  I:  THERMO-ELASTIC  INVESTIGATIONS 


A.  THERMO-ELASTIC  ANALYSIS  OF  PLATES 

A  plate  is  defined  as  a  non-rigid  three  dimensional  structure  in  which  one 
dimension,  the  thickness,  is  much  smaller  than  the  remaining  two  dimensions. 

The  classical  theory  of  plates  is  based  upon  the  following  assumptions: 

(1)  The  material  is  assumed  to  be  homogeneous,  isotropic,  and  to  obey 
Hooke' s  Law. 

(2)  The  constant  thickness  of  the  plate  is  small  compared  to  its  other 
dimensions. 

(3)  The  deflections  of  the  plate  are  limited  in  magnitude  and  are  of  the 
order  of  the  plate  thiclmess.  It  can  be  shown  that  this  restriction 
means  that  the  effects  of  the  normal  deflections  upon  stretching  of  the 
middle  plane  of  the  plate  are  negligible.  Therefore  only  negligible 
stresses  aro  induced  in  the  median  plane  of  the  plate  when  the  plate  is 
loaded  normally. 

(4)  Plane  sections  which  before  bending  are  normal  to  the  median  plane 
of  the  plate  remain,  under  the  above  conditions,  plane  and  normal  to 
the  median  plane  after  bending.  (Figure  1). 

(5)  The  normal  stresses  through  the  thickness  of  the  plate  are  negligible 
because  the  surface  loads  are  small  compared  to  the  bending  stresses 
induced  in  the  plate. 

There  are  three  kinds  of  thermal -mechanical  problems. 

•  Bending  Problems  -  occur  when  the  temperature  varies  in  the  thickness 
direction  and  the  mechanical  loads  are  normal  pressures. 

®  Slab  Problems  -  occur  when  the  plate  is  loaded  by  mechanical  forces 
parallel  to  the  middle  plane  of  the  plate  which  are  uniform  through  the 
thickness  and  the  temperature  varies  in  the  planform  direction  only. 
This  is  a  plane-stress  problem. 

•  Instability  Problems  -  take  place  when  there  is  edge  restraint  to  ex¬ 
pansion  in  the  direction  parallel  to  the  middle  plane  of  the  plate. 
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The  direct  approach  to  plate  problems  (as  well  as  other  thermo-elastic  pro¬ 
blems)  is  to  derive  the  equations  of  equilibrium  of  forces  and  compatibility  of 
displacements .  These  equations  are  in  the  form  of  differential  equations  which 
must  be  solved  subject  to  prescribed  boundary  conditions. 

1.  Bending  Problems  -  Small  Deflections 

The  differential  equation  governing  the  bending  problem  (for  plates  of 
constant  thickness  and  material  properties  in  the  absence  of  midplane  forces  or 
restraints)  is 

DV^w  =  P  -  (1) 

where  P  is  the  normal  pressure,  and  where  D  and  M„  are  given,  respectively, 
by 


12(l-v^) 


(Plate  flexural  rigidity) 


M„  =  aE  r  Tzdz  . 
^  'h 


(Thermal  moment) 


Equation  (1)  must  be  solved  subject  to  the  appropriate  boundary  conditions. 

a.  Circular  Plates 

1)  The  axisymmetric  bending  problem 

Explicit  solutions  (l)%re  readily  obtained  for  circular  plates, 
with  arbitrary  boundary  conditions  under  temperatures  varying  only  in  the  radial 
(r)  and  thickness  (z)  directions.  In  such  cases  Eq.  (1)  becomes 


i_d  fr  — 1  1  ]■  =  - 

r  dr  \  ^  dr  Lr  dr  V  dr  j  J  J  1-u 


and  the  solution  is  obtained  by  successive  integration,  This  solution  applies 
equally  well  to  solid  circular  plates  as  well  as  circular  plates  with  concentric 
holes.  Formulas  and  curves  for  the  deflection,  moments,  and  shears  for  solid 
and  hollow  circular  plates  subject  to  a  linear  thermal  gradient  through  the  thick¬ 
ness  may  be  found  in  References  2-5  where  several  important  boundary  conditions 
are  accommodated. 


*Numbers  in  parentheses  correspond  to  the  references  tabulated  in  Section  IV. 
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2)  The  asymmetrical  bending  problem 

Comparison  of  Eq.  (1)  with  the  mechanical  loading  problem 

reveals  that  this  differential  equation  is  identical  with  that  which  would  result  if 

the  plate  were  acted  upon  by  an  equivalent  pressure  (P  )  given  by 

6 


p 


e 


(3) 


The  bolution  of  the  asymmetrical  mechanical  problem  was  originally  developed 
by  Reissner  (6).  The  application  of  this  theory  to  the  asymmetrical  thermal 
pioblem,  restricted  only  to  a  linear  gradient  through  the  thickness  with  a  general 
temperature  distribution  over  the  planform,  may  be  found  in  Reference  7. 
Furthermore,  the  extension  to  a  completely  general  three  dimensional  temperature 
distribution  will  be  made  by  the  same  authors  in  a  forthcoming  article. 


b.  Rectangular  Plates 


A  free  rectangular  plate  subjected  to  a  linear  temperature  distribu¬ 
tion  through  the  thickness  and  constant  temperature  over  the  planform  is  un¬ 
stressed  according  to  three  dimensional  -  small  deflection  theory  as  well  as 
classical  plate  theory.  When  the  full  expression  for  the  curvatures  are  employed, 
the  plate  becomes  carved  and  fits  a  sphere  of  a  curvature  directly  proportional 
to  the  difference  in  surface  temperature  and  inversely  proportional  to  the  thick¬ 
ness  (8).  For  a  rectangular  plate  with  linear  thermal  gradient  through  the  thick¬ 
ness  and  fully  restrained  against  rotation  normal  to  the  edges,  but  free  to  expand 
in  the  midplane,  the  normal  deflection  is  identically  zero  and  the  bending  moments 
are  given  by 


M  =  M 
X  y 


EaATh^ 

12(l-u) 


(4) 


where  x  and  y  are  orthogonal  coordinates  parallel  to  the  edges  of  the  plate  and 
AT  is  the  difference  in  surface  temperature. 


The  corresponding  problem  of  a  rectangular  plate  with  edges  simply 
supported  for  bending  may  then  be  obtained  by  superposition  of  the  fully  clamped 
problem  and  the  mechanical  problem  of  a  plate  with  uniform  bending  moments 

2 

along  the  edges  of  magnitude  •  This  problem  was  extended  in  two  ways  (9): 

the  temperatures  may  be  nonlinear  through  the  thickness  and  the  supports  are 
simply  supported  beams  offering  linearly  elastic  restraint  for  translation  and 
zero  restraint  for  torsion. 
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The  post  buckling  behavior  of  rectangular  plates  due  to  a  tent -like  tem¬ 
perature  distribution  in  one  direction  was  investigated  by  Gossard,  Seide,  and 
Roberts  (10).  The  plate  was  simply  supported  for  bending  but  unrestrained  in 
the  plane.  This  was  a  sequel  to  the  work  done  by  Heldenfels  and  Roberts  (11) 
where  the  plane  stress  solution  corresponding  to  the  unbuckled  state  was  pre¬ 
sented.  Here,  the  critical  temperature  was  determined,  and  then  the  post- 
buckling  behavior  is  determined  approximately  by  using  a  Galerkin  procedure 
applied  to  differential  equations  which  were  set  up  by  using  the  v.  Karman  large 
strain-displacement  relations.  A  comparison  of  centerline  deflections  is  made 
with  experimental  results  for  a  plate  of  aspect  ratio  1.57.  The  maximum  de¬ 
flection  was  approximately  0.6  of  the  thickness.  The  resulting  comparison  was 
satisfactory.  However,  this  is  approximately  at  the  beginning  of  the  so-called 
large  deflection  range. 

The  large  deflection  analysis  for  a  plate  strip  subjected  to  normal  pres¬ 
sure  and  heating  was  treated  by  Williams  (12)  Results  are  plotted  for  clamped 
and  simply  supported  edge  conditions  in  the  case  of  uniform  temperature  and 
uniform  pressures .  The  theory  allows  for  the  normal  pressure  and  temperature 
to  vary  over  the  width  but  not  through  the  thickness.  In  a  second  paper  (13), 
Williams  extended  the  analysis  and  design  charts  to  the  case  where  the  tempera¬ 
ture  may  have  any  distribution  through  the  plate  thickness .  The  assumption  that 
plane  sections  remain  plane  is  employed  and  the  arbitrary  temperature  distribu¬ 
tion  is  represented  completely  by  the  average  temperature  and  the  "first  tem¬ 
perature  moment"  about  the  middle  surface.  The  convenient  nondimens ional 
design  charts  cover  equilibrium  positions  in  the  buckling  and  nonbuckling  range 
and  show  maximum  stress  and  central  deflection  as  a  function  of  pressure, 
average  temperature,  and  thermal  moment  for  cases  of  both  clamped  and  simply 
supported  edges. 

The  calculations  cover  the  region  between  thick  plates  and  membranes, 

,  1  ^  central  deflection  ^  . 

namely  Is - thtefaTss - 

The  problem  of  the  buckling  and  postbuckling  behavior  of  a  solid  circular 
bulkhead  (plate)  subjected  to  elevated  temperatures  and  mechanical  loads  was 
considered  by  Newman  and  Forray  (14).  An  exact  mathematical  formulation  within 
the  framework  of  the  v.  Karman  large  strain-displacement  relations  is  developed. 
The  equilibrium  equations  and  boundary  conditions  are  derived  by  employing  the 
calculus  of  variations  for  arbitrary  axisymmetrical  temperatures  and  normal 
distributed  loading.  These  equations  are  nonlinear,  ordinary  differential  equa¬ 
tions  which  must  be  solved  subject  to  prescribed  boundary  conditions.  Numerical 
results  and  curves  are  presented  for  &e  special  case  of  a  simply  supported 
circular  plate  with  radially  immovable  boundaries,  subject  to  a  uniform  pressure 
and  an  arbitrary  temperature  variation  through  the  thickness  (no  planform  varia¬ 
tion).. 
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3.  Slab  Problems 


Slab  problems  are  usually  treated  as  plane  stress  problems,  i.e. , 

a  =  a  =  ^  =0.  The  effects  of  the  mechanical  loads  and  temperature  may  be 

zx  zy  zz 

superposed. 

1  he  requirements  of  equilibrium  and  compatibility  in  tlie  xy  midplane 
are  satisfied  if  an  Airy  stress  function  0(x,y)  can  be  obtained  such  that 


V^0  =  -  EaV^T 

where 


_  A 

^XX  ^  2  ’  %r 


_  5^0 

dxdy  ’  V  ^^2  ’ 


(5) 


(6) 


The  similarity  between  Eqs.  (5)  and  (1)  of  the  bending  problem  is  apparent 

M 

where  .ti  ~  w,  EaT  mathematical  techniques  are  essentially  the 

same  for  the  two  kinds  of  problems. 


a.  Circular  Plates  and  Rings 

The  problem  of  a  thin  solid  or  hollow  circular  disk  with  temperature 
varying  only  with  the  radius  (axisymmetric)  case  is  found  in  Reference  15 .  The 
particular  case  of  a  circular  disk  with  con^i  ntric  hole  subject  to  a  power  law 
temperature  distribution  in  the  radial  direjtion  was  solved  in  Reference  16, 
with  application  to  the  problem  of  a  disk  mounted  on  a  shaft.  The  circular  plate 
with  a  central  hot  spot  is  developed  in  References  17  and  18 . 

The  thermal  stress  problem  in  solid  circular  plates  due  to  an  asym¬ 
metrical  temperature  distribution  over  the  planform  and  no  variation  through  the 
thickness  was  solved  by  Horvay  (19).  This  method  was  then  applied  to  rings  in 
References  20-22  where  formulas  and  tables  foi  the  determination  of  stresses 
were  presented. 

b.  Rectangular  Plates 

An  approximate  variational  method  for  calculation  of  thermal  stresses 
in  free  rectangular  plates  was  developed  by  Heldenfels  and  Roberts  (11)  together 
with  some  experimental  results  for  a  tont-like  variation  in  temperature  in  one 
direction  (short  direction) .  Singer,  Anliker,  and  Lederman  (23)  used  a  procedure 
whereby  the  problem  was  reduced  to  that  of  determining  the  end  effects  of  the 
self-equilibrating  thermal  stresses  at  the  short  sides  of  the  plates.  This  problem 


was  then  solved  by  applying  the  method  of  self -equilibrating  polynomials  developed 
by  Horvay  (24).  This  technique  is  applicable  to  plates  with  aspect  ratio  greater 
than  two  and  with  the  temperature  variation  restricted  to  one  direction.  Mendelson 
and  Hirschberg  (25)  employed  a  collocation  procedure  whereby  the  partial  dif¬ 
ferential  equation  for  the  Airy  stress  function  is  satisfied  everywhere  in  one 
direction  but  only  at  a  finite  number  of  poi  vS  in  the  other  direction.  The  pro¬ 
blem  is  thereby  reduced  to  the  solution  of  a  set  of  ordinary  differential  equations 
of  the  fourth  order  for  some  unknown  functions.  The  main  disadvantage  of  the 
collocation  method  is  that  there  is  an  appreciable  amount  of  computational  work 
required  in  solving  the  simultaneous  differential  equations.  Prezemieniecki  (26) 
employed  the  characteristic  functions  (eigenfunctions)  representing  normal  modes 
of  vibration  of  a  uniform  clamped-clamped  beam  to  determine  an  approximate 
solution  for  the  thermal  stress  problem  in  rectangular  isotropic  plates.  The  tem¬ 
peratures  T  =  T  (x,y)  are  assumed  to  be  expressible  in  a  double  infinite  series 
oi  the  forementioned  well-tabulated  eigenfunctions  (27)  where  the  coefficients  are 
obtained  in  a  completely  analogous  manner  to  that  of  Fourier  coefficients.  An 
Airy  stress  function  is  assumed  to  be  also  expressed  in  a  double  infinite  series 
of  characteristic  functions  and  the  coefficients  are  obtained  by  satisfying  dif¬ 
ferential  Eq.  (5).  The  solution  of  the  infinite  number  of  simultaneous  linear 
algebraic  equations  is  then  approached  by  an  iteration  procedure.  A  numerical 
solution  for  a  parabolic  temperature  variation  in  one  direction  is  then  obtained. 

Recently,  Gatewood  (28)  presented  an  interesting  paper  on  thermal 
stresses  in  plates  using  a  three  dimensional  approach  rather  than  to  make  the 
conventional  plane  stress  or  plane  strain  solutions.  It  is  assumed  that  the  tem¬ 
perature  is  a  polynomial  in  the  thickness  variable  and  that  the  normal  stress 

"a  "  is  a  polynomial  in  z.  The  temperature  in  the  plane  of  the  plate  may  be 
z 

large  although  there  is  some  restriction  on  the  form.  For  the  special  case  of 
T  =  T  (x,y)  the  stresses  in  the  plane  of  the  plate  are  presented  as  the  plane 
stress  solution  plus  correcting  terms  due  to  the  plate  thickness  where  the  cor¬ 
recting  terras  involve  the  product  of  the  temperature  gradient  and  the  ratio  of 
the  plate  thickness  to  the  plate  length  in  the  direction  of  the  gradient,  hi  many 
cases,  the  corrections  are  small  even  for  moderately  thick  plates.  The  axi- 
syrametric  problem  of  a  circular  plate  due  to  temperature  which  varies  in  the 
radial  direction  as  a  constant  times  a  power  of  the  radial  coordinate  is  treated 
in  detail . 


Work  is  in  progress  for  the  determination  of  the  deflections,  in¬ 
plane  and  bending  stresses  of  rectangular  plates  due  to  three  dimensional  tem¬ 
perature  distributions  T  =  T  (x,  y,z).  See  Reference  29.  The  solution  of  this 
very  general  problem  (plane  stress  and  bending)  will  be  done  for  various  com¬ 
binations  of  in-plane  and  bending  restraints,  such  as  no  restraint  for  in-plane 
expansion  and  all  edges  simply  supported  for  bending,  etc. 
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4.  Obsei'vations  and  Remai'ks 


It  should  be  clear  that  the  bending  and  in-plane  analyses  of  plates  subject 
to  elevated  temperature  has  been  progressing  rapidly  over  the  last  ten  years. 
There  are  many  important  problems  that  should  be  considered  such  as  the  large 
deflections  of  rectangular  plates  due  to  temperature,  the  thermal  stresses  in 
skew  panels,  and  the  determination  of  displacements  and  stresses  in  the  neigh¬ 
borhood  of  discontinuities  such  as  cutouts,  local  reinfoi'cements,  etc.  Furtlier- 
more,  the  variation  of  the  mechanical  properties  with  temperature  should  be  in¬ 
cluded  in  the  analyses.  Reference  30  includes  this  variation  in  the  analysis  of  a 
rectangular  plate  with  a  concenti'ic  rectangular  cutout  subject  to  a  two  dimensional 
temperature  distribution  and  uniform  tensile  force  in  each  of  the  two  directions. 


B.  THERMO- ELASTIC  ANALYSIS  OF  SHELLS 


Current  design  practices  in  aerospace  vehicles  rely  heavily  on  the  high  struc¬ 
tural  rigidity  typical  of  thin  shell  construction.  In  meeting  aerodynamic,  heat 
ti  ansfer  and  other  functional  requirements,  these  shells  assume  a  variety  of 
shapes  and  because  of  their  many  practical  applications,  shells  of  revolution  in 
particular  have  received  a  considerable  amount  of  attention  in  the  literature.  It 
appears  that  the  first  significant  work  on  shells  of  revolution  was  performed  by 
Reissner  (31)  who  derived  a  convenient  form  of  the  basic  differential  equations 
for  the  axisymmetric  deformations  in  spherical  shells  and  reduced  the  analysis 
to  the  integration  of  a  second  order  differential  equation.  Following  this,  Meissner 
(32,  33)  generalized  Reissner' s  work  to  encompass  the  axisymmetric  deformations 
of  shells  of  revolution  of  arbitrary  shape  and  thickness.  However,  the  large 
number  of  terms  involved  in  the  asymptotic  integration  techniques  used  made  the 
solutions  unwieldy  for  practical  applications.  Simplified  solutions  were  later 


developed  by  neglecting  terms  of  the  order  j^ax  unity  (where 

t  is  the  shell  thickness  and  R  is  the  radius  of  curvature  of  the  middle  surface) 
and  since,  for  most  practical  applications,  the  shell  thicknesses  lie  in  the  range 
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this  assumption  appears  to  be  reasonable.  The  above,  however,  does  not  in  it¬ 
self  differentiate  thin  shells  from  thick  ones.  Such  a  differentiation  arises  when 
one  establishes  the  ratio  of  t/R  which  may  be  neglected  as  compared  to  unity. 
For  most  engineering  purposes  the  criteria 

rii  ^1- 

LRjmax  20 


may  be  used  to  distinguish  thin  shells  from  thick  ones  (34). 


Following  the  pioneering  work,  many  papers  on  shells  appeared,  most  of  the 
earlier  ones  being  based  on  Love' s  equations  (35).  In  recent  years  the  literature 
on  shells  has  grown  at  an  extremely  rapid  pace,  attracting  many  authors.  These 
include  for  example,  Reissner  (36,  37)  on  shells  of  revolution,  Synge,  Chien  and 
others  on  general  tensor  formulations  for  shells  of  arbitrary  shape  (38-40),  and 
many  more.  Almost  all  of  the  literature  was  c«'ncerned  wdth  mechanically  loaded, 
isothermal  shells  and  it  is  only  during  the  past  ten  years  that  a  significant  amount 
of  work  has  appeared  on  the  subject  of  thermal  stresses  and  deformations  in  shells. 
Correspondingly,  over  this  time  period  the  need  for  practical  analytical  and  de¬ 
sign  procedures  in  this  area  has  become  more  acute  because  of  the  increasingly 
severe  thermal  environments  being  e.xperienced  by  aerospace  vehicles. 

In  analyzing  thermo -elastic  problems  in  shells,  the  basic  shell  equations  for 
the  isothermal  case  must  be  modified  through  the  inclusion  of  thermal  strains  in 
Hooke' s  Law  for  the  stress -strain  relationships.  It  is  pointed  out  by  several 
authors  (Goodier  (41)  for  example)  that,  assuming  constant  material  properties, 
this  results  in  a  formulation  of  the  problem  which  is  mathematically  analogous 
to  considering  an  equivalent  isothermal  problem  with  fictitious  mechanical  loads. 

To  illustrate  this  principle,  consider  the  general  case  of  a  thin  shell  in  which  the 
temperature  T  varies  arbitrarily  through  the  thickness  t  and  over  the  surface 
of  the  shell.  It  can  be  shown  that  under  the  assumptions  of  thin  shell  theory,  in¬ 
tegrated  terms  a  Tdz  (proportional  to  the  local  average  a  T  through  the  thick¬ 
ness)  produce  thermal  expansions  of  free  elements  of  the  shell  which  can  be 
negated  by  tlie  application  of  uniform  normal  stresses  in  the  middle  plane  through 
the  element  thickness.  However,  because  of  curvature,  additional  forces  normal 
to  the  shell  middle  surface  must  be  applied  in  order  to  maintain  equilibrium.  Due 
to  the  variation  of  fj-OiTdz  over  the  shell,  tangential  forces  must  also  be  applied 

at  the  middle  surface  to  maintain  equilibrium.  Thus,  in  restoring  the  shell  ele¬ 
ments  to  their  undeformed  positions  we  have  induced  thermal  stresses  and  are 
left  with  the  problem  of  an  isothermal  shell  loaded  by  normal  and  tangential 
forces.  Similarly,  due  to  integrated  terms  j’^.aTzdz  (which  are  proportional  to 

what  is  sometimes  called  the  thermal  moments),  curvatures  of  free  shell  ele¬ 
ments  are  produced.  These  are  negated  by  moments  which  vary  over  the  shell 
middle  plane  because  of  the  variation  of  j'^aTzdz  over  the  shell  surface.  Trans¬ 
verse  shearing  forces  and  consequently  normal  forces  are  required  for  equilibrium. 
Again,  the  compatibility  stresses  caused  by  restoring  the  thermal  deformations 
must  be  superposed  upon  the  solution  of  an  isothermaiiy  loaded  shell. 

In  view  of  this  mathematical  analogy  the  question  is  raised  as  to  what  dif¬ 
ficulties  exist  in  practical  thermo-elastic  shell  analysis,  as  distinguished  from 
the  isothermal  case.  One  difficulty  arises  because  the  equivalent  isothermal 
loads  corresponding  to  a  given  temperature  distribution  are  usually  complex, 
while  most  isothermal  solutions  available  in  the  literature  consider  simple  sur¬ 
face  loadings  (usually  uniform  and  normal  pressure).  Secondly,  if  the  material 
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propel  ties  are  significantly  temperature-dependent  and  the  temperature  varies 
over  the  shell  surface,  the  isothermal  analogy  corresponds  to  a  shell  with  varying 
thickness.  Almost  all  available  isothermal  solutions,  however,  consider  shells 
of  uniform  thickness.  Consequently,  in  order  to  obtain  design  information  for 
most  of  the  different  thermo-elastic  problems  encountered  in  practice,  it  appears 
that  dir  Cl.;  t  furinuiaiions  and  solutions  (either  analytic  or  numerical)  should  be 
attempted . 


1.  Problem  Areas  hivestigated 

The  literature  contains  many  investigations  on  thermal  stresses  in  shells. 
Almost  all  of  the  problems  solved  relate  to  shells  of  revolution  (primarily  cy¬ 
lindrical,  spherical  and  conical  configurations),  both  because  of  their  importance 
from  a  practical  standpoint  and  because  of  the  mathematical  simplification  which 
results  for  this  special  case.  It  is  found  that  the  degree  of  complexity  occurring 
in  a  given  problem  is  intimately  related  to  the  type  of  temperature  variation 
be.ng  considered.  A  brief  survey  of  significant  areas  of  investigation  is  presented 
below  for  the  purpose  of  indicating,  to  some  extent,  the  present  state  of  the  art. 
Only  a  small  choice  of  the  material  on  the  subject  is  listed. 

a.  Cylindrical  Shells 

Problems  concerning  axisymmetric  temperature  distribution  in  thin 
cylindrical  shells  have  received  considerable  attention.  Timoshenko  (42)  shows 
that  for  a  constant  temperature  gradient  through  the  thickness  the  stresses  at  the 
inner  and  outer  surfaces  away  from  the  shell  edges  are 


EaAT 

2(l-u) 


where  and  are  longitudinal  and  hoop  stresses,  respectively,  AT  is  the 

difference  between  the  inner  and  outer  surface  temperatures,  and  the  positive 
sign  refers  to  the  outer  surface.  Near  the  edges  of  the  cylinder,  local  stresses 
are  obtained  by  solving  the  edge  loading  problem  necessary  to  match  the  boundary 
conditions.  Arbitrarily  varying  temperatures  in  the  axial  direction  (but  constar.t 
through  the  thickness)  are  also  treated  in  Reference  42.  In  Reference  43  these 
results  are  extended  to  include  interaction  analyses  between  cylinders  and  bulk¬ 
heads.  Design  methods  for  calculating  wall  thicknesses  which  result  in  specified 
radii  of  curvature  or  stress  distribution  are  presented  by  Hammitt  (44)  for  thin 
cylinders  subjected  to  linear  temperatures  along  the  meridian.  The  edge  stresses 
are  caused  by  heavy  edge  flanges  which  enforce  the  requirement  of  zero  edge  slope 
and  unrestrained  radial  deflection.  Thin  tubes  with  hot  generating  circles  and 
generating  lines  such  as  can  occur  during  seam  welding,  were  analyzed  by  D..n 
Bar  tog  (45). 


Unsymmetrical  temperature  distributions  in  thin  cylinders  with  tem¬ 
peratures  which  vary  around  the  circumference  and  through  the  thickness,  but 
not  along  the  length,  are  considered  by  Goodier  (41)  where  other  references  are 
given.  Bijlaard  (46)  presents  the  linear  partial  differential  equations  for  the 
displacement  components  in  thin  cylindrical  shells  subjected  to  general  tempera¬ 
ture  distributions  (with  the  exception  that  the  variation  through  the  thickness  is 
linear).  For  simply  supported  ends,  the  system  of  equations  is  solved  by  em¬ 
ploying  a  double  Fourier  series  for  the  temperature  and  displacements.  For 
clamped  shells,  a  solution  is  worked  out  using  "normal  functions"  (47). 

On  the  subject  of  thick  cylindrical  shells,  almost  all  the  analyses  to 
be  found  in  the  literature  are  for  the  limiting  cases  of  plane  strain  (long  cylinders 
with  no  axial  temperature  variation)  or  plane  stress  (very  short  cylinders  or 
disks).  Timoshenko  and  Goodier  (48)  treat  the  plane  strain  problem  for  tempera¬ 
tures  which  vary  arbitrarily  in  the  radial  direction.  Jaeger  (49)  presents  specific 
forms  of  this  solution  for  the  transient  thermal  stresses  corresponding  to  the 
solutions  of  the  following  heat  transfer  problems: 

(1)  Cylinder  0  ^  r  ^  a  initially  at  a  constant  temperature 
whose  surface  is  kept  at  temperature  for  t  >  0 . 

(2)  Cylinder  0  ^  r  ^  a  initially  at  uniform  temperature  with 

heat  transfer  between  the  cylinder  and  a  medium  at  temperature 
Tj  for  t>  0. 

(3)  The  hollow  cylinder  with  the  outer  surface  kept  at  an  elevated 
temperature  T^  and  with  no  heat  loss  from  the  inner  surface. 

The  plane  strain  solution  for  thermal  stresses  in  a  thick  hollow 
cylinder  subjected  to  a  plane -harmonic  (steady  state)  temperature  distribution 
T  (r,  ^),  expressed  in  the  form  of  a  Fourier  series 

g=QFj^(r)  cos  ne  +  G^(r)  sin  n0, 

is  given  in  (48)  and  also  by  Boley  and  Weiner  (50)  employing  a  different  approach. 
It  is  shown  that  only  the  terms  for  which  n=0  and  n=l  cause  stresses  in  the  plane 
of  the  cross  section.  The  equivalent  plane  stre.ss  problem  for  a  hollow  circular 
disk  was  solved  for  a  general  temperature  T  (r,  9)  of  the  above  form,  not  nec¬ 
essarily  harmonic,  by  For  ray  (51).  A  Fourier  series,  plane  strain  solution 
(long  cylinder)  is  also  obtained  by  Kraus  and  Sonnemann  (52)  for  the  case  in  which 
the  temperature  decays  exponentially  in  the  radial  direction  and  is  arbitrary  cir¬ 
cumferentially.  Chang  and  Chu  (53)  analyze  the  plane  strain  and  plane  stress 
problems  of  a  metal  tube  with  radial  temperature  distribution  combined  with 
internal  and  external  pressure.  The  main  point  of  departure  here  is  that  the 
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variation  of  Young's  modulus  with  temperature  is  considered;  E  vs.  T  is  as¬ 
sumed  to  be  given  graphically,  and  a  particular  example  is  studied.  Hilton  (54) 
likewise  considered  temperature  dependent  material  properties  in  thick  cylinders 
(for  incompressible  materials). 

One  of  the  more  recent  areas  of  investigation  relating  to  thermal 
stresses  in  cylinders  is  concerned  with  the  analysis  of  solid  propellant  grains. 

These  are  essentially  thick  cylinders  bonded  to  cylindrical  liners  or  motor  casings. 
Analyses  have  been  carried  out  in  order  to  establish  criteria  which  preclude  bond 
separation  or  fracture  due  to  thermal  environment.  Zwick  (55)  performed  the 
plane  strain  analysis  for  an  annular  concentric  rocket  propellant  casing  case-bonded 
to  an  outer  metallic  cylinder.  The  stresses  are  determined  for  the  casing  when 
the  temperature  of  the  outer  shell  is  suddenly  changed  while  the  inner  surface  is 
assumed  to  be  thermally  insulated.  It  is  found  that  if  the  shell  material  is  much 
stiffer  than  the  grain  material  (higher  elastic  modulus)  then,  if  the  shell  is  not 
too  thin,  the  maximum  stress  occurs  either  when  the  assembly  is  subjected  to  the 
new  environmental  temperature  or  else  after  a  long  exposure.  Ungar  and  Shaffer 
(56)  considered  the  same  problem  with  the  exception  that  both  long  (plane-strain) 
and  very  short  ^lane-stress)  assemblies  are  studied  under  conditions  of  sudden 
environmental  change.  It  is  concluded  that  under  otherwise  identical  conditions 
the  bond  stress  in  a  very  long  assembly  always  exceeds  that  in  a  very  short  as¬ 
sembly.  Further,  for  elastically  stiff  but  thermally  thin  casings: 

•  All  thermally  induced  stresses  attain  their  maximum  (absolute) 
values  either  immediately  when  the  assembly  is  subjected  to  a 
new  environmental  temperature  or  else  after  a  long  exposure. 

•  The  bond  stresses  in  a  given  assembly,  when  the  grain  configura¬ 
tion  and  material  cannot  be  changed,  may  be  reduced  by  select¬ 
ing  a  casing  which: 

(1)  is  thinner  and  has  a  smaller  elastic  modulus. 

(2)  has  a  smaller  linear  thermal  expansion  coefficient  (to 
reduce  the  initial  stress)  and  one  more  nearly  equal  to 
that  of  the  propellant  (to  reduce  the  final  stress). 

•  The  bond  stresses  are  virtually  unaffected  by  changes  in  the 
Poisson' s  ratio  of  the  casing  material. 

Parr  (57)  later  presented  the  analysis  for  elastic  stresses  in  a 
three-material  composite,  representing  a  hollow,  case-bonded  propellant  grain, 
linear  and  motor  casing.  The  environment  consisted  of  internal  pressure  and 
radially  varying  temperature;  more  recently  Wilson  (58)  employed  conformal 
mapping  and  the  complex  variable  procedure  of  Muskhelishvili  (59)  to  analyze 
the  stresses  and  displacements  in  a  solid  propellant  grain  perforated  internally 
by  a  star-shaped  configuration  and  bonded  peripherally  to  an  elastic  motor  casing. 
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Conditions  of  plane  strain  with  internal  pressure  and  uniform  axial  load  were 
assumed. 

b.  Spherical,  Conical  and  Other  Shells 

Axisymmetric  analyses  for  solid  and  hollow  spherical  shells  subject 
to  general  radial  temperature  distributions*  T(r)  appear  in  (48)  where  the  simpli- 
iication  due  to  spherical  symmetry  permits  a  theory  of  elasticity  solution,  valid 
for  both  thick  and  thin  shells.  Other  axisymmetric  analyses  for  spherical  shells 
are  presented  by  Trostel  (60),  McDowell  and  Sternberg  (61)  and  Cowper  (62)  who 
considered  a  thin  shell  made  up  of  several  dissimilar  layers,  bonded  together, 
subject  to  a  steady  temperature  gradient  through  the  thickness  and  uniform  pres- 
suie.  The  problem  of  a  conical  shell  under  pressure  and  with  temperature  vary¬ 
ing  arbitrarily  along  the  meridian  and  linearly  through  the  thickness  (axisymmetric) 
was  treated  by  Huth  (63)  using  linear  theory  and  thin  shell  assumptions.  The 
governing  fourth  order  differential  equation  for  the  meridional  shearing  force  wa3 
solved  in  terms  of  Thompson  Functions  and  particular  integrals,  using  methods 
developed  by  Meissner  (32)  and  Meriam  (64),  The  numerical  example  of  a 
clamped  cone  with  a  temperature  distribution  typical  of  a  laminar  boundary  layer 
is  given.  For  this  case  there  are  high  bending  moments  at  the  apex  and  boundary 
layer  effects  (sharp  changes  in  stresses  and  moments)  near  the  clamped  edge. 
Sibiriakov  (65)  treats  the  case  of  a  truncated  cone  located  in  a  gas  stream;  the 
temperature  varies  exponentially  along  the  meridian  and  trigonometrically  around 
the  periphery.  Numerical  results  for  the  stresses  are  presented  but  an  approxi¬ 
mate  semi-momentless  theory  (i.e. ,  only  hoop  moments  are  considered)  is  used 
in  the  analysis,  and  further,  it  is  assumed  that  hoop  strains  are  zero.  As  a  re¬ 
sult,  the  validity  of  the  solution  appears  to  be  questionable. 

Thin  ogival  shells  are  analyzed  by  DeSilva  (66)  who  determines  the 
thermal  stresses  and  displacement  for  an  axisymmetric  temperature  distribution 
using  Reissner'  s  small  deformation  theory  (37)  modified  to  include  thermo¬ 
elastic  effects.  An  asymptotic  solution  of  the  homogeneous  differential  equations 
is  obtained  by  Danger's  integration  technique  (67)  and  an  approximate  particular 
solution  is  given  by  extending  Hildebrand's  work  (68).  Numerical  results  for  a 
specific  example  are  given.  Sutherland  and  Shook  (69)  derive  the  thermo-elasticity 
equations  for  thick  shells  of  revolution  in  ogival  coordinates .  Tehcniques  are 
presented  for  use  at  the  boundaries  and  at  the  axis  of  revolution.  No  solutions 
are  given  and  the  equations  are  unwieldy,  but  numerical  procedures  may  possibly 
be  applicable 


Langhaar  and  Boresi  have  conducted  a  general  investigation  on 
thermal  stresses  in  shells  (70)  with  the  purpose  of  developing  a  theory  which  ac¬ 
commodates  three-dimensional  (unsym metrical)  temperature  distributions. 

Small  deflections,  isotropy,  linear  elastic  behavior,  and  thin  shell  assumptions 
are  employed.  The  main  results  are  in  the  form  of  relations  between  force  re¬ 
sultants,  bending  moments  and  displacements.  Special  equations  are  found  fur 
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arbitrary  cylindrical  shells,  circular  conical  shells  and  flat  plates.  The  results 
were  later  applied  (71)  to  cylindrical  and  shperical  shells,  comparing  some  of  the 
results  with  three-dimensional  elasticity  solutions.  Inconsistencies  were  found 
to  occur  because  of  the  thin  shell  approximations.  Radkowski  et  al  (72)  have 
developed  a  gene^  ..  numerical  analysis  for  thin  shells  of  revolution  with  rotation- 
ally  symmetric  pressure  and  temperature  distribution.  The  technique  permits 
specification  of  geometry  by  discrete  data  points  and  determines  elastic  stresses, 
strains  and  displacements  for  multi-layer,  multi-sectional  shells  of  revolution 
where  surface  loads,  temperatures,  thicknesses  and  material  properties  may 
vary  arbitrarily  in  the  meridional  direction.  Temperature  and  material  properties 
may  also  vary  through  the  thickness.  The  solution  has  been  programmed  and  uses 
2X2  coefficient  matrices,  thei'eby  minimizing  convergence  problems.  Com¬ 
parisons  are  made  with  known  exact  and  approximate  solutions  to  demonstrate 
accuracy. 

c.  Thermal  Buckling 


Some  recent  investigations  have  been  conducted  on  thermal  buckling 
of  cylindrical  shells  subjected  to  temperatures  which  vary  in  the  circumferential 
direction  only.  Lu  (73),  employing  Galerkin's  method,  performed  an  analysis 
based  on  an  extension  of  Donnell's  eighth  order  linear  equation  and  performed 
tests  on  brass  cylinders,  showing  good  agreement  with  the  theory  for  radius - 
thickness  ratios  in  excess  of  500.  Abir  and  Nardo  (74,  75)  analyzed  the  same 
problem  from  a  different  point  of  view  and  obtained  similar  results.  Fourier 
series  deflection  functions,  satisfying  the  boundai'y  conditions  were  substituted 
into  Donnell's  equations  and  by  setting  a  determinant  of  the  Fourier  coefficients 
for  the  normal  deflections  equal  to  zero,  eigenvalues  for  the  peak  buckling  stresses 
were  obtained.  It  was  found  that  the  peak  buckling  stress,  that  is,  the  maximum 
axial  stress,  is  close  to  the  critical  stress  of  the  cylinder  when  it  is  subjected  to 
uniform  axial  compression  if  the  variation  of  the  intensity  of  this  stress  is  not 
large  within  a  half-wave  length  of  the  buckling  pattern.  To  verify  this  conclusion, 
tests  were  run  (75)  on  unreinforced  and  reinforced  cylinders  constructed  of  cold 
rolled  steel.  In  general,  the  test  results  were  higher  than  the  predictions  based 
on  empirical  results  for  uniform  loading.  Also  presented  in  Reference  75  are 
empirical  formulas  and  tests  results  for  uniformly  heated  free-free  reinforced 
conical  shells  and  unreinforced  conical  shells  heated  axisymmetrically.  It  is 
concluded,  on  the  basis  of  arguments  presented  by  Hoff  (76),  that  a  free-free 
conical  shell,  with  moderate  taper,  heated  axisymmetrically  with  arbitrary 
temperature  gradients,  is  not  likely  to  buckle.  This  conclusion  was  supported  by 
the  experimental  results. 

Analytical  results  pertaining  to  buckling  of  axisymmetrically  heated 
cylinders,  supported  elastically  by  an  inner  core  (as  for  example,  in  case-bonded 
propellant  grains),  have  been  obtained  by  Zak  and  Bollard  (77). 
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2.  Observations  and  Remarks 

The  work  that  has  been  done  up  to  the  present  time  in  the  field  of  thermo¬ 
elastic  and  thermal  buckling  analysis  of  shells,  appears  to  be  far  from  adequate 
in  meeting  current  design  needs.  Since  variations  in  material  properties  with 
temperature  can  significantly  affect  results,  a  more  realistic  approach  would  be 
to  consider  such  effects  more  fully  in  future  investigations.  Also,  since  analytical 
solutions  are  in  many  cases  too  complicated  or  unattainable,  it  is  felt  that  more 
emphasis  should  be  placed  on  the  development  of  digital  computer  programs  for 
numerical  analysis  (as  in  Reference  72).  Other  areas  which  appear  to  require 
more  attention  are: 

(1)  Thick  shells  of  revolution. 

(2)  Analysis  of  shells  subjected  to  arbitrary  (asymmetrical)  temperature 
distributions . 

(3)  Thermal  buckling. 

Finally,  since  large  temperature  gradients  in  thin  shells  produce  large 
deflections,  nonlinear  large  deflection  analyses,  considering  large  strain  dis¬ 
placement  relations,  should  be  initiated. 

C.  THERMO- ELASTIC  ANALYSIS  OF  BEAMS 

The  calculation  of  the  behavior  of  beams  under  thermal  and/or  conventional 
loadings  is  usually  performed  under  the  Bernoulli-Euler  assumption  that  sections 
which  are  plane  and  perpendicular  to  the  axis  before  loading  remain  so  after 
loading,  and  that  the  Poisson  ratio  effect  may  be  neglected.  The  validity  of  this 
assumption  is  examined  in  detail  in  Reference  78.  An  extensive  treatment  of 
thermo-elastic  beam  analysis  is  presented  in  this  excellent  text,  and  a  summary 
of  this  material  is  presented  in  Paragraphs  C.1-C.4  of  this  section. 

1.  Thermal  Stresses  in  Unrestrained  Beams 

The  beam  is  referred  to  an  orthogonal  coordinate  system  (Figure  2) 
where  x  is  the  axis  of  centroids  (if  E  is  a  variable,  then  the  so-called  centroidal 
elastic  axis  may  be  used).  The  axes  y  and  z  are  orthogonal  centroidal  axes  in 
the  cross  section.  In  accordance  with  the  assumption  that  plane  sections  remain 
plane  we  write  the  axial  displacement  in  the  form 

u  =  K^y+K2Z+K3  (7) 

where  (x)  are  to  be  determined  from  the  requirement  that 
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DISPLACEMENT  COMPONENTS 


'.a  dA  =  r.a  ydA=r.a  zdA  =  0 

A  XX  JA  xx-'  JA  XX 


(8) 


where  a  =  E  (e  -  a  T)  and  the  integrations  extend  over  the  entire  cross 

XX 

sectional  area  A.  Equations  (8)  state  that  the  resultant  forces  and  bending  moments 
are  zero.  A  solution  on  the  basis  of  Eqs.  (8)  will  thus  correspond  in  general  not 
to  zero  tractions  at  all  points  of  the  end  faces  of  the  beams  and  therefore  does  not 
represent  the  correct  solution  of  the  problem.  However,  the  required  correction 
is  the  solution  of  the  isothermal  problem  corresponding  to  the  negative  of  these 
self-equilibrating  tractions  applied  over  the  end  faces.  From  Saint  Venant'  s 
principle,  the  effect  of  this  correction  is  small  except  in  regions  adjacent  to  the 
ends  of  the  beam  and  extending  over  a  length  of  the  order  of  magnitude  of  the 
maximum  cross  sectional  dimension. 

Continuing  with  the  solution, 

+>'3 '-‘‘■r] 

where  (  )'  =  ^ .  Substitution  of  Eq.  9  into  8  and  solving  for  K.  '  (i  =  1,2,3) 

yields  (78) 


(j  =  -  EaT  +  ■ 

XX 


a  - 1 

V  Tz  V 


)y  + 


-I  )z 
yz  Tz' 


I  I  - 
y  z  yz 


where 


P^=J^EaTda,  EaTzdA,  M^=J^EaTydA 


and 


by  definition  of  the  term  centroid.  Note  that  if  E  is  considered  as  a  variable 
then  the  concept  of  elastic  centroidal  axis  may  be  introduced  where 
jEydA  =  jEzdA  =  0  by  definition. 
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If,  in  addition,  the  y  and  z  axes  are  chosen  to  be  principal  centroidal 


axes ,  then  I  =0  and 

yz 


P  M  y  M  z 

a  =  -  Ecff  + 

XX  All 

z  y 


The  axial  displacement  u  can  be  readily  obtained  by  a  simple  integration. 
Relative  to  the  beam  end  x  =  0, 

,  X  P„  (I  M„  - 1  ) 


y  z  yz 


(I  M„  -  I  )"1 

+  Z  yz  Tz^ 

1 1  -  r 

y  z  yz  J 


The  average  axial  displacement  u  (over  the  cross  section)  is  given  by 


1  1  ^T 


and  in  particular 

■1  L  P,p 

^^x  =  L  1  J  0  T 

The  displacements  v  and  w  in  the  cross  section  are  obtained  by  con¬ 
sidering -that  the  relative  rotations  of  planes  per  unit  of  axial  length  yield  the 
curvatures 

^2  ,2 

d  V  ,  d  w  .  , 

— 2  — 2  given  by 

dx  dx 


.  (I  M_  -  I  M„  ) 
i  'v  iz  yz  iv 


I  I  -  I^ 
y  z  yz 


1  (^z^IV  -  Vz^Tz) 

^  I  I  -  I^ 
y  z  yz 
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From  these  two  differential  equations,  the  displacements  v  and  w  in  the  y-  and 
z-directions,  respectively,  can  be  obtained  by  integration  for  any  given  tempera¬ 
ture  distribution  T  =  T  (x,y,z).  In  particular,  for  principal  centroidal  axis  the 
displacement  differential  equations  become 


Equations  (15)  and  (16)  above  constitute  the  small  deflection  equations  for 
a  free  beam  due  to  a  three  dimensional  temperature.  If  the  beam  is  loaded  with 
transverse  distributed  and/or  concentrated  loads  in  addition  to  prescribed  axial 
loads  P,  then  for  small  deflections 

L(P  +P) 

=  L  =  fo  -AE— 

where  P>0  and  P<0  indicate  tensile  and  compressive  loads,  respectively. 


Similarly,  if  we  denot  j  the  bending  moments  due  to  all  these  loads  (and 


reactions)  by  M  and  M  , 
z  y 

respectively,  we  have 


when  they  cause  rotation  about  the  z  and  y  axes. 


M_  +  M 
Tz  z 


M__  +  M_ 


Similarly,  additional  axial  stresses  are  due  to  the  mechanical  loads  which 
must  be  superposed  upon  the  stresses  determined  from  Eqs.  (10)  or  (11). 


Several  examples  are  shown  in  Reference  78,  pages  314-317,  where  unloaded 
statistically  indeterminate  beams  are  solved  for  various  boundary  restraints.  If, 
for  example,  a  uniform  beam  is  clamped  for  bending  at  both  ends  (but  free  for 
axial  expansion)  and  subjected  to  a  temperature  T  =  T(y,z)  it  is  found  that  the 
deflection  w  =  v  =  0,  while 


This  illustrates  that  thermal  stresses  may  result  even  when  no  deflections  are 
present.  Furthermore,  the  converse  is  also  possible,  that  is,  deflections  may 
occur  without  there  being  any  stresses .  In  fact,  if 

T  =  a(x)  +  b(x)y  +  c(x)z  (20) 

which  implies  that  T  is  linear  in  the  cross  sectional  coordinates,  then  Eq.  (10) 
(for  unrestrained  beams)  yields  j  =0.  This  fails  to  meet  the  requirement  of 

general  three  dimensional  theory  (Reference  78,  pp  95-97  or  83,  pp  1.12-1.15) 
that  T  be  linear  in  x  as  well.  The  comparison  of  the  results  from  the  ele- 
mentaiy  and  more  exact  theories  will  be  considered  in  Paragraph  C.4  of  this 
section. 


2.  Tliermal  Shear  Stresses  in  Open  Section  Thin-Walled  Beams 

In  many  practical  applications,  the  knowledge  of  the  shear  stress  in 
beams  is  important.  The  calculation  of  these  stress  components  cannot  always 
be  performed  by  elementary  means  when  the  beams  are  subjected  to  arbitrary 
thermal  stimuli.  However,  in  the  case  of  thin-walled  beams  the  determination 
of  the  average  values  of  shearing  stress  may  be  accomplished  by  an  elementary 
procedure. 

Consider  a  beam  of  thin-walled  open  cross  section  as  shown  in  Figure 
3;  the  extension  to  closed  and  multicell  beams  may  be  carried  out  by  methods 
analogous  to  those  used  in  constant  temperature  problems.  The  thickness  t 
may  vary  in  general  with  arc  length  s  measured  from  a  free  end,  i.  e. ,  t  =  t(s). 
Equilibrium  of  an  element  (Figure  4)  yields  the  equation 


^  +1  M  =  0 

3x  t  ds 


(21) 


where  q  =  a  t  =  shear  flow.  Integration  yields 

^OC 


s=s  9a 


XX 


s=0 


9x 


dA 


(22) 


where  dA  =  tds  and  the  lower  limit  of  integration  has  been  chosen  so  as  to  satisfy 
the  boundary  condition  that  the  shear  flow  be  zero  at  the  free  edge  s  =  0.  Sub¬ 
stitution  of  Eq.  (10)  into  Eq.  (22)  yields  the  shear  flow 


FIGURE  3.  OPEN  THIN -WALLED  BEAM  WITH  POINT 
C  AS  CENTROID  OF  SECTION 


FIGURE  4.  ELEMENT  OF  THIN-WALLED  BEAM  IN  EQUILIBRIUM 


The  three  dimensional  equations  of  equilibrium  are  satisfied  iden¬ 
tically  while  the  compatibility  equations  in  terms  of  the  stress  components  are 
satisfied  if,  and  only  if, 


1  =  o 


(constant  Ea  is  assumed). 


Therefore,  integration  yields 


c^=-aET  +  Cj  tOji 


where  Cj  and  are  determined  from  the  "average"  boundary  conditions 


f  c  dz  =  r  CT  zdz  =  0 

J.  XX  vl.  XX 


(h  is  depth) 


which  stipulates  that  there  is  no  resultant  force  and  moment  on  the  beam.  This 
yields  finally 

N  12zM._  bN  z(hAI  ) 

h 


where 


N„  =  J  EaTdz  and  M,p  =  J  EaTzdz 


A  =  cross  sectional  area  =  bh 


I  = 


From  the  stress  components,  the  strain  and  displacement  components  (outside  of 
a  rigid  body  displacement)  are  readily  determined. 

•  Strain  Components 


1  r’^^T  z  1 


bN_  zbM 


--T-) 


e  =e  =e  =e  =0 
xz  xy  yy  'yz 


TV  (l+v)aT 
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Displacement  Components  (asi^’e  from  rigid  body  displacements) 


u  = 


E 


bN„ 


w  =  ■ 


-bM^ 

2EI 


XJ_ 

E 


bN  z  bM„z 


A 


21 

Remarks 


+  f  Tdz 

E  Jq 


(31a) 

(31b) 


(1)  The  form  for  the  stress  Eq.  (28)  could  readily  be  obtained  by  the  elemen¬ 
tary  process  of  restraining  the  elements  of  the  beam  by  applying 
stresses  equal  to  -  aET  and  then  removing  the  resultant  force  and 
traction  on  the  boundary. 


(2)  The  solution  Eq.  (31a)  for  the  axial  displacement  u  shows  that  plane 
sections  remain  plane  since  u  is  linear  in  z . 


(3) 


Neglecting 


in  comparison  to  unity,  we  have 


1 

R 


bM,j, 

“IT 


which  means  that  the  curvature  is  proportional  to  M,j,. 

(4)  The  preceding  formulas  are  also  simplified  when  the  temperature 
distribution  is  either  symmetrical  (T(z)  =  T(-z))  or  antisymmetric al 
(T(z)  =  -  T(-z))  about  the  middle  plane  z  =  0.  ior  symmetrical 
distributions,  =  0  and  the  resulting  curvature  of  the  beam  is 

zero.  For  antisymmetrical  temperature  distributions,  =  0 

and  the  mean  value  of  the  displacement  u  is  zero. 

It  is  always  possible  to  express  the  given  temperature  distribution 
as  the  sum  of  three  components  T.,,  T,,,  T.^  where  T^  =  a+bz,  T2(z)  =  T2(-z), 

aiid  Tg(z)=  -Tg(-z).  The  stresses,  strains,  or  displacements  due  to  T  e^e  the 

sum  of  tnose  due  to  T  ,  T  ,  and  T  acting  separately.  Since  T  is  linear,  it 

±  ^  O 

causes  strains  and  displacements  but  no  stresses.  The  stress  distribution  due  to 
Tg  above  is  symmetrical,  while  that  due  to  T^  is  an'-isymmetrical. 


s 


r. 


p 


D 
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b.  Circular  Beam  of  Rectangular  Cross  Section  with  Radial 
Temperature  Variations 


The  problem  is  the  determination  of  the  stresses  in  a  rectangular 

&  *^b 

beam  whose  median  line  describes  an  arc  of  a  circle  of  radius  —5—  where  b  -  a 

z 

is  the  depth  of  section.  All  bounding  surfaces  are  free  of  traction.  The  tempera¬ 
ture  variation  is  given  by  T  =  T(r)  and  the  stress  function  =  0(r)  is  employed. 

4  2 

The  differential  equation  V  0  +  EaV  T  =  0  is  expressed  in  factored  form  by 
Boley  and  Weiner  (78),  pp  299-300,  as 


lA 

r  dr 


(■^)+aET]=0 


(32) 


Equation  (32)  is  readily  integrated  to  yield 


0=  A^Log  (|)  +  Ag  (-)  Log  (-)  +  A^{~)  +  A^ 
r  ^2 

-EaJ  [^/  Tr^drjdr^  . 


(33) 


The  boundary  conditions  are  0=^  =  0  on  r=a,b  and  the  resulting  force  and 

moment  on  the  end  faces  are  then  automatically  zero.  Use  of  Saint  Venant'  s 
principle  may  then  be  employed.  T1  e  stress  components  are  readily  determined 
by  matching  these  boundary  conditions. 

Interesting  checks  of  this  solution  may  be  made  by  comparing  this 
solution  with  that  of  Timoshenko  and  Goodier  (79),  p  61,  for  a  beam  in  pure 
bending,  and  for  a  curved  beam  according  to  the  strength  of  materials  approach 
(80). 


4.  Comparison  of  the  Elementary  Beam  Solution  with  Two  Dimensional 
Thermo-elastic  Solution 


The  determination  of  the  thermal  stresses  in  beams  has  been  developed 
from  the  strength  of  materials  viewpoint  (Paragraph  C.l  of  this  section)  and  from 
an  elasticity  approach  by  applying  a  semi-inverse  procedure  (Paragraph  C.3  of 
this  section).  A  natural  question  is  -  how  accurate  is  the  strength  of  materials 
approach?  One  procedure  is  to  solve  a  reasonably  general  problem  by  both  pro¬ 
cedures  and  to  compare  results.  This  was  done  by  Boley  in  Reference  80a.  The 
problem  considered  was  a  rectar^ular  beam  of  small  width  b  in  the  z  direction, 
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» 
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and  occupying  the  region  -  c^y^c.O^x^L  where  b  «  2c  «  L.  The 
plane  stress  solution  was  obtained  for  a  temperature  T  =  T(x,y).  The  solution 
of  this  problem  required  the  determination  of  a  stress  function  0  =  0  (x,y)  such 
that 


V*0+aEV^T  =  O 


4.4. 

Bx  By 


with  the  boundary  conditions 


(34) 


^  |^  =  0aty  =  ±c. 

9y 


(35) 


It  is  further  required  to  satisfy  the  average  zero  traction  boundary  conditions  on 
X  =  0,  L  namely 


XX  •'  -I  xy 
-c  -c 


c 

! 

-c 


This  was  solved  by  writing  the  stress  function  in  the  form 

0  =  01  +  02  '^3  ‘  '  ■ 


(36) 


(37) 


where  the  functions  satisfy 


5^0. 


By 

9y^ 

9^0. 

9y^ 


=  -  aE 


5^T 

9y^ 


9^01 


9x^  9x" 


(38) 


=  -  2 


Bx^dy^  9x^ 


for  i  =  3, 4, 
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and 


a 

xxi 


Each  of  the  functions  0.  is  to  satisfy  the  boundary  conditions  of  £(,.  (35).  Furthermore, 

substitution  of  Eq.  (37)  into  Eq.  (34)  and  applying  Eq.  (38)  shows  that  the  differential  equa¬ 
tion  is  satisfied.  It  is  shown  in  Reference  80a  that  the  solution  for  the  stress  com¬ 
ponent  a  may  be  written  in  terms  of  an  infinite  series,  each  successive  term 

involving  derivatives  with  respect  to  x  of  higher  and  higher  order  for  the  rec¬ 
tangular  beam  of  width  b  and  height  2c.  Thus 


J  TdA 


=  -  T  + 


c  1  ^2  f  y 

+  |-  f  TydA  +  b  {  y  J 
-c  J  9x  -c 


2  c 


-J  TydA-^l  (1-^+6^)  )]■  TdA 


L  J  — C  “C 


— ^  r  Ty^dA  I  +  (terms  containing  only  fourth  and  higher  de- 
40*^  "^-c  ^  rivatives  of  T  with  respect  to  x  ). 

The  term  in  the  first  bracket  of  the  right  hand  side  of  this  equation  is  identical 
with  that  given  by  the  elementary  solution.  Therefore,  it  follows  that  this  term 
represents  the  "exact"  solution  for  temperatures  which  are  either  constant  or  that 
vary  linearly  along  the  span.  However,  if  the  temperature  variation  along  the 
span  is  expressible  as  a  polynomial  of  the  second  or  third  degree,  then  the  term 


{  } 


will  not  be  zero  and  there  is  a  discrepancy  between  the  two. 


Naturally,  as  the  representation  of  the  temperature  requires  more  and  more 
terms  of  the  power  series  in  the  spanwise  coordinate,  additional  corrections 
will  be  introduced.  It  is  clear,  however,  that  if  the  temperature  distribution  is 
smooth,  i.e. ,  if  it  is  expressible  in  a  rapidly  convergent  power  series,  then  the 
contribution  of  the  higher  derivatives  will  be  small  and  the  strength  of  materials 
approach  provides  a  good  approximation.  The  same  conclusion,  namely  that  the 
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elementary  formula  for  displacements  is  satisfactory  for  smooth  temperature 
distributions,  can  be  shown  to  be  valid  as  well. 

Similarly,  the  case  of  a  free  beam  with  arbitrary  simply  connected  cross 
section  and  linear  spanwise  temperature  distribution  was  ccaisidered  by  Boley  and 
Tolins  (81).  It  is  shown  that  if  the  temperature  T  is  such  that 

T  =  T^  (y,z) +XT2  (y.z)  (41) 

then  the  elementary  strei^th  of  materials  approach  gives  the  correct  result  if,  and 
2  /  1 

only  if,  V  T  -  I  — g  +  — ^  1  T  =  0.  This  means  that  the  two  results  coincide  when 
Sy  32 

the  temperature  is  a  plane  harmonic  function  of  y  and  z.  In  particular,  for  a 
thin -walled  open  section,  it  was  shown  in  Reference  81  that  the  correction  re¬ 
quired  in  the  elementary  formula  is  of  the  order  of  t/S  where  t  is  the  thickness 
and  S  is  the  median  line  arc  length  in  the  cross  section,  provided  that  T  is 
either  constant  or  linear  in  the  thickness  coordinate .  The  solution  for  the  general 
case  of  a  beam  of  arbitrary  cross  section  and  arbitrary  temperature  has  been 
considered  by  Barrekette  (82)  and,  qualitatively,  the  previous  discussion  holds. 


5.  Numerical  Solutions  Accommodating  Varying  Material  Properties 

Methods  of  thermo-elastic  beam  analysis  which  account  for  temperature- 
dependent  variations  in  Young' s  modulus  (E)  and  coefficient  of  expansion  (a) 
are  presented  by  Switzky,  Forray,  and  Newman  in  Reference  83,  wherein  the 
thermo-elastic  equations  of  engineering  beam  theory  previously  discussed  in 
Paragraph  C.l  of  this  section  (Eqs.  10-18)  are  solved  numerically  using  various 
integration  techniques.  A  discussion  of  some  of  these  techniques  follows: 

a.  Finite  Sum  Method 


The  beam  cross  section  is  subdivided  into  a  finite  number  of  small 
elemental  areas  (Figure  5),  such  that  the  variation  of  aT  and  E  in  each  element 
is  also  small.  The  method  is  then  based  on  solving  the  thermo -elastic  equations 
for  an  approximate  geometry  consisting  of  a  finite  number  of  points  of  concentrated 
elastic  area  located  at  the  centroids  of  elements.  A  general  solution  is  outlined  in 
tabular  form  and  illustrated  by  a  numerical  example.  The  method  is  adaptable  to 
all  cross  sectional  shapes  and  the  degree  of  accuracy  increases  with  the  decrease 
in  the  size  of  elements.  Digital  computing  machines  can  be  employed. 

b.  Power  Series  Method 


The  average  aT  profile  in  a  direction  normal  to  a  principal  bending 
axis  is  approximated  by  a  power  series  of  the  form 
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FIGURE  5.  FINITE  SUM  METHOD  -  ELEMENT  BREAKDOWN 
OF  CROSS  SECTION. 


n 

aT  =  Z 
L=0 
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where  the  a,  are  constant  coefficients  and  s  is  the  normal  distance  from  the 

Xj 

reference  axis.  A  fitting  technique  is  developed  in  Reference  83,  w'here  a  con¬ 
version  matrix  is  used  to  determine  the  power  series  coefficients  from  specified 
oT  values  at  discrete,  equally  spaced  data  points. 

Having  obtained  the  power  series  representation  for  the  oT  distri¬ 
bution,  general  solutions  of  the  thermo-elastic  beam  equations  are  then  developed 
for  beams  with  two  practical  types  of  cross  section  geometry: 

(1)  Continuous  elastic  cross  sections,  where  the  elastic  width  (Eb) 
is  monotonically  continuous  through  the  depth  or  on  each  side  of 
a  bending  axis  of  symmetry  (Figures  6(a)  and  (b)). 

(2)  Discontinuous  elastic  cross  sections  with  elastic  width  variation 
of  the  multi-rectangular  type  as  exemplified  by  tees,  channels, 
I-Beams  and  built-up  sections  (Figure  6(c)). 

c.  Solution  for  Continuous  Elastic  Cross  Sections 


Approximate  representations  of  continuous  cross  sectional  geo¬ 
metries  having  monotonic  elastic  width  variation  are  given  by  the  following  basic 
expression: 

K 

^  K  s  0 

where  the  taper  parameter  (8)  defines  the  ratio  of  width  at  the  extreme  fiber 
to  the  elastic  width  at  the  reference  axis  and  the  shape  parameter  (K)  defines 
the  type  of  elastic  width  variation.  Figure  7  presents  a  summary  of  the  geo¬ 
metric  shapes  represented  through  the  complete  range  of  the  parameters. 

The  solution  of  the  thermo-elastic  beam  equations  is  given  in  terms 
of  these  parameters  and  the  coefficients  of  the  power  series  for  aT.  Non- 
dimensional  design  curves  and  an  illustrative  numerical  example  are  presented. 

d.  Solution  for  Discontinuous  Elastic  Cross  Sections 


;  3^-1 


term 

solut 

powe 


In  order  to  systematize  the  solution,  the  geometry  is  expressed  in 
f  step  parameters  which  define  the  elastic  section  prone rties.  A  general 
is  then  given  in  terms  of  these  parameters  and  the  coefficients  of  the 
eries  for  aT.  Based  on  this  solution,  nondimensional  design  curv 
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I-Beams  are  presented  and  illustrative  numerical  examples  are  worked  out,  in¬ 
cluding  the  analysis  for  the  stresses  in  a  three-web,  built-up  box  beam  of  dis¬ 
similar  materi^s. 

In  general,  the  power  series  method  is  most  applicable  to  problems 
in  which  the  directions  of  the  principal  axes  are  known  from  symmetry  and  bend¬ 
ing  occurs  about  only  one  of  these  axes.  Under  such  conditions,  numerical  com¬ 
putations  are  minimized  and  the  power  series  method  usually  has  a  distinct  ad¬ 
vantage  over  the  finite  sum  method. 


SECTION  E:  STABILITY  AND  NONLINEAR  MATERIAL  BEHAVIOR 


A.  STABILITY 


The  stability  of  compression  elements  is  of  great  importance  in  determining 
the  strength  and  rigidity  of  a  structure.  E  the  applied  load  exceeds  the  load  that 
produces  general  instability,  the  structure  is  obviously  inadequate.  However,  in 
some  cases  the  decrease  in  rigidity  at  loads  less  than  the  buckling  load  may  also 
be  critical. 


As  the.  element  is  loaded  in  compression, 
flexible  (84)  in  proportion  to  the  ratio  ^ 


1-e/e 


it  becomes  progressively  more 
•  where  e  is  the  strain  and  e. 


cr 


cr 


is  the  strain  at  which  the  element  buckles.  This  can  produce  overstressing  of 
other  regions  and  a  reduction  in  the  stEfness  of  the  structure.  This  increases 
the  overall  deflections  and  lowers  the  natural  frequency  and  may  seriously  affect 
tlie  aero-elastic  behavior  of  the  vehicle. 


Buckling  or  excessive  deformations  of  structural  elements  exposed  to  the 
external  airflow  may  cause  serious  consequences.  Drag  may  be  increased  due  to 
degrading  the  aerodynamic  cleanliness.  The  airflow  may  be  disturbed  and  may 
produce  turbulence  which  increases  aerodynamic  heating  and  acoustic  pressure 
fluctuations.  The  reduction  in  rigidity  of  buckled  panels  makes  them  much  more 
vulnerable  to  panel  flutter. 

The  stability  of  a  structural  element  can  be  evaluated  by  observing  the  in¬ 
cremental  load  6F  necessary  to  cause  an  instantaneous  incremental  deflection 
6w.  The  ratio  6F/6w,  which  is  a  measure  of  the  stiffness,  becomes  exceed¬ 
ingly  small  when  the  structure  approaches  instability.  A  structure  of  given  geo¬ 
metry,  boundary  conditions,  and  material,  can  become  unstable  for  various  load- 
temperature  time  histories.  In  a  column,  for  example,  the  external  load  in¬ 
creases  the  deformations  of  the  structure  and  tends  to  reduce  its  stiffness  because 
of  increasing  axial  and  bending  stresses.  Temperature  reduces  the  stiffness  of 
the  material  and  may  also  introduce  destabilizing  thermal  stresses  and  deflections. 
Time  at  load  and  temperature  permits  the  structure  to  creep,  increasing  the 
axial  strain,  the  lateral  deflections,  and  the  bending  stresses,  with  a  resultant 
reduction  in  the  stiffness. 


The  qujmtitative  analysis  of  the  interaction  of  load,  temperature,  and  time  on 
the  stability  of  a  structure  is  quite  complex.  Solutions  can  only  be  obtained  in  a 
limited  number  of  specEic  caseti.  Some  other  histories  are  amenable  to  approxi¬ 
mate  solution.  In  some  cases,  it  is  possible  to  estimate  both  upper  and  lower 
bounds  to  the  correct  solution.  A  general  solution  encompassing  all  types  of 
histories  cannot  be  expressed  in  a  closed  form  (equation  of  state)  since  the  struc¬ 
ture  is  generally  affected  by  its  past  history. 
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A  few  types  of  problems  together  with  some  of  the  proposed  methods  of 
analysis  are  discussed  below.  The  problems  can  be  roughly  separated  into  time- 
independent  and  time-dependent  categories.  The  time -dependent  solutions  avoid 
considering  the  loss  in  stiffness  due  to  creep  but  consider  in  varying  degrees  the 
effects  of  nonlinear  elastic  behavior.  The  time -dependent  solutions  employ 
special  mathematical  models  of  the  geometry  and  material  behavior  which  make 
the  problems  tractable.  Solutions  are  presented  in  terms  of  a  critical  time  at 
which  a  structure  subjected  to  a  given  load  and  temperature  will  become  unstable. 
Most  of  the  available  solutions  are  for  the  time  to  failure  of  an  idealized  column 
subjected  to  constant  load  and  temperature. 

1.  Time -Independent  Solutions 

a.  Linear  Material  with  No  Thermal  Stresses 

The  assumption  of  linearity  of  the  material  simplifies  the  problem 
by  permitting  the  equations  which  solve  the  stability  problem  to  remain  linear. 
Tlie  geometry  and  temperature  may  combine  to  make  the  stiffness  (e.g. ,  El) 
vaiy  with  position  but  linearity  of  the  material  implies  that  the  stiffness  does  not 
change  with  load.  The  solution  of  these  problems  serve  as  a  first  approximation 
for  more  complex  problems. 

1)  Solution  of  differential  equations 

Nontrivial  eigenvalue  solutions  of  the  homogeneous  differential 
equilibrium  equation  (e.g.,  (EIw")"  +  (Fw ') '  =  0  for  a  column)  results  in  the 
determination  of  a  critical  load  which  depends  upon  the  homogeneous  boundary 
conditions  and  the  distribution  of  stiffness  within  tlie  structure.  The  technique  is 
illustrated  in  many  texts.  Timoshenko  (85),  Bleich  (86),  etc.,  contain  excellent 
discussions  of  the  stability  problems  for  columns,  plates,  and  shells  and  illus¬ 
trate  many  of  the  methods  for  solving  the  problem.  Gerard  and  Becker  (87) 
contains  a  compilation  of  the  results  which  are  of  interest  to  the  analyst  of  air¬ 
craft  structures. 


There  are  a  number  of  structures  particularly  shells)  which 
exhibit  instability  due  to  the  large  deflections.  The  solutions  are  not  obtained  in 
terms  of  eigenvalue  solutions  of  homogeneous  equations.  Since  the  large  de- 
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analytical  solutions,  energy  methods  such  as  the  Galerkin  and  Rayleigh-Ritz 
Techniques  are  usually  employed  to  obtain  approximate  solutions . 


2)  Energy  solutions 

Employing  the  princple  of  stationary  potential,  which  equates 
the  change  of  work  done  by  the  external  forces  due  to  a  virtual  displacement  to 
the  corresponding  change  in  strain  energy,  results  in  the  solution  for  the  critical 
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load  provided  that  the  correct  deflection  mode  is  employed.  Tlie  energy  principle 
can  also  be  utilized  to  obtain  approximate  solutions  when  the  deflection  mode  is 
not  known  exactly.  Tlie  sense  of  the  error  in  the  solution  can  be  determined  by 
the  method  of  approximating  the  deflection  mode.  Assuming  deflection  modes  which 
satisfy  the  boundaiy  conditions  identically  will  result  in  always  overestimating  the 
buckling  load  (e.g. ,  Rayleigh-Ritz  and  Galerkin  methods).  It  is  also  possible  to 
assume  deflection  modes  that  represent  less  restrained  boundary  conditions  but 
that  when  properlj  combined,  satisfy  the  actual  boundary  conditions  (e.g. , 

Treffetz  method)  to  obtain  an  underestimate  of  the  buckling  load.  The  energy 
methods  are  illustrated  in  various  texts  such  as  Timoshenko  (85),  Bleich  (86), 
etc.  An  illustration  of  the  lower  bound  technique  can  be  found  in  Budiansky  and 
HuPai  (88). 

b.  Linear  Material  with  Thermal  Stresses 

Self -equilibrating  thermal  stresses  are  generated  by  nonlineai'  thermal 
expansion.  A  structure  may  have  tensile  and  compressive  stresses  superimposed 
upon  the  stresses  caused  by  the  boundary  loads  and  body  forces.  The  boundary 
loads  may  be  mechanically  applied  loads  or  the  loads  caused  by  I'estraint  against 
thermal  expansions  of  the  structure.  Tlie  compressive  thermal  stresses  pro¬ 
duce  a  destabilizing  effect  on  the  structure  which  can  produce  instability  with 
lower  applied  loads.  The  problem  requires  the  determination  of  the  stress  dis¬ 
tribution  due  to  the  applied  loads  and  temperatures  and  then  an  evaluation  of  the 
stability  of  the  structure.  Solutions  can  be  separated  roughly  into  two  types, 
corresponding  to  small  and  large  deflection  theories.  The  small  deflection  theory 
assumes  that  the  lateral  deflections  are  small  enough  that  they  have  a  negligible 
effect  upon  the  strains.  Solutions  of  this  type  ai'e  summai'ized  by  Boley  (89)  and 
VanDerNeut  (90)  and  are  illustrated  in  various  paper's  (91-95).  Some  aspects  of 
the  thermal  buckling  of  shells  was  discussed  previously.  The  large  deflection 
theory  considers  the  effect  of  lateral  deflections.  As  an  example,  the  lateral 
deflection  of  an  axially  restrained  structure,  with  an  initial  eccentricity,  would 
increase  with  temperature  without  approaching  the  condition  of  instability  pre¬ 
viously  defined.  A  linear  material  structure  would  continue  to  deflect  with  in¬ 
creasing  temperature  until  a  failing  stress  or  maximum  permissible  deflection  is 
attained.  Solution  for  the  deformations  and  loads  in  eccentric  structures  (columns 
and  plates)  can  be  xound  in  various  texts  (e.g. ,  Gatewood  (84),  Boley  (89),  etc.) 
and  paper. s  (95-!  7). 
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The  nonlinearity  of  the  material  results  in  a  variation  of  the  stiff¬ 
ness  with  the  applied  load.  This  makes  the  governing  equations  nonlinear  and 
the  solution  becomes  more  difficult.  The  nonlinearity  is  accentuated  by  tem¬ 
perature  which  reduces  the  proportional  limit  of  the  material. 

Solutions  are  usually  presented  by  introducing  a  plasticity  factor 
into  the  linear  solution  (See  Paragraph  /..I. a  of  this  section).  The  plasticity 


factor  results  in  a  reduced  modulus  (Ej^)  which  when  substituted  for  E  in  a 

linear  solution  for  the  buckling  stress  would  result  in  the  observed  buckling  stress. 
The  value  of  E_  depends  upon  the  stress-strain  relationship  of  the  material,  the 

applied  stresses,  and  the  boundary  conditions.  Analytical  work  on  various  mathe¬ 
matical  models  has  resulted  in  expressions  for  E_.  Stowell  (98)  presented 

formulations  of  E^^  for  columns  and  plates,  by  considering  the  relative  amount 

of  twisting  and  bending  energies  (without  stress  reversal)  in  the  structure  due  to 
the  boundary  conditions  and  an  octahedral  stress-strain  relationship.  The  re¬ 
sults,  with  minor  modifications,  are  employed  by  most  of  the  aircraft  industry. 
Experiments  (99)  have  indicated  that  the  st^ility  of  a  structure  at  different  uni¬ 
form  temperatures  can  be  obtained  by  determining  Ej^  from  the  stress-strain 

relationship  at  these  temperatures. 

Since  the  stability  of  a  structure  loaded  beyond  the  proportional 
limit  is  a  function  of  the  shape  of  the  stress-strain  curve,  it  becomes  advisable 
to  approximate  this  curve  by  a  mathematical  formulation  which  simplifies  the 
calculations  required.  Expressing  the  stress-strain  relationship  in  nondimen- 
sional  form  (e.g. ,  Ramberg- Osgood  (100)  or  Switzky  et  al  (101)  permits  pre¬ 
sentation  of  many  solutions  on  one  graph  (Figure  8)  rather  than  requiring  graphs 
for  every  material  and  every  temperature.  The  introduction  of  inaccuracy  by  the 
nondimensional  approach  may  be  accepted,  in  some  cases,  to  obtain  the  benefits 
of  simplification  in  the  design  and  analysis  of  the  structure. 

d.  Additional  Problems 


Many  problems  remain  in  the  fields  of  columns,  plates,  and  shells, 
with  special  emphasis  on  the  effect  of  thermal  stresses.  In  addition,  the  effect 
of  eccentricity  upon  stability  must  be  more  fully  evaluated.  The  eccentricity 
(which  may  be  more  pronounced  due  to  thermal  gradients)  decreases  the  stability 
of  the  structure  by  causing  bending  stresses  which  produce  reductions  in  the 
stiffness  of  the  structure.  Some  work  has  been  done  on  the  effect  of  eccentricity 
on  columns.  Timoshenko  (85)  and  others  considered  a  secant  law  fo'  obtaining 
the  load  which  produces  an  allowable  maximum  stress.  Shanley  (3^'i)  presented 
interaction  curves  for  allowable  moment  and  axial  force.  Costello  et  al  (103) 
present  the  effect  cf  eccentric  loads  in  terms  of  an  effective  length  which  would 
produce  buckling.  lit  addition,  interaction  moment  and  force  curves  for  constant 
depth  of  yielding  are  presented,  Carlson  (104)  evaluated  the  effective  length  of 
an  eccentric  column  by  a  cross-plot  of  the  strain  variation  against  the  resultit^ 
moment  and  axial  force  for  the  given  stress-strain  relationship  (this  technique 
v/as  also  employed  with  isochronous  stress-strain  curves  for  time-dependent 
solutions).  Switzky  (105)  approximates  the  reduction  of  stiffness  in  terms  of  the 
initial  eccentricity  and  the  avet.'ige  stress  on  the  column.  Experimental  data 
(104,  106  and  107)  would  indicate  that  the  trends  are  correct,  however,  more 
analytical  and  experimental  work  needs  to  be  done  in  this  field  to  obtain  simple 
and  reliable  analysis  methods. 
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FIGURE  8.  NONDIMENSIONAL  COMPRESSIVE  BUCKLING  STRESS  FOR  SIMPLE 
SUPPORTED  PLATE  [REF.(87)] 


Time-Dependent  Solutions 


All  materials  exhibit  creep  when  subjected  to  stresses  and  high  tem¬ 
peratures.  It  is  unrealistic  to  require  that  a  structure  endure  indefinitely  since 
all  loaded  structures  would  fail  in  creep  after  a  sufficiently  long  period  of  time. 

All  that  the  engineer  can  demand  of  a  structure  is  that  it  perform  its  duties  re¬ 
liably  for  its  required  lifetime.  Thus,  the  analyses  have  been  concerned  with  the 
"critical  time"  at  which  the  structure  becomes  inadequate.  The  critical  time,  in 
addition  to  being  a  function  of  the  stress-strain  relationship,  the  geometry,  and 
boundary  conditions,  is  also  dependent  upon  the  stress -creep  rate  relationship  of 
the  material.  Since  the  material  exhibits  disproportionate  higher  creep  rates 
with  higher  stresses,  the  structure  becomes  unstable  in  a  limited  time,  whereas 
Kempner  (108)  indicates  that  a  linear  relationship  of  creep  rate  and  stress  would 
produce  instability  only  after  exceedingly  long  times. 

Most  of  the  analytical  work  has  been  performed  on  columns  with  little 
work  done  on  plates  and  shells.  The  case  treated  is  usually  a  straight  or  initially 
eccentric  column,  composed  of  a  material  with  mathematically  simple  stress- 
strain  and  stress-stiain  rate  laws,  and  subjected  to  constant  load  and  temperature. 
Results  are  then  employed  to  approximate  the  creep  budding  behavior  of  other 
types  of  structures  with  different  load-temperature  histories.  Semi-empirical 
approaches  such  as  "isochronous  stress-strain  curves"  and  "critical  strain"  have 
also  been  employed  with  some  success.  The  assumptions  made  to  simplify  the 
solution  of  the  problem  should  always  be  accompanied  by  test  programs  to  evaluate 
the  influence  of  these  assumptions  and  to  note  the  agreement  between  theory  and 
tests. 


Viscous  Models  (Columns) 


Various  approaches  have  been  employed  such  as  solving  the  differential 
equilibrium  equation  for  a  material  that  exhibits  both  linear  elastic  and  viscous 
strains  with  stress.  In  this  approach  it  is  usually  assumed  that  the  column  is 
perfectly  straight.  Typical  solutions  (109)  are  given  in  terms  of  the  "critical  time" 
necessary  to  satisfy  equations  of  the  form 


where  P  =  the  applied  constant  compressive  load 
Pjg  =  the  Euler  buckling  load 

E  =  the  initial  (Young's)  modulus 

E*  =  the  tangent  modulus  of  the  stress  strain  curve  for  constant  strain 
rates 


IT 


.ft 


The  value  of  E*  decreases  with  time  and  can  be  obtained  as  a 

E 

function  of  e  (Figure  9).  The  time  necessary  to  reduce  E*  to  a  value  of  p - 

corresponds  to  the  "critical  time."  2^  i 

P 

Another  approach  is  to  assume  that  the  column  exhibits  an  initial 
eccentricity  in  the  fundamental  deflection  mode  and  this  shape  is  maintained 
throughout  the  buckling  process .  The  problem  is  usually  solved  for  an  H  col¬ 
umn,  infinitely  stiff  in  shear,  with  all  the  bending  area  concentrated  at  the 
centroids  of  the  flanges.  This  results  in  critical  times  which  are  a  function  of  the 
"Euler  Strain",  the  strain  rate,  the  cross  sectional  geometry,  and  the  initial 
eccentricity.  The  above  approach  requires  a  mathematical  formulation  of  the 
stress-strain  rate  relationship 

(e.g. ,  the  power  law  e  =  X  (a/E)^ . 

A  typical  result  (110)  for  the  critical  time  (t  )  is 

OX 

^cr  [^®E  "  ®o^^®  ]  ^ 

I 

where  e  ^  =  Euler  strain  =  (  ^  J  for  a  simple  supported  column 

=  Elastic  strain  due  to  stress  a 

e  =  Strain  rate  due  to  a 
r  =  Radius  of  gyration  of  column 

=  amplitude  of  initial  eccentricity  of  fundamental  mode. 

Summaries  of  various  theories  of  creep  buckling  can  be  found  in 
Hoff  (110),  Boley  and  Weiner  (111),  and  DeVeubeke  (112). 

b.  Isochronous  Stress-Strain  Curves 

Another  approach  is  to  construct  a  time -dependent  stress-strain 
relationship  similar  to  the  short-time  relationship.  Hypothetical  stress-strain 
curves  at  constant  times  are  constructed  from  the  short-time  stress  versus 
strain  curves  and  the  creep  strain  at  constant  stress  versus  Lime  data.  Tliese 
curves  are  employed  in  a  manner  similar  to  the  time -independent  nonlinear 
solution  mentioned  previously.  The  effective  modulus  to  be  employed  with  these 
hypothetical  curves  is  questionable.  The  tangent  modulus  (E.^,)  is  suggested  by 

Shanley  (113)  and  experimental  data  (104,  106)  would  seem  to  indicate  that  it 
usually  results  in  conservative  (shorter)  estimates  of  the  experimental  critical 
time.  Another  modulus  2  EEV(E  +  E*)  has  been  proposed  by  Gerard  (114). 
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FIGURE  9.  STRESS  VS  STRAIN  FOR  CONSTANT  STRAIN 
RATES  OF  A  VISCOUS  MATERIAL,  AND  THE 
DETERMINATION  OF  E*  (t ). 
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Additional  analytical  and  experimental  investigations  must  be  conducted  to  de¬ 
termine  the  reliability  and  applicability  of  the  effective  moduli  under  all  probable 
cix’cumstances. 

If  the  stress-strain  relationship  can  be  formulated  mathematically 
to  include  with  sufficient  accuracy,  the  effects  of  time,  then  the  isochronous  stress 
strain  approach  coupled  with  a  definition  of  an  effective  modulus  can  be  employed 
to  obtain  nondimensional  curves  for  the  critical  time  for  given  loads,  geometries, 
and  boundary  conditions.  Such  an  approach  (101)  could  reduce  the  labor  of  solution 
and  the  amount  of  test  data  required. 

c.  Critical  Strain 

There  is  an  average  axial  strain  associated  with  the  instability 

of  a  structure  in  a  time-independent  solution.  For  the  linear  material  this  is  the 

"Euler  Strain"  (e.g. ,  ^  column).  With  nonlinear  materials  this 

is  decreased  by  the  ratio  (Ej^/Eg).  Gerard  (115)  conjectured  that  a  structure 

would  buckle  when  the  average  axial  strain  due  to  stress  and  time  became  equal 
to  Some  experimental  data  (116-118)  has  indicated  creep  buckling  in  the 

vicinity  of  a  characteristic  "critical  strain."  Analytical  (97)  and  experimental 
(119)  investigations  would  seem  to  indicate  that  the  "Euler  Strain"  should  be  an 
upper  bound  on  the  buckling  strain  with  reductions  due  to  the  nonlinearity  and 

(K  \ 

eccentricity  of  the  structure  which  may  result  in  a  buckling  strain  below  Sg  I 

The  critical  strain  approach  to  the  buckling  of  structures  simplifies 
the  analytical  techniques  to  investigate  stability  after  a  complex  load-temperature¬ 
time  history.  A  cumulative  deformation  theory  (see  Part  B  of  this  section)  can  be 
employed  to  determine  the  average  axial  strain  history  of  the  structure  and  to 
estimate  its  structural  adequacy  in  stability. 

d.  Additional  Areas  of  Work 

More  work  remains  to  be  done  in  evaluating  the  stability  of  a  struc- 
lure  for  the  more  complex  hisloiies,  (cyclic,  etc.)  aiiu  in  eAleudiiig  the  pioblem 
to  include  eccentricities,  thermal  gradients  and  stresses,  differ '^‘nt  geometries 
(e.g.,  plates,  shells)  and  boundary  conditions. 
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B.  MATERIAL  BEHAVIOR 


In  the  foregoing  part  of  this  Section  11,  some  of  the  mechanical  properties  of 
materials  necessary  for  stability  analysis  were  mentioned.  It  was  shown  how 
these  properties  are  intimately  associated  with  the  analysis  to  predict  buckling. 
Some  of  the  other  material  information  required  for  design  analysis  is  mentioned 
below.  Since  aerospace  vehicles  will  be  subjected  to  a  wide  variety  of  stress- 
temperature  histories,  it  becomes  difficult  to  test  all  candidate  materials  for  all 
conditions.  Therefore,  prediction  methods  to  permit  estimates  to  be  made  for 
design  analysis  are  useful. 

1.  Short-Time  Strength  After  Exposure 


The  strength  at  temperature  after  exposure  {F,pg)  can  change  from  a 

value  available  in  the  virgin  material  (F.py)  to  its  minimum  strength  in  the 

F  -  F 
TE  TA 

annealed  condition  (F„.).  A  deterioration  ratio,  D  =  := - = - ,  should  give 

iA  ^TV“^TA 

a  good  indication  of  the  effect  of  exposure  on  the  strength  of  the  material  (Figure 
10).  The  form  of  the  deterioration  ratio  was  suggested  by  Brownfield  and  Badger 
(120)  where  F.^.^  was  taken  as  the  strength  after  a  reference  exp  jure.  The 

deterioration  ratio  plot  tends  to  reduce  the  scatter  in  experimental  data  plotted 
against  an  exposure  parameter.  In  addition,  the  effect  of  exposure  on  he  strf  ss- 
strain  relationship  can  be  illustrated  by  plots  of  stress  versus  the  exposure  para¬ 
meters  for  constant  values  of  strain  (Figure  11).  Some  of  the  exposure  parameters 
employed  are  the  Larson-Miller  parameter  (121),  the  Manson  H^erd  parameter 
(122),  and  the  Dorn  parameter  (123). 

2.  Deformation  History 

The  stress  distribution,  the  deformations,  the  stability,  and  the  failure 
of  the  structure  are  dependent  upon  the  deformations  of  the  material  during  the 
load-temperature-time  history.  The  subsequent  response  of  the  material  will 
depend  upon  the  previous  history.  The  analyst  must  be  able  to  estimate  the 
material  deformations  in  a  relatively  simple  manner  without  having  to  resort  to 
tests  which  duplicate  the  exact  history.  Several  methods  are  described  below  for 
estimating  material  deformations  from  constant  load  creep  curves. 

a.  Strain  Hardening  Rule 

The  "Strain  Hardening  Rule"  assumes  that  the  creep  deformation 
depends  primarily  upon  the  creep  strain  accumulated  in  the  previous  history. 

Thus  the  subsequent  creep  deformation  behavior  for  a  given  stress  will  be 
identical  to  the  behavior  that  follows  the  same  deformation  at  that  stress. 
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b.  Time  Hardening  Rule 


The  "Time  Hardening  Rule"  assumes  that  the  creep  deformation  de¬ 
pends  primarily  upon  the  thermal  aging  of  the  material.  Thus  the  subsequent 
creep  deformation  behavior  depends  upon  the  previous  temperature  time  history. 
A  previous  exposure  is  converted  to  the  reference  temperature  and  equivalent 
time  by  means  of  an  exposure  parameter  (as  for  example,  the  Larson-Miiler 
parameter)  and  the  material  is  assumed  to  subsequently  behave  as  if  it  had  been 
exposed  to  the  given  stress  and  temperature  for  the  equivalent  time. 

c.  Life  Fraction  Rule 


The  "Life  Fraction  Rule"  assumes  that  subsequent  deformation  de¬ 
pends  upon  the  ratios  of  the  expended  time  (tp  at  a  given  stress  and  temperature 

to  the  allowable  time  (t^)  at  that  stress  and  temperature.  Basically  it  assumes 

a  linear  damage  theory  where  the  previous  sequence  of  loading  does  not  affect  its 
subsequent  behavior.  The  previous  exposure  is  converted  to  a  sum  of  life  fraction 
ratios  whose  sum  is  employed  to  obtain  an  equivalent  time  (t^)  at  the  reference 

stress  and  temperature  which  would  result  in  the  same  life  fraction  ratio 


The  above  rules  suffer  from  the  same  problems  as  the  exposure 
parameters.  The  reliability  depends  upon  the  material  and  the  history.  If  the 
material  is  insignificantly  ^fected  by  factors  which  are  not  accounted  for  then 
the  prediction  method  is  quite  reliable.  However,  if  some  neglected  factors  are 
significant  and  the  history  brings  them  into  play,  then  the  prediction  method  be¬ 
comes  unreliable. 

3.  Failure  Theories 

The  structure  could  fail  in  a  number  of  ways.  It  can  fail  in  short-time 
mechanical  and/or  thermal  loadings  after  the  material  properties  have  been  de¬ 
graded  due  to  the  previous  exposure.  It  could  also  fail  in  time -dependent  modes 
such  as  fatigue,  excessive  deformations,  creep  instability,  rupture,  etc.  The 
deformation  rules  noted  above  can  be  employed  to  predict  failure  by  exceeding 
allowable  deformations,  critical  strains  or  by  rupturing. 

4.  Additional  Areas  of  Work 


A  great  deal  more  work  is  necessary  to  develop  and  evaluate  prediction 
methods  which  will  be  simple  and  reliable.  More  experimental  work  is  required 
to  obtain  a  clear  picture  of  material  behavior. 


The  effect  of  combined  stresses,  reversed  stresses  (Bauschinger  effect, 
etc.) I  and  the  difference  between  compression  and  tension  loadings  should  be 
investigated.  The  factors  of  strain  hardening,  tliermal  and  stress  aging,  re¬ 
covery,  relaxation,  oxidation,  corrosion,  ductility,  crack  formation  and  propaga^ 
tion,  etc.,  must  be  assessed  for  each  structure  considering  the  material,  the 
history,  the  required  performance,  and  the  criteria  of  structural  adequacy. 


SECTION  m:  UTILIZATION  OF  COMPUTERS  FOR 


THERMO-MECHANICAL  PROBLEMS 


Ill  recent  years,  three  general  types  of  computers  have  been  developed  which 
are  useful  in  the  solution  of  engineering  and  scientific  problems.  These  are  the 
digital  computer,  the  direct  analog  computer,  and  the  differential  analyzer.  Tliere 
is  no  doubt  that  many  problems  would  be  unsolved  today  without  tlieir  use.  How¬ 
ever,  the  choice  of  a  particular  computer  to  be  applied  to  a  problem  is  not  always 
easy.  Hopefully,  the  following  text  will  establish  some  guide  lines  for  this  choice. 

A  brief  description  of  computers  is  given,  followed  by  some  recent  applications 
of  these  '.omputers  to  analysis,  and  finally,  some  of  the  mathematical  techniques 
used  for  computer  solutions  are  outlined. 


A.  COMPUTER  DESCRIPTIONS 
1.  The  Digital  Computer 

The  electronic  digital  computer  is  the  most  versatile  tool  for  numerical 
calculation  yet  devised.  Any  calculation  which  lends  itself  to  numerical  pro¬ 
cedures  can  be  programmed. 

To  appreciate  its  capabilities  and  limitations,  it  is  desirable  to  consider 
the  five  functional  units  of  a  digital  computer  system. 

(1)  Input  device  (Punched  cards,  tape,  manual) 

(2)  Output  device  (Punched  cards,  tape,  printed  paper) 

(3)  Memory  Unit  (Electrostatic  or  Electro-magnetic  core,  or  drum, 
tape) 

(4)  Control  Unit  (Electronic  Instruction  Interpreter) 

(5)  Arithmetic  Unit  (Unit  where  actual  operations  on  numbers  proceed) 


The  last  three  are  of  greatest  concern  to  a  stress  analyst.  The  memory 
must  be  sufficiently  great  to  sture  aii  pxugia.ii  iiisti uctions  and  intermediate  re¬ 
sults.  It  must  also  have  fast  accessibility.  Usually  a  large  modern  computer 
uses  a  combination  of  electromagnetic  core,  drum,  and  tape.  Their  accessibility 
speed  is  listed  in  order,  the  core  being  the  fastest,  and  they  may  be  used  to  com¬ 
bine  their  most  desirable  featui’es  in  the  most  efficient  manner.  Drums  are  useful 
when  more  storage  capacity  is  required  for  the  program;  their  access  time  is 
much  faster  than  tape.  Some  machines  which  have  large  electromagnetic  core 
units,  such  as  the  IBM  7090,  have  no  drums  at  all,  but  do  have  tape  units. 
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The  Control  and  Arithmetic  units,  respectively,  interpret  the  instructions 
and  execute  them.  It  is  the  ability  of  the  control  unit  to  operate  on  coded  instruc¬ 
tions  that  gives  the  digital  computer  the  unique  capability  of  selecting  alternate 
courses  of  computation  on  the  basis  of  intermediate  results,  i.e. ,  to  make 
logical  decisions. 

The  instructions  to  perform  a  given  sequence  of  operations,  known  as  a 
program,  have  to  be  coded  in  special  "machine  language, "  usually  requiring  tlie 
use  of  a  computer  specialist  as  an  intermediary  between  the  problem  originator  and 
the  machine.  An  example  of  a  program  that  has  been  written  is  the  solution  to  the 
problem  of  the  complex  structural  assembly  of  a  wing  by  Turner,  et  al  (124).  Each 
structural  component  has  a  force-deflection  relationship  representable  in  matric 
form.  The  elements  of  the  matrices  can  be  computed  from  basic  geometric  and 
cross  section  data,  and  the  remainder  of  the  solution  steps,  involving  matrix 
manipulation,  can  all  be  programmed  to  proceed  automatically.  Also,  because 
of  the  extensive  memory  and  the  ability  to  make  logical  decisions,  the  digital 
computer  is  uniquely  suited  for  detailed  iterative  optimization  analyses.  Generalized 
digital  computing  schemes  have  been  conceived  for  sequential  computation  of  struc¬ 
tural  matrices  from  basic  data,  computation  of  thermal  stresses  due  to  the  external 
loads  and  thermal  gradients,  and  finally,  computation  of  new  element  data  for 
minimum  weight  subject  to  suitable  practical  minima  and  maxima  (125).  Cyclic 
operation  of  such  a  program  would  lead  to  automatic  weight  optimization  of  the 
structure. 


This  type  computer  has  also  been  employed  in  the  solution  of  ordinary 
and  partial  differential  equations.  A  recent  example  of  considerable  interest  is 
the  numerical  solution  by  Radowski  et  al  (126)  of  ^e  linear,  ordinary  differential 
equations  which  occur  in  the  small  deflection  analysis  of  thin  shells,  including 
thermal  effects. 


2.  The  Direct  Analog  Computer 

As  reported  by  Basin  et  al  (127)  man^  useful  results  have  been  gained 
from  application  of  the  C.  E.  A.  Direct  Analogy  Analog  Computer,  also  known  as 
the  McCann  Computer.  The  computer  elements  consist  of  resistors,  capacitors, 
transformers,  and  constant  current  generators  (feedback  amplifiers).  They  are 
suitably  arranged  so  that  their  interconnection  can  be  established  on  a  wiring 
patchboard,  and  when  properly  connected,  form  electrical  circuits  governed  by 
the  same  algebiaic  equations  as  the  structural  components  which  they  represent. 


Ryder  (128)  describes  the  action  of  this  type  of  direct  analog  computer 
by  stating  that  it  simulates  electrically  the  behavior  of  the  structure,  so  that: 


Forces  and  moments  obey  equilibrium  relationships  analogous  to 
Kirchhoff's  '^irst  Law  of  current  flow  continuity. 
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•  Voltage  differences  are  proportional  to  the  deflection  or  slope  dif¬ 
ferences  between  two  points  on  a  structure. 

•  Compatibility  of  slopes  and  deflections  is  assured  in  the  simulator 
by  the  parallel  voltage  compatibility  relations  of  Kirchhof  's  Second 
Law. 

Using  appropriate  networks  of  transformers  and  resistors,  the  response 
is  the  same,  in  terms  of  voltage  and  current,  as  is  that  of  deformation  and  gen¬ 
eralized  force.  Veiy  high  quality  components  ai'e  required  so  that  the  analogy  is 
not  destroyed  by  parasitic  currents. 

The  computer  is  best  applied  to  preliminary  analysis  of  structural  as¬ 
semblies.  The  manual  accessibility  of  potentiometers,  permitting  immediate 
changes  in  the  circuit  components  representing  internal  or  boundary  restraint 
flexibilities,  makes  it  possible  for  the  stress  analyst  to  study  tlie  effect  of  these 
variations  on  the  internal  load  distribution  while  the  problem  is  in  the  machine. 
Changes  in  geometry  are  not  easy  to  make  and  should  be  avoided. 

The  computer  elements,  particularly  the  transformers,  are  precisely 
made  so  that  electrical  analogies  can  be  accurately  constructed.  They  are 
therefore  quite  expensive.  Despite  their  high  precision,  some  imperfections  re¬ 
main  which  place  a  limit  on  the  practical  size  of  the  analog  network.  However, 
this  size  is  adequate  for  many  static  problems  in  preliramaxy  design  work  in 
which  it  may  be  permissible  to  make  the  assumptions  necessary  to  fit  a  problem 
into  the  machine. 

Ryder  (128)  suggests  the  use  of  the  "Energy  Analog"  which  substitutes 
the  conditibn  that  the  elastic  energy  (strain  energy)  is  simulated  by  half  the  re¬ 
sistive  power  loss  in  the  analog,  in  place  of  the  force -deflection  relationships 
employed  by  the  McCann  computer.  When  the  internal  forces  in  the  structure 
are  simulated  by  the  currents,  the  analog  can  be  constructed  solely  on  the  basis 
of  strain  energy  expressed  in  terms  of  these  forces  and  compliances,  subject  to 
equilibrium  conditions.  It  is  often  possible  to  economize  on  circuit  components 
by  using  this  method.  Unfortunately  the  deflections  are  then  not  explicitly  availa¬ 
ble  for  measurement  which  is  not  a  serious  drawback  if  only  the  internal  forces 
are  needed.  However  one  economic  advantage  is  gained  because  circuit  inaccu- 
acies  are  relatively  easily  predicted  and  compensation  by  power  injection  at 
.innronriate  pnint.s  would  make  it  fea.sihle  to  use  components  w'ith  less  .stringent 
accuracy  requirements  than  that  of  the  McCann  computer. 


3.  Differential  Analyzers 

The  type  of  analog  computer  known  at,  a  differential  analyzer  has  also 
been  applied  to  structural  problems.  Warfield  (i.?9)  states  that  it  is  best  suited 
for  solving  ordinary  differential  equations  with  a  siiigle  independent  variable,  or 
sets  of  simultaneous  equations  of  this  type.  Partial  differential  equations  are 
solvable  if  they  are  first  expressed  as  finite  difference  equations. 
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These  computers  consist  of  operational  amplifiers,  and  high  precision 
potentiometers.  When  conbined  with  resistors  and/or  capacitors,  the  amplifiers 
operate  as  constant  multipliers,  integrators,  summers,  function  multipliers  or 
function  generators.  The  implied  operations  enable  the  computer  to  solve  the 
mathematical  problems  in  an  electrically  analogous  way.  The  number  of  avail¬ 
able  elements  determines  the  scope  of  computations  which  can  be  undertaken. 

The  results  appear  (usually)  on  graphs,  each  channel  of  information  being  recorded 
as  a  separate  plot  automatically. 

The  static  structural  problem  of  a  plate  is  solved  on  the  computer  by  ex¬ 
pressing  the  problem  as  a  set  of  finite  difference  equations  and  by  representing 
tliem  by  the  appropriate  electronic  network  of  adders  and  multipliers.  Clymer 
(130)  showed  that  this  and  all  other  types  of  structural  elements  which  can  be  used 
for  idealization  in  the  analysis  of  structural  assemblies  are  similarly  represent¬ 
able  using  finite  differences.  The  large  amount  of  equipment  required  limits  the 
application  to  fairly  small  problems.  The  computer  can  choose  alternate  courses 
of  action  only  with  human  intervention  or  if  coupled  with  a  digital  computer. 

B.  COMPUTER  APPLICATIONS 


Computers  have  been  applied  to  many  complex  problems  amenable  to  analytic 
treatment  and  numerical  evaluation.  Without  them,  the  numerical  methods  of 
solution  of  certain  classes  of  differential  equations  could  not  have  proceeded. 

The  application  of  computers  to  the  linearly  elastic  problem  of  complex  struc¬ 
tural  assemblies  has  been  well  documented  in  the  survey  by  Warren  et  al  (131)  in 
which  many  of  the  pertinent  references  in  this  area  are  reviewed.  Lansing,  et  al 
(132)  report  successful  large  deflection  calculations  of  a  laterally  loaded  square 
plate,  using  a  stepwise  flexibility  approach.  Basin,  et  al  (127)  use  an  iterative 
technique  for  a  similar  problem  with  the  direct  analog  computer.  The  equivalent 
mechanical  kick  loads  (out  of  plane  forces)  caused  by  the  deformations  due  to 
mechanical  loads  and  thermal  strains  have  to  be  recalculated  for  each  step  in  the 
solution.  Turner,  et  al  (133)  discuss  some  of  the  instability  possibilities  due  to 
thermally  induced  stresses.  T.iey  also  give  stiffness  matrices  of  a  stringer  and 
a  plane-stress  plate  which  consist  of  the  linear  matrix  and  a  matrix  which  is  a 
function  of  the  incremental  deformation.  Another  approach  given  by  Wilson  (134) 
appears  quite  interesting.  It  suggests  use  of  the  Ramberg- Osgood,  or  similar, 
stress-strain  relaiionships  to  define  element  flexibilities  in  terms  of  the  incre¬ 
mental  load  values. 

The  approach  to  solution  of  monolithic  nonlinear  problems  has  been  discussed 
elsewhere  herein  and  will  not  be  repeated  here. 

Another  fruitful  application  of  computers  is  that  of  weight  optimization  such 
as  discussed  by  Meissner  (125).  This  process  is  nonlinear  even  for  a  linearly 
elastic  structure  and  requires  iterative  procedures.  Cross  section  properties  of 
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components  of  structural  assemblies  can  be  computed  as  a  function  of  the  applied 
loads  and  permissible  stresses,  subject  to  practical  limits.  K  the  structure  is 
redundant,  the  internal  forces  will  have  to  be  recomputed  on  the  basis  of  the  new 
cross  section  properties  and  then  the  process  repeated. 

Practical  numerical  solutions  of  problems  facing  us  even  now  will  involve  the 
p  recessing  of  a  tremendous  amount  of  data  which  occurs  as  input  or  as  inter¬ 
mediate  results  when  iterative  techniques  of  solution  are  used.  The  digital  com- 
p  ib'r  is  wel  suited  to  this  purpose.  An  example  is  the  problem  of  large  deflec- 
tiontj  in  struCvUres  caused  by  thermal  gradients  as  well  as  mechanical  loads. 
Lansing,  et  al  (132)  show  that  the  structural  component  stiffness  matrices  are 
functions  of  the  displacements  and  forces. 

The  effecis  of  .;ross  section  property  changes  due  to  changes  in  Young' s 
modulus  caused  bj  temperature  changes  could  be  included  in  the  analysis  of  struc¬ 
tural  assemblies  as  formulated  by  Switzky  et  al  (135).  Creep  analysis  and  fatigue 
analysis  of  complex  structural  assemblies  will  require  the  handling  of  very  large 
amounts  of  data.  In  the  case  of  creep,  as  discussed  by  Huang  (136),  the  data  con¬ 
sists  of  the  load-time-temperature  histories  combined  with  the  variable  material 
properties  under  the  corresponding  conditions.  Fatigue  analyses  of  structural 
assemblies  will  require,  as  one  step,  the  calculation  of  stresses  in  each  struc¬ 
tural  component  for  many  loading  conditions  to  establish  a  stress  spectrum  for 
each  component. 


C.  TECHNIQUES  AND  DIFFICULTIES  IN  SOLVING  PROBLEMS 
1.  Solution  Techniques 

In  order  to  appreciate  the  work  the  computers  have  to  do,  some  appli¬ 
cable  mathematical  solution  techniques  for  structural  problems  with  therm^  and 
mechanical  loadings  are  given  below. 

Consider  a  monolithic  structure  consisting  of  uniformly  distributed  ma¬ 
terial  such  as  that  of  a  rectangular  plate  in  plane  stress.  This  structural  pro¬ 
blem  can  be  furmulated  as  a  two  dimensional  isothermal  problem  in  elasticity  and 
rv'.qairts  the  solution  of  the  bi-Laplacian  equation  in  two  dimensions,  that  is, 

V  0  =  0,  subject  to  the  satisfaction  of  boundary  displacement  and/or  traction 
conditions.  Ttp  plane  stress  problems  of  a  rectangular  plate  may,  for  example, 
be  solved  by  assuming  a  polynomial  or  Fourier  series  expression  for  0,  suitably 
adjusting  coefficients  to  obtain  various  realistic  boundary  deflection,  slope  and 
traction  conditions .  It  is  often  necessary  to  be  content  with  deflection  functions 
which  satisfy  the  kinematic  boundary  conditions  at  every  point  but  which  result  in 
boundary  equilibrium  only  in  an  integrated  manner;  that  is  to  say,  the  over-all 
equilibrium  with  the  boundary  forces  of  moment  shear  and  torsion  may  be  satisfied 
but  the  point  to  point  satisfaction  of  traction  equilibrium  at  the  boundary  uay  not. 


;  ;  It  is  well  known  that  numerical  solutions  of  partial  differential  equations 

■'  can  be  obtained  by  using  a  finite  difference  formulation.  This  method  can  be  ap- 

;  plied  to  the  solution  of  the  small  deflectiomplate  bending  problem  defined  by  the 

equation  DV  w  =  q  and  the  specified  boundary  conditions.  Bjr  the  method  of 
finite  differences,  the  partial  differential  equation  is  replaced  by  a  system  of 
i,  linear  algebraic  equations,  where  the  unknowns  are  the  deflections  at  des^nated 

grid  points.  For  example,  this  technique  has  been  applied  to  constant  or  varying 
;  thickness  plate  and  shell  problems.  The  non-uniformity  of  thickness  is  evident 

in  the  equation  coefficient  formulation,  as  given  by  Mills  (137)  and  Conte  et  al  (138) 
B  and  does  not  cause  any  additional  difficulty  in  the  finite  difference  procedure. 


W 


.a 


Another  way  of  solving  non-uniform  monolithic  problems  is  that  of  assuming 
the  structure  to  be  composed  of  many  small  typical  elements.  The  solution  of  each 
element  problem  is  obtained  using  physically  reasonable  assumptions  of  compatible 
strain  conditions  and  equilibrated  stress  conditions,  resulting  in  corresponding 
equilibrium  and  compatibility  equations.  The  joint  action  of  such  components  in 
a  structural  assembly  is  then  expressed  as  a  set  of  simultaneous  equations. 

Melosh  (139)  employed  this  technique  for  solving  variable  thickness  plate  bending 
problems.  The  stiffness  matrix  for  a  plate  element  was  derived.  ITie  algebraic 
addition  of  the  elements  of  plate  matrices  where  compatibility  is  required,  at 
least  piecewise,  results  in  the  matrix  of  a  plate  with  varying  thickness.  This  is 
the  coefficient  matrix  of  a  set  of  simultaneous  plate  deflection  equations . 

This  approach  is  also  taken  for  more  complex  structural  assemblies 
which  are  not  amenable  to  direct  analytic  treatment.  Some  of  the  structural  ele¬ 
ments,  such  as  plates  (see  above)  may  require  some  careful  analytic  treatment; 
others  that  can  be  considered  as  beam  or  stringer  elements  have  stiffness  or 
flexibility  matrices  obtained  from  strength  of  materials  considerations.  Archer 
et  al  (140)  and  Samson  et  al  (141)  describe  many  structural  idealizations  and  the 
correspondii^  matrices.  By  taking  this  approach,  complete  analytic  freedom 
with  respect  to  material  location  and  joining  methods  is  obtained.  We  are  cautioned 
by  Rattinger  et  al  (142)  that  a  primary  source  of  error  in  this  approach  is  the  ideal¬ 
ization  of  the  components  and  the  degree  to  which  the  analysis  prescribes  the  en¬ 
forcement  of  compatibility  and  equilibrium  between  them.  A  second  source  of 
error  arises  from  possible  oversimplification  of  the  action  of  idealized  components. 
For  example,  if  direct  stresses  in  a  wing  skin  contribute  significantly  to  the 
strain  energy  in  the  structure  then  the  idealization  of  the  action  of  the  skin  panels 
should  result  in  matric  expressions  which  imply  this  strain  energy.  Assumption 
of  "pure  shear"  panel  action  of  such  skins  could  be  a  gross  oversimplification 
for  the  problem . 

All  analyses  based  upon  break-up  of  the  structure  into  idealized  elements 
result  in  the  basic  formulation 


[a]  [X]  =  fbj 

which  implies  a  number  of  linear  algebraic  operations. 
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These  equations  represent  the  inter-relationship  of  the  force-deflection 
behavior  of  the  structural  elements  and  the  externally  applied  forces.  The  si¬ 
multaneous  equations  may  have  both  deflections  and  forces  as  terms  in  the  un¬ 
known  vector  {X},  as  given  by  Samson  and  Bergmann  (141)  and  Klein  (143), 

Tlie  Force-Matrix  or  Flexibility  Method  as  given  by  Argyris  (144),  shows  the  basic 
equations  formulated  as: 

r^i  1  I  f  1?  1  r  A 1 


-■sii  -ra-H) 


The  unknowns  in  these  partitioned  equations  are  the  redundant  forces 
[r]  and  the  deflections  {a}.  IF]  are  the  external  forces  and  [6]  are  the 
relative  deformations  of  the  structure  at  the  location  of  the  redundant  forces. 

Notice  that  all  elements  of  the  vector  are  forces,  whence  the  name  of  the 

method.  The  Stiffness  Method  as  described  by  Turner  et  al  (124)  is  formulated 
so  that  the  deformations  are  the  primary  unknowns.  The  extern^  known  forces 
are  the  right  hand  sides. 

In  many  important  problems,  the  effects  of  temperature  gradients  in 
structures  show  up  as  "thermal  loading"  terms,  which  are  self -equilibrated 
force  systems  that  would  have  the  same  effect  as  the  temperature  variations 
in  the  structures.  Furthermore,  the  changes  in  cross-section  properties  due 
to  variations  of  Young's  modulus  with  temperature  may  have  to  be  considered. 

A  method  for  determining  thermal  effects  on  complex  structural 
assemblies  is  given  by  Meissner  (145).  The  approach  is  that  of  calculating 
equivalent  mechanical  loads  which  cause  deformations  of  the  structural  ele¬ 
ments  in  their  unrestrained,  cut-apart  staie,  equal  to  those  caused  by  the 
temperature  terms.  In  the  linearly  elastic  case,  the  thermal  stresses  in  the 
unrestrained  elements  can  be  superposed  upon  the  stresses  due  to  the  equiv¬ 
alent  loads  on  the  complex  structural  assembly. 


2.  Problem  Solution  Difficulties 


Any  problem  involving  the  solution  of  a  large  system  of  simultaneous 
eq ucttiuxiis  oLiix&x  5  IX  x/iii  X  Cxxxid  Oxx  CxxCx  Uxxd  xOsscs  of  significant  decimal  places 
due  to  subtraction,  if  an  elimination  type  process  is  used.  Iterative  procedures, 
however,  such  as  those  given  by  Lehman  (146)  and  Conte  et  al  (138)  have  been 
very  useful  for  this  purpose  permitting  any  desired  degree  of  precision  in  the 
answers  to  problems  with  well  conditioned  coefficient  matrices.  One  of  the  de¬ 
sirable  characteristics  in  such  problems  is  the  predominance  of  the  diagonal 


terms.  The  matrices  should  of  course  be  non -singular.  The  inversion  of  large 
matrices  should  be  avoided,  because  the  required  iterative  techniques  are  very 
time  consuming. 

Convergence  problems  are  also  encountered  in  the  solution  of  mono¬ 
lithic  structure  where  the  unknown  deflections  are  expressed  as  power,  Fourier 
or  other  infinite  series.  Such  difficulties  have  been  encountered  by  Mills  (137) 
in  the  problem  of  large  deflections  in  variable  thickness  plates  where  a  polynomial 
expression  was  used  for  the  deflection  function. 

D.  CONCLUSIONS 


Development  of  computers  is  an  area  in  which  much  progress  is  being  made. 
Further  improvements  in  problem  solution  techniques  are  also  necessary.  More 
work  is  required  in  the  understanding  and  formulation  of  creep  and  fatigue  analysis, 
the  derivation  of  more  realistic  structural  element  stiffness  or  flexibility  matrices, 
and  in  the  iterative  numerical  techniques  required  for  solution  of  nonlinear  pro¬ 
blems. 

It  appears  therefore  that  the  versatility  and  the  ability  to  make  logical  de¬ 
cisions  qualifies  the  digital  computer  as  most  universally  applicable  to  scientific 
and  detailed  engineering  problems .  The  feasibility  of  many  solutions  hinge  on 
this  combination  of  qualities.  However,  the  detailed  nature  of  the  instructions 
makes  rigorous  program  checkout  before  acceptance  highly  desirable.  It  has 
been  observed  that  programming  and  checkout  can  be  very  time  consuming.  This 
detail  must  therefore  be  considered  part  of  the  job  when  a  program  is  contemplated. 
Further  development  of  operational  components  and  machine  "lai^uage"  should 
ease  this  burden.  The  ability  of  the  computer  to  process  large  amounts  of  data 
is  sure  to  increase  in  any  case. 

The  limitations  in  the  types  of  structural  problems  which  the  analog  com¬ 
puters  can  handle  consist  mainly  in  the  fact  that  they  must  use  either  finite  dif¬ 
ference  representations  or  direct  strength  of  materials  analogies  of  lumped 
structural  elements,  and  that  there  are  also  limitations  on  the  electrical  pre¬ 
cision  of  the  networks.  Furthermore,  these  computers  cannot  make  logical 
decisions  automatically.  However,  to  be  quite  fair,  a  reasonable  comparison  of 
computer  applications  can  be  made,  assuming  a  generalized  stiactural  problem 
has  been  programmed  for  a  digital  computer,  and  that  the  idealization  methods 
of  this  problem  for  the  differential  analyzer  and  the  direct  analog  computer  are 
known.  If  the  problem  fits  all  three  installations,  it  will  probably  be  solved  in 
about  the  same  length  of  calendar  time.  Obviously,  if  a  problem  is  so  large  that 
it  cannot  be  put  into  a  form  which  fits  an  analog  computer  or  a  differential  ana¬ 
lyzer,  the  use  of  a  digital  computer  will  be  mandatory,  with  the  attendant  tedious 
programming.  Some  problems  can  be  generalized  so  that  the  need  for  numerical 
solutions  can  be  anticipated,  and  lead  time  difficulties  can  be  avoided.  If,  however, 
the  problem  to  be  solved  has  not  been  programmed  for  a  digital  computer,  the 
employment  of  the  analog  computer  or  differential  analyzer  may  be  able  to  yield 
a  sufficiently  accurate  solution. 
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abstract 

Technical  advances  during  Uxe  past  few  years  have 
established  2500OF  structural  concepts  for  application 
to  aerospace  vehicle  design.  Detailed  structural  evalua¬ 
tions  of  the  refractory  metal,  insulative,  thermo structural 
configurations  have  been  conducted  during  the  past  fev/ 
years;  experimental  test  results  have  validated  the  static 
thermoelastic  design  analyses  and  construction  techniques 
employed  in  the  development  of  these  concepts.  Further 
efforts  are  being  conducted  to  extend  capabilities  to 
5000°F  structural  concepts  that  exhibit  reliability  and 
high  integrity.  Considerable  research  studies  are  being 
directed  toward  the  composite  and  combined  ablative-radia¬ 
tive  structures  to  operate  in  this  hyperthermantic  environ¬ 
ment,  Programs  in  support  of  these  technological  areas  are 
aiscussed  in  terms  of  objectives,  scope,  progress  and  pro¬ 
blem  areas. 
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MATERIALS  AND  CONSTRDCTION  CONCEPTS  FOR  STRDCTDRES 
SUBJECTED  TO  SEVERE  KINETIC  HEATING 


INTRODUCTION 


Structural  requirements  for  hl^er  performance  fli^t  vehicles 
during  the  past  ten  years  have  resulted  in  marked  achievements  being 
made  in  the  application  of  hi^er  strength,  corrosion  resistant  steels* 
Probably  the  most  notable  advancement  has  been  in  i?andviob  construc¬ 
tion  of  the  brazed  cellular  honeycomb  and  resistance  welded  corruga¬ 
tion  supported  types*  Today,  however,  the  most  advanced  of  these 
is  not  considered  reliable  for  any  structural  utilization  above 
1600°F  and  this  would  be  under  very  low  loads  or  for  short  time 
periods  except  whore  tamperatures  are  below  900°?* 

The  mission  requirements  of  future  fli^t  vehicles  dictate 
that  certain  structural  elements  sustain  equilibrium  temperatures 
as  hi^  as  4500°^  during  re-entry  from  super-orbital  flints.  Simi¬ 
lar  structural  components  may  experience  temperatures  no  greater  than 
3000OF  during  re-entry  from  sub-crbital  flints* 

The  first  efforts  to  meet  structural  requirments  for  hyper¬ 
sonic  fli^t  environments  were  begun  by  the  Fli^t  I^amics  Labora¬ 
tory  early  in  1958  with  the  Bell  Leading  Edge  Program  which  investi¬ 
gated  molybdenum  and  graphite.  Next  was  the  McDonnell  refractory 
metal  component  which  was  fabricated  from  columbium  alloys*  Along 
with  the  latter  program  was  another  effort  wito  Bell  and  one  with 
Boeing.  The  first  two  mentioned  (of  these  four)  demonstrated  a 
capability  approaching  2500°F  and  the  latter  two  were  limited  to 
about  I8OOOF. 

Since  mission  requirements  have  continually  increased,  there¬ 
by  increasing  the  demands  made  on  ma-erials,  it  has  become  necessary 
to  explore  the  potentials  more  rare  and  luiique  materials.  Ihese 
include  the  raore  attractive  refractory  metal  alloys,  also  super 
alloys  of  nickel  and  cobalt,  the  newer  ceramics  and  graphites  and 
combinations  of  the  metallics  and  non-me tallies.  Various  modes  of 
insulation  and  cooling  must  also  be  investigated. 
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'Ihis  paper  briefly  presents  the  recent  past  efforts  of  the 
Fli^t  Dynamics  Laboratory  and,  in  more  detail,  the  present  efforts 
and  future  plans.  Various  combinations  of  materials  in  composite 
configurations  are  discussed  and  it  will  be  shovm  that  many  trade** 
offs  are  available.  Specific  materials  applications  in  given  con¬ 
figurations  will  depend  upon  reasonably  well  calculated  or  predicted 
environments  which  are  evolved  from  trajectory  studies.  Actual  fli^t, 
however,  must  be  accomplished  to  verify  ground  simulation  and  predic¬ 
tions. 


I.  BACKGROUND  AND  GENERAL  DISCUSSION 


During  the  past  ten  years  the  design  of  efficient  structural 
configurations  has  necessitated  the  exploitation  of  all  new  materials 
and  material  systems  capable  of  withstanding  aerothermal  loads  en¬ 
countered  during  the  operational  life  of  advanced  flight  vehicles. 

In  this  total  structural  research  effort,  hi^  temperature  materials 
with  high  strength-to-wei^t  efficiencies  have  not  been  developed  at 
a  rate  commensurate  with  the  rapid  increase  in  vehicle  performance 
requirements.  Increased  speed  capabilities  and  the  resulting  heating 
conditions  have  advanced  so  rapidly  that  the  maximum  permissible  temp¬ 
eratures  of  available  aix’frame  materials  has  been  reached,  and  in 
many  cases  exceeded.  It  is  becoming  more  pronounced  that  structural 
capability  is  seriously  limiting  hypervelocity  vehicle  performance 
in  certain  flight  regimes. 

To  design  around  the  materials  shortcomings  and  availability 
status,  several  unique  design  approaches  and  construction  concepts 
have  been  evaluated  for  their  overall  suitability  to  airframe  design. 
Several  large-scale  research  programs  are  presently  being  conducted 
to  further  define  the  potential  for  other  advanced  concepts,  Ihe 
first  approach  is  the  conventional  one  in  which  a  heat-sustaining 
structure  is  developed,  utilizing  materials  which  have  the  required 

&uxuCouxax  pxu^oxuxoo  ov  oxovouou  vcm^ox  a  i^ux  oo*  aula  vu  ox  o^yx  >./civix 

limits  the  maximvcn  operating  temperatures  of  the  load  carrying  struc¬ 
ture  by  providing  auf..icient  protection  devices  which  can  preclude 
this  temperature  either  by  absorbing  most  of  the  heat  or  by  radia¬ 
ting  it  back  to  the  atmosphere.  Still,  other  approaches  for  cooling 
techniques  and  composite  systems  are  being  investigated  for  appli¬ 
cation  in  extremely  high  temperature  regimes. 
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Since  the  early  1950's  and  continuing  today,  a  concerted  effort 
has  been  directed  toward  the  heat  resistant  structural  configurations 
optimized  from  standpoints  of  structural  wei^t,  producibility  and 
integrity  parameters.  Figiure  1  presents  a  plot  of  the  temperature 
versus  structural  density  representation  of  multiweb  beams  in  bending 
at  a  M/h^c  of  1000  and  4000  psi.  The  temperature  range  considered  is 
from  70°F  to  140OOF,  which  is  considered  to  be  near  the  upper  tempera¬ 
ture  limit  for  present-day  heat  resistant  structures.  In  the  struc¬ 
tural  loading  index  M/h^c,  M  is  the  total  applied  bending  moment,  h 
is  beam  depth  and  c  is  the  chordwise  length.  Identical  beam  propor¬ 
tions  were  used  for  all  computations. 

Aluminum,  magnesium,  titanium  and  steel  alloys  have  been  util¬ 
ized  extensively  in  airframe  applications  during  the  past  years  and 
fabrication  processes,  required  to  attain  various  structural  shapes 
and  forms  have  been  developed  and  are  being  employed  in  present  day 
weapon  systems  development  programs,  Berylliimi  structures  have  not 
reached  this  technological  level,  however,  the  outstanding  potential 
for  beryllium  can  be  readily  noted  from  the  plot.  Relating  the 
aforementioned  loading  indices  to  a  delta  wing  vehicle,  the  apparent 
savings  in  structural  weight  foulJ  be  from  30%  to  60%  in  the  tempera¬ 
ture  range  of  lOOOOF,  Why  there  has  not  been  more  use  of  beryllium 
in  structural  applications  can  be  understood,  however,  when  beryllium 
fabrication  and  construction  techniques  are  investigated.  The 
brittleness  problem,  high  cost,  handling,  joining  and  component 
assembly  ere  critical,  unresolved  factors  that  contribute  to  the 
limited  usage  currently  associated  with  beryllium  structures  tech¬ 
nology,  There  is  every  intention  to  continue  exploration  of  the 
outstanding  potential  for  beryllium  structiires. 

Recent  tests  at  room  and  elevated  temperatures  have  shown  that 
beryllium  compression  panels  car  develop  very  hi^  strengths,  even 
in  the  post  buckling  regime  at  room  temperature  and  with  almost  im¬ 
perceptible  post-buckling  deflections  normal  to  the  sheet.  Further 
tests  have  shown  that  the  notch  sensitivity  of  oeryllium  sheet  at 
low  temperature  is  not  sufficiently  great  to  preclude  primary  stmjc- 
tural  applications.  Experiments  have  also  confirmed  that  under 
biaxial  tension  states  of  stress  (e,g,,  2:1  or  1:1  stress  ratios) 
cross-rolled  beryllium  sheet  exhibits  extraordinary  amounts  of  in¬ 
creased  strength  as  compared  to  its  uniaxial  strength  (possibly  100% 
increase).  Efforts  are  needed  which  will  establish  the  amount  of 
this  apparent  increase  in  strength  and  then,  structural  applications 
wherein  the  phenomenon  is  studied  for  possible  areas  of  utilization 
rather  than  toward  searching  for  methods  for  eliminating  it.  Rressure 
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vessels  and  built-up  panels  could  be  used  for  this  evaluation* 

Another  form  of  construction  vhich  has  been  used  extensively 
during  the  past  several  years  is  sandwich  construction*  In  struc¬ 
tural  applications*  where  the  flexural  rigidity  requirements  were 
great  and  weight  was  an  important  consideration*  sandwibh  construc¬ 
tion  has  been  utilized*  It  can  be  stated  that  more  sandwich  compo¬ 
site  structures  will  be  utilized  in  future  airframe  applications 
designed  on  the  basis  of  fairly  low  loads  yet  very  rigid  aerother- 
moelastic  criteria* 

There  are  two  basic  criteria  ^ich  should  be  adopted  in  the 
development  of  efficient  sandwich  structures*  These  criteria  may 
be  stated  thuslyt 

a*  The  composite  sandwich  must  act  as  an  Integral  load  carry¬ 
ing  unit  wherein  the  plate-materif>l  strength  rather  than  instability 
governs  the  design* 

b*  Choice  of  core  configuration*  bonding  materials  and  fabri¬ 
cation  processes  must  be  selected  so  that  core  vei^t  and  bonding 
wei^t  is  considered  light  (of  the  order  of  15  to  25/2),  relative  to 
the  total  structural  wei^t*  * 

The  first  item  involves  the  choice  of  structural  materials  and 
material  systons  developed  into  optimum  configurations*  The  second 
itOTi*  however*  is  more  difficult  to  evaluate*  Some  of  the  problems 
encountered  here  are  local  instabilities  such  as  crippling  and  dimp¬ 
ling*  The  detailed  design  of  an  optimimi  sandwich  structiure  entails 
careful  analyses  of  the  structural  loading  parameters  ^diereby  the 
core  (stabilizing  element)  weight  i»»  not  excessively  high  relative 
to  the  load  carrying  members*  A  full  depth  sandwich  beam  in  bending 
and  at  low  loadings  is  an  example  of  this  situation*  Obviously* 
the  construction  variables  and  voliame  considerations  dictate*  in 
certain  cases*  the  ultimate  choice  of  a  sandwich  structure* 

One  area  of  Air  Force  interest  for  sandwich  construction  is 
rocket  motor  cases  and  tanlage  structures*  This  form  of  construc¬ 
tion  has  not  been  used  extensively  in  the  past  because  light  wei^t 
materials  have  been  available  or  because  internal  pressures  have  been 
depended  upon  to  provide  additional  stability*  Neither  of  these 
two  solutions  may  be  totally  satisfactory  for  future  applications. 
Figure  2  presents  the  weight  per  unit  area  for  a  cylindrical  shell 
of  a  given  radius  and  for  a  specific  design  case*  Filament-wound 
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fiberglass,  titanium  and  steal  have  been  considered  as  struc¬ 
tural  materials  with  both  sandwich  and  roonocoque  construction 
being  analyzed.  It  can  be  noted  that  the  fiberglass  sandwich 
offers  a  weight  advantage,  except  for  cases  having  extremely 
small  radii.  Economical  aspects  and  producibility  factors  would 
be  considered  in  certain  instances  where  weight  differences  are 
not  significant.  Our  programs  are  considering  these  total  factors. 

The  difjcussion  to  this  point  has  been  concerned  with  the 
structural  materials  and  configurations  that  may  be  considered 
for  load  carrying  applications  up  to  1500°F  but  this  capability 
is  hardly  satisfactory  to  meet  future  mission  requirements  of 
the  Air  Force,  ihe  following  part  of  our  discussion,  therefore, 
will  be  concerned  with  the  program  activities  that  are  currently 
being  conducted  to  increase  the  total  Air  Force  thermostructural 
capabilities. 

Figure  3  indicates  the  research  cycle  that  has  been  estab¬ 
lished  for  re-entry  structures  technology.  In  1958»  programs 
were  initiated  for  3000°F  structures.  Radiative  metallic  con¬ 
figurations  and  their  technologies  were  most  advanced  at  that 
time.  Response  of  ductile  metallic  assemblies  to  design  loads 
could  be  predicted,  unique  thermal  ch.^acteristics  were  fairly 
well  known  and  construction  processes  had  been  investigated  in 
some  detail.  Our  efforts  involved  the  determination  of  detailed 
design  parameters,  acciurate  experimental  evaluation  of  coated 
built-up  refractory  material  assemblies  and  confirmation  of  design 
theories.  Materials  investigated  included  the  super  alloys  and 
alloys  of  molybdenum  and  columbium  under  various  thermal  loads 
and  combinations  of  thermal/structural  conditions  of  loading. 

Beyond  the  JOOQOF  temperatures,  composites  are  being  eval¬ 
uated  to  attain  500OOF  capabilities.  Combinations  of  absorptive, 
insulated,  insulated  and  cooled,  and  radiative  structures  are 
being  investigated  for  the  5000®^  applications.  Thermal  capa¬ 
bilities,  thermal  shock  characteristics  and  many  physical  and 
mechanical  properties  of  the  materials  were  virtually  unknown; 
capabilities  for  a  structural  system  utilizing  these  materials 
had  not  been  determined.  Efforts  have  been  expedited  to  de¬ 
termine  attractive  design  features  for  the  composites,  size 
limitations,  optimization  of  the  system  and  design  techniques 
for  these  composites.  Under  this  structural  design  area,  foamed 
ceramics,  high  temperature  insulators,  active  cooling  schemes. 
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1.  Leading  edge  6. Composite  structures 
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^.Structural  Sealing  S.Brittle  structures  technology 

S.Thermontic  panels  lO.Structural  fastening  devices 

11.  ASSET 


PROGRESS  IN  RE-ENTRY  STRUCTURES  RESEARCH 

FIGURE  3 


heat  radiating  components  and  other  advanced  concepts  are  being 
investigated. 

Our  programs  are  expected  to  fill  gaps  and  extend  techno¬ 
logical  areas  of  prime  importance  to  future  mission  requirements. 
From  these  very  broad  outlines,  basic  criteria  are  formulated 
from  which  detailed  programs  are  planned.  Figure  k  shows  the 
relationship  between  various  structural  systems  as  a  function 
of  temperature,  heat  flux  and  time  at  elevated  temperatures. 

The  region  of  primary  concern  is  encircled.  It  will  be  noted 
that  the  encircled  area  includes  the  super-orbital  vehicles, 
the  low  altitude  orbit  return  and  the  hypervelocity  glide  ve¬ 
hicle  operational  regimes.  The  critical  design  problems 
appear  to  be  concentrated  in  the  super  orbital  return  vehicle 
mis  .on  where  the  integration  of  several  different  concepts, 
including  ablation  materials,  active  cooling,  ceramics  and 
metallic  load  carrying  members,  be  required  to  survive  these 
environments.  The  ottier  hi^ly  critical  performance  regime 
will  be  the  hypersoniij  fli^t  vehicles  that  operate  for  extended 
time  periods.  Economy,  reuseability ,  and  reliability  parameters 
must  be  considered  in  the  design  of  those  vehicles. 

The  indicated  progress  trends  represent  significant  ad¬ 
vancements  in  structural  technologies.  Our  present-day  struc¬ 
tural  capabilities  permit  sustained  flight  in  low  aerodynamic 
heating  areas  of  high  dynamic  pressures  and  aeroelastic  in¬ 
fluences,  Structural  design  approaches  for  the  short  duration, 
one  shot  flight  applications,  exist  in  the  moderate  temperature 
environments.  Within  the  near  future,  structural  capabilities 
will  be  provided  to  achieve  re-entry  from  low  altitude  orbits 
and  to  explore  the  atmospheric  hypersonic  fli^t  regimes,  'Ihe 
refractory  metallic  and  non-meteillic  configurations  offer  the 
earliest  solution  for  research  vehicles  that  will  investigate 
the  flight  performance  corridors  of  interest.  Further  scienti¬ 
fic  advances  in  the  design  of  thermanbic  or  cooled  structural 
oonfi  giiratioRs  will  significantly  extend  the  ability  to  obtain 
increased  payloads,  greater  maneuverability  and  overall  per¬ 
formance  benefits  for  extreme  altitude  orbit  vehicles. 

As  a  preliminary  basis  for  field  of  interest  orientation  and 
advanced  planning,  a  study  of  re-entry  as  related  to  future  struc¬ 
tural  requirements  has  been  compl.eted.  The  most  important  aspect 
of  this  study  presented  practical  ballistic  and  glide  super-orbital 
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re-entry  trajectories  vrith  accompanying  loading  and  heat  flux 
histories,  This  program  has  provided  information  from  vAiich  pre¬ 
liminary  vehicle  design  and  mission  trajectories  can  ba  derived, 
thus  pointing  out  critical  areas  for  investigation  and  also  the 
outstanding  problems.  One  type  of  re-entry  mission  is  represented 
in  Figure  5»  It  is  typical  of  super-orbital  re-entry  (in  this  case 
35*000  fps  and  initial  re-entry  of  -lOO  at  400,000  ft.  altitude) 
where  a  corridor  is  shown  for  controlled  vehicles  with  a  wing  loading 
of  15  -  60  psf.  The  radiation  equilibrium  temperatures  sho\m  are 
for  a  one  foot  stagnation  point  radius  assuming  a  material  enmittance 
rating  of  0.9,  As  can  be  seen  by  the  temperature  profile,  active 
cooling  must  be  used  during  part  of  the  mission,  whereas  radiation 
cooling  would  be  adequate  and  within  the  present  structure's  state- 
of-the-art  during  the  portion  of  re-entry  below  25,000  ft/sec . 

It  is  therefore  necessary  to  develop  means  of  active  and  passive 
cooling  and  to  then  combine  them  into  an  optimum  thermal  protec¬ 
tion  system  for  any  given  vehicle  and  mission.  The  pre  pri¬ 
mary  mission  of  advanced  structural  research  is  to  concentrate  on 
the  conception  and  development  of  basic  thermal  protection  systems. 
Total  vehicle  cooling  systems  will  then  be  detailed  and  designed 
for  integral  operational  efficiency  when  specific  vehicles  or 
classes  of  vehicles  are  under  development. 

A  discussion  is  made  of  I96O-I970  material  properties  and 
the  theory  is  proposed  that  with  the  stringent  requirements  which 
will  be  imposed  on  materials,  the  designer  mi^t  gain  by  improving 
design  concepts  rather  than  rely  on  improved  materials.  A  particu¬ 
lar  study  is  made  of  passive  hot  structures  protected  by  ablation 
only  during  peak  heating  as  opposed  to  cool  structures  protected 
by  ablation  throu^out  the  re-entry.  Conclusions  drawn  throughout 
the  report  eire  summarized  and  a  program  of  needed  research  is 
outlined.  The  report,  which  is  cun-ently  being  published,  is 
listed  as  WADD  Technical  Report  60-866. 


II.  DETAIIED  FROGRAM  EFFORTS 

REFRACTORY  METAL  STRUCTDRES 


Since  1958*  our  efforts  have  been  directed  toward  the  evalua¬ 
tion  of  those  structural  materials  identified  as  being  somewhat 
available  on  the  commercial  market.  The  molybdenum  and  columbium 
alloys  have  been  investigated  extensively  in  airframe  applications 
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such  as  radiation  shields  and  leading  surfaces.  Graphite  materials 
have  been  considered  for  30009?  structural  applications ,  The  lead¬ 
ing  edge  program,  vdierein  siliconized  graphite  and  the  molybdenum 
alloys  were  evaluated  relative  to  coating  integrity,  thermal  stresses, 
strain,  material  quality  and  fabrication  techniques,  was  the  initial 
effort  in  refractory  metal  and  non-metal  structures.  Particular 
emphasis  in  this  program  was  directed  toward  the  performance  of 
coated  structural  surfaces  under  tJiermal  loads  representative  of  re¬ 
entry  conditiona  for  the  20  to  30  psf  load  class  of  re-entry  vehicles. 
While  design  values  of  30009?  could  not  be  duplicated  in  test  facili¬ 
ties,  results  did  confirm  that  the  molybdenum  and  graphite  materials 
could  be  utilized  in  leading  edge  applications  in  the  2500°F  to 
30009f  range.  Extremely  valuable  information  has  been  collected  in 
this  program  and  the  application  of  this  data  in  vehicle  design  is 
being  effected  today. 

Research  efforts  were  continued  in  the  refractory  metal  struc¬ 
tures  with  the  initiation  of  the  McDonnell  refractory  metal  struc¬ 
tural  component  program.  Total  scope  of  the  two  programs  was  very 
similar.  In  the  structural  comjonent  program  it  was  determined 
that  coated  refractory  metals  fabricated  into  structural  shapes 
would  he  evaluated  under  structural  loads  as  well  as  25009?  thermal 
loads.  The  expected  payoff  from  this  program  would  be  the  develop¬ 
ment  of  an  approach  leading  to  a  hot  monocoque  or  semi -mono  coque 
structural  configuration  which  could  reduce  structural  weights  by 
some  30  to  $0%  as  compared  to  the  use  of  refractory  metal  panels 
for  thermal  shielding.  It  is  additionally  important  to  determine 
the  response  of  coated  refractory  metal  structures  to  actual  struc¬ 
tural  deformations  and  stresses.  This  program  will  provide  factual 
information  that  can  he  used  to  realistically  assess  the  structural 
potential  for  refractory  metals. 

Figure  6  shows  the  configuration  finally  chosen  which  was  a 
fixed-fin,  deflec ting-rudder  (hinged)  having  a  planform  of  appro¬ 
ximately  17  1/2  sq.  ft.  and  the  principal  material  chosen  was  the 
columbium  base  alloy  F-48.  Some  FS-80  and  FS-82B  were  used  for 
fasteners  and  fittings.  The  coating  finally  chojen  was  an  aluminum- 
silicon-chronium  compound  which  was  applied  as  a  cold  slurry  and 
subsequently  diffusion  heat-treated  in  an  argon  atmosphere.  Numer¬ 
ous  problems  plagued  the  program  due  to  inexperienced  personnel, 
overtaxing  of  equipment,  lack  of  material  uniformity,  etc.  Most 
of  these  have  been  resolved  and  such  an  effort  now  could  be  pursued 
much  more  expeditiously  and  with  a  much  greater  degree  of  reliabi¬ 
lity. 
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Ihe  program  is  essentially  finished  \>fith  tests  having  been 
completed  in  mid- July  I961.  Tests  included  several  thermal  cycles 
three  of  which  reached  an  equilibrium  temperature  of  2425°F 
(surface),  and  several  load  cycles  (at  temperature)  up  to  I5O/S 
of  design  ultimate.  Not  all  test  objectives  were  met  due  to 
limitations  of  test  equiiment,  however,  there  was  no  evidence 
of  imminent  failure  except  for  localized  skin-wrinkling  and  panel 
corner-warping  and  these  are  considered  to  be  only  design  prob¬ 
lems.  Reports  on  this  subject  are  presently  being  published. 

In  view  of  the  success  of  this  program,  including  the  ability 
to  fabricate  and  protect  a  very  attractive  columbium  base  alloy 
structure  which  has  good  elevated  temperature  capabilities,  any 
arbitrary  decisions  to  use  the  refractory  metals  only  in  thermal- 
shield,  no-load  applications  should  be  critically  reviewed. 


PROJECT  ASSET 

To  further  define  the  response  of  aerothemjoelastic/struc- 
tural  systems  under  re-entry  conditions,  a  fligjit  test  program 
has  been  considered  to  subject  test  vehicles  to  actual  re-entry 
environments.  This  program  is  identified  by  the  title  of  "Pro¬ 
ject  ASSET", 

The  program  has  been  planned  to  provide  an  economical  and 
feasible  means  for  evaluating  aero thermodynamic,  structural  and 
aero thermoelastic  theories  and  approaches,  Ihe  purpose  of  the 
program  would  be  to  supplement  end  verify  the  validity  of  ground 
facility  data  by  obtaining  basic  knowledge  of  the  actual  free 
flight  environment  in  the  critical  heating  regime  surrounding 
hypersonic  lifting  re-entry  vehicles.  Furthermore,  this  pro¬ 
gram  v;ould  substantiate  the  practicality  of  several  advanced 
structural  and  material  concepts,  verify  the  validity  of  aero- 
thermoelastic  prediction  methods,  and  obtain  aeroelastic 
stability  data  in  a  real  environment. 

The  vehicle  configuration  as  shov;n  in  Figure  7  will  be  a 
flat  bottomed  70  degree  swept  delta  wing  with  a  planfcrm  area 
of  14  square  feet  and  cone  cylinder  body  on  the  upper  surface. 
The  diameter  of  the  nose  is  six  inches  and  the  diameter  of  the 
leading  edge  is  four  inches.  These  are  the  minimum  sizes  dic¬ 
tated  by  the  thermodynamic  environment  and  material  limitations. 


Length  69.0  inches 


FIGURE 


The  vehicles  are  designed  to  test  full  scale  comi)onent3  of  various 
structural  concepts  and  materials.  Hot  gas  infiltz’ation,  material 
oxidation  rates,  and  other  environmental  effects  will  be  in¬ 
vestigated,  Tile  assessment  of  aerothermoelastic  problems  will 
include  the  accuracy  of  theoretical  prediction  methods  for  esti¬ 
mating  thermal  effects  on  structural  dynamic  characteristics 
end  aeroelastic  instabilities.  These  vehicles  will  be  designed 
with  both  local  and  overall  flexibilities  to  provide  representa¬ 
tive  aerothermoelastic  characteristics  and  to  yield  meaningful 
data  on  phenomena  such  as  structural  vibrations,  hinge  moments 
and  unsteady  aerodynamics.  Aero thermodynamic  data  obtained 
can  be  used  to  verify  and/or  modify  existing  theoretical  methods 
for  predicting  the  pressures  and  temperatures  on  typical  con¬ 
figurations  and  will  correlate  ground  facility  data.  Data  from 
all  of  the  vehicle  flights  will  be  telemetered  via  X-Band  and 
VHF,  internally  recorded  for  delayed  playback,  and  the  vehicle 
and  data  package  subsequently  recovered,  X-Band  telemetry  will 
be  employed  in  order  to  transmit  the  data  through  the  ionized 
sheath  surrounding  the  vehicle. 

Figure  8  presents  the  major  structural  design  features. 

The  noce  cone  and  leading  surfaces  of  the  vehicle  will  utilize 
graphite,  ceramics  and  refractory  metals.  The  lower  fuselage 
area  vdll  utilize  both  insulated  and  cooled  structures.  The 
two  types  of  systems  currently  considered  acceptable  for  this 
application  are  the  Bell  double  wall  tube  sheet  and  the  Chance 
Vou^t  wetted  blanket  (Thermosorb)  concepts.  The  lower  surface 
heat  shields  will  be  constructed  of  refractory  metals,  namely, 

TZM  molybdenum,  Cb  74  columbium  and  5  ^  columbivan.  The  upper 
fuselage  area  will  be  insulated  and  constructed  of  circumferen¬ 
tial  corrugations  with  shingled  external  skins  of  columbium  and 
super  alloy  materials.  The  wing  structure  will  be  cooled  by 
radiation  only. 


Structural  materials  will  be  used  in  relation  to  their 
temperature  capabilities.  The  graphite  and  ceramic  materials 
will  be  used  in  those  areas  whei'e  temperatures  in  excess  of 
270OOF  are  expected.  Coated  molybdenum  radiation  shields  vdll 
be  used  vhere  temperatures  range  betvfeen  270OOF  and  3IOOOF 


while  coated  columbium  will  have  application  where  temperatures 
are  between  1800°F  and  2700OF»  Super  alloy  materials  are  uti¬ 


lized  extensively  below  1800^,  The  cooled  structure  will 


probably  be  made  of  aluminum. 
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STRUCTURAL  CONFIGURATION 


Althou^  several  materials  end  structural  approaches  will 
be  utilized,  conservative  design  and  construction  practices  will 
be  used  to  assure  the  structural  integrity  of  the  vehicle, 

Cxirrent  major  efforts  involve  the  evaluation  of  several  colum- 
bium  alloys,  including  the  F  -  48  and  Cb  -  74  materials,  to  de¬ 
fine  their  favorable  characteristics  for  this  vehicle  application* 
Emphasis  will  not  be  placed  on  obtaining  an  optimum  design  for 
the  predicted  fli^t  environment,  but  rather  on  obtaining  a  reliable 
vehicle  vjhich  provides  maximum  oata  on  the  selected  materials 
and  design  concepts. 


OBJECTIVE  SOKMARY 


The  programs  discussed  so  far  have  been  oriented  to  support 
the  low  altitude  orbit  re-entry  vehicles.  Results  from  these 
programs  are  being  applied  tovjard  the  design  of  the  Dyna  Soar 
end  medium  v;ing  loading  class  of  re-entry  vehicles.  The  prime 
intent  of  these  programs  has  been  to  develop  structural  con¬ 
cepts  that  can  operate  efficiently  in  a  3000°F  environment 
for  a  maximum  period  of  time  of  two  to  five  hours. 

There  is  now  an  urgent  requirement  to  move  beyond  the 
JOOOOF  range  to  much  higher  capabilities.  Growing  interest  in 
deep  space  probes,  super  orbital  vehicles  and  large  payload 
carrying  vehicles  has  dictated  the  necessity  to  attain  advanced 
structural  concepts  that  can  survive  much  hi^er  ttiermal  loads* 
Initial  efforts  in  these  areas  were  begun  in  late  1959  ^ 

very  modest  scale. 


TKERMANTIC  PAl»tEL  STRUCTURES 


This  program  began  as  a  feasibility  study  to  determine 
the  characteristics  of  a  ceramic  thermal  shield,  foamed  in 
place  in  a  honeycomb  core  (or  similar  binders)  that  would  be 


brazeo  oi*  uotioeu  to  load  carrying  wembers. 


A-l  ..^4 


zirconia  and  various  combinations  of  these  materials  were  in¬ 
vestigated  for  effects  of  density  and  processing  variations. 
Stainless  steel  and  Inconel  core  materials  were  utilized  for  the 
binder  material.  Several  core  sizes  v;ere  evaluated  and  a 
corrugated  cell  wall  of  minimum  thickness  and  1/2  to  3/4"  in 
cell  size  appears  optimum.  Stainless  steel  and  beryllium  were 
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utilized  as  the  load  carrying  structure. 

Several  types  of  construction  have  evolved  from  recent  efforts 
to  achieve  a  hi^  efficiency  insulating  system.  Figure  9  shov/s 
the  details  of  a  representative  thermantic  panel.  The  load  bear¬ 
ing  and  insulation  requirements  are  divided,  yet  the  entire  con¬ 
struction  is  an  integral  panel.  The  load  bearing  structure  con¬ 
sists  of  a  lifditweight  steel,  beryllium  or  super  alloy,  depending 
on  temperature  and  load  requirements.  It  is  significant  to  note 
that  under  current  efforts,  36  inch  X  36  inch  double  curvature 
beryllium  panels  have  been  fabricated  utilizing  steel  core  mater¬ 
ials  and  silver-lithium  braze  alloys.  Structural  cooling  is  op¬ 
tional,  depending  on  design  requirements.  The  corrugated  double 
skin  panels  provide  the  volume  capacity  for  a  cooling  system  at 
small  veig^it  penalties. 

The  thermal  shield  uses  a  foam  of  low  density  ceramic  type  in¬ 
sulation  for  the  heat  shield  surface.  Densities  of  the  order  of 
35  Ib/ft^  are  being  investigated  with  the  specific  purpose  of 
attaining  the  best  combinations  of  conductivity,  emissivity  ana 
thermal  shock  properties.  Through  the  introduction  of  certain 
additives,  such  as  nickel  oxide-chrome  oxide,  emissivity  values 
have  been  increased  significantly  up  to  3000‘^'»  ^  value  of  0.8 

is  our  goal  and  this  appears  possible  at  this  stage  of  develop¬ 
ment. 


To  lov/er  the  conductivity  and  reduce  wei^t,  a  second  layer 
of  fibrous  or  particulate  insulation  is  utilized  under  the  cera¬ 
mic  layer. 

The  wei(3ii  (and  sometimes  space)  requirements  for  applications 
of  the  thermantic  construction  concept  demand  the  highest  effici¬ 
ency  possible  from  the  secondary  insulation.  A  quick  survey  shovjs 
that  the  felt  type  and  particulate-fiber  insulations  are  the  most 
efficient  but  are  not  useful  above  2200OF.  Examples  of  some  of 
the  hic^i  efficiency  insulations  that  are  being  considered  for 
typical  application  are  the  “NilM-K''  and  Facro-Fiber  ’«iuartz", 
the  "J iberfrax"  blankets  anu  papers  of  the  Carborundum  Company, 
and  the  potaseium  titanate  "Blocks"  and  "Loose  fibers"  of  the 
DuPont  Company, 

Based  on  the  presently  available  information,  emphasis  will  be 
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placed  on  the  potassium  titanate  materials.  They  exhibit  thermal 
conductivity  values  equal  to,  or  lower  than,  the  other  materials 
with  a  correspondingly  lighter  density.  They  are  a’ so  capable 
of  reflecting  90%  of  infra-red  radiation,  which  becomes  an  import¬ 
ant  consideration  when  these  materials  are  utilized  above  500°F. 
Other  products,  such  as  a  zirconie  fiber  blanket  now  in  the  de¬ 
velopment  stage,  v;ill  also  be  evaluated  as  they  become  available. 

The  feasibility  of  foamed  in  place  ceramic  panel  construction 
has  been  demonstrated  through  test  programs  that  have  been  under¬ 
way  since  early  i960.  A  series  of  test  panels  was  tested  in  the 
afterburner  exhaust  of  a  J-75  engine,  other  samples  were  exposed 
for  several  hours  to  temperatures  of  2000  -  2800OF  under  radiant 
heat  lamps  and  tests  have  been  conducted  in  the  supersonic  ex¬ 
haust  of  an  8  inch  ram  jet  burner. 

The  results  were  sufficiently  satisfactory  to  establish  the 
feasibility  of  this  construction  and  to  encourage  further  work. 
After  several  months  of  development  work,  a  series  of  improved 
panels  was  constructed  incorporating  engineered  ceramic  foams 
and  protective  coatings  on  the  reinforcement  metal.  Three  ceramic 
formulations  were  developed  for  use  in  the  improved  panels;  silica, 
zirconia,  and  alumina  based  porous  ceramics.  Temperature  limits 
for  the  three  designs  are  approximately  as  follows:  silica  - 
3IOOOF,  and  zirconia  -  3000°F»  It  is  expected  that  the  zirconia 
material  is  applicable  in  temperatures  considerably  in  excess  of 
40000F  though  the  panel  thickness  would  be  greater  than  that  used 
in  the  test  units. 

Figure  10  presents  the  temperature  distribution  through  the 
panel.  The  panel  which  weighed  h'.3  Ib/ft^  retained  structural  in¬ 
tegrity  during  the  entire  test  which  had  to  be  halted  because  the 
holding  fixture  melted.  Because  difficulties  were  experienced  in 
controlling  tempei’atures,  the  panel  was  subjected  to  cycling  ther¬ 
mal  exposures  between  250OOF  and  possibly  3300°F.  Also,  the 
fixture  failure  resulted  in  water  quenching  of  the  panel  at  the 
time  of  maximum  temperatures.  Despite  the  severity  of  this  ex¬ 
posure,  no  thermal  stress  failures  occxu:Ted,  Dynamic  pressure 
produced  a  loading  on  the  panel  of  about  3/4  ton,  and  the  noise 
level  ^as  estimated  at  150-I70  db.  Both  of  these  conditions 
are  considerably  in  excess  of  hypersonic  re-entry  design  condi¬ 
tions. 

Possibilities  for  extending  the  functions  of  this  construction 
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RESULTS  OF  RAM  JET  EXPOSURE  TESTS 


Include  the  utilization  of  the  ablative  properties  of  ceramics  or 
plastics.  For  example,  for  super-orbital  re-entry  a  portion  of  a 
ceramic  or  plastic  component  may  ablate,  and  when  speeds  are  re¬ 
duced,  the  remaining  ceramic  would  act  as  a  radiation  cooled  struc¬ 
ture,  Transpiration  cooling  during  super-orbital  velocities  is 
also  compatible  with  porous  ceramic  heat  shields.  In  a  transpira¬ 
tion  system,  the  coolant  fluid  may  be  ejected  through  ports  which 
are  connected  to  an  internal  compartmental  cooling  system. 

The  thermantic  structure  is  compatible  with  the  requirements 
of  all  compact  shape  vehicles,  such  as  the  lifting  body,  where 
total  structural  deformations  are  minimal.  Further,  a  total 
weight  of  less  than  4*5  Ib/sq  ft  of  vehicle,  wetted  area  appear 
realistic.  Figure  11  shows  a  typical  forv/ard  section  of  a  re¬ 
entry  lift  body  and  represents  our  future  efforts  in  the  therman¬ 
tic  structures  area,  lliis  program  will  involve  the  detailed  de¬ 
sign,  construction  and  test  of  a  section  approximately  9  feet  in 
length  with  a  diameter  tapering  between  2  and  4  feet.  The  struc¬ 
ture  is  basically  a  semi  monocoque  structure  consisting  of  a 
thermally  protected  brazed  sandwich  shell  stabilized  by  conventional 
inertia  bulkheads. 

This  component  will  be  tested  at  the  Aeronautical  Systems 
Division  under  combinations  of  loads,  temperatures  and  vibrations 
typical  of  the  lifting  body  re-entry  trajectory.  Plans  call  for 
thermal  tests  above  3000OF  provided  test  capabilities  can  meet 
these  stringent  conditions  within  our  program  schedule.  Tests 
are  to  be  considered  to  be  conducted  in  early  1963, 


HIGH  TEMPERATURE  COMPOSITES 


Other  programs  concerned  with  differences  in  types  of  con¬ 
struction  are  being  conducted.  The  Martin  Company  began  work  in 
July  i960  on  a  program  to  design  and  test  a  nose  structure,  for 
use  in  40OOOF  environments.  After  initial  screening  of  available 
materials  and  composite  construction  techniques,  it  was  decided 
to  utilize  foamed,  sintered  ceramics  in  this  program.  This  was 
based  on  the  inherent  lightness  and  good  insulating  characteristics 
of  foam,  plus  uniform  properties  of  the  sintered  bond.  This  pre¬ 
vents  sintering  and  eventual  deformation  of  the  ceramic  at  hi^ 
temperatures.  Three  conmercial  foams  were  selected  for  detailed 
investigation  in  this  program:  silicon  carbide,  alumina  and 
zirconia,  Silicon  carbide  proved  hard  to  obtain  with  a  reasonable 
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degree  of  uniformity,  -.'as  excessively  expensive,  and  failed  at 
3300°F  due  to  oxidation.  It  was  subsequently  dropped  from  the 
program.  The  other  two  materials,  alumina  and  zirconia,  are  pro¬ 
duced  by  Ipsen  Company,  Rockford,  Illinois,  by  one  of  the  best 
ceramic  foaming  processes  available.  The  high  quality,  non¬ 
burnout  type  brick  can  be  mass  produced  with  good  uniformity  and 
in  a  wide  range  of  densities. 

Alumina  has  sho\fli  satisfactory  results  to  3300°^'»  vhere  cell 
wall  softening  begins  to  occur.  Zirconia,  being  very  thermal  shock 
sensitive  has  poorly  v/ithstood  realistic  re-entry  temperature  pulses. 
It  has,  hox'/ever,  where  temperature  change  rates  are  small,  a  maxi¬ 
mum  temperature  potential  of  approxiniately  4000OF.  Development  of 
the  foamed  zirconia  is  continuing.  One  seemingly  critical  factor 
effecting  thermal  shock  and  thus  the  practical  application  of 
zirconia  is  the  orientation  of  a  meterial  module  relative  to  the 
direction  of  foaming  during  ceramic  manufacture. 

Figure  12  shows  representative  samples  of  two  structural 
approaches  for  attaching  ceramic  modules  to  a  basic  vehicle  struc¬ 
ture,  Surface  temperatures  v;ill  vary,  depending  upon  ceramic 
capabilities.  Attachment  section  will  be  at  temperatures  of 
2000OF  for  partial  depth  and  500°^  for  full  depth;  making  use 
of  the  foam’s  insulating  qualities.  The  primary  design  for  the 
section  is  to  allow  three  degrees  of  freedom  for  ceramic  expansion 
or  contraction.  The  rubber  attachments  will  have  integral  water 
cooling  channels  to  keep  the  attachment  section  at  design  tempera¬ 
tures. 


Total  nose  construction  will  place  individual  modules  (as 
just  shoAfla)  in  concentric  rings;  where  the  size  of  a  module  v/ill 
be  determined  by  its  thermal  expansion  characteristics.  Thus, 
for  an  alumina  construction  module  the  maximum  size  is  4  inches 
in  diameter  or  its  equivalent,  Zirconia,  if  its  thermal  shock 
resistance  can  be  improved,  Adll  probably  require  segpients  of  no 
larger  than  2  inches  maximum  dimension.  Kodule  assembly  techniques 
are  nov/  being  given  detailed  design  studies  and  tests;  the  results 
of  which  shall  become  available  shortly. 


STRUCTURAL  COOIING  TECHNICUES 

Preliminary  program  planning  is  currently  underv/ay  at  ASD  for 
a  high  energy,  active  thermal  protection  system  for  glide  vehicles. 


This  includes  ablatiYe,  transpirative ,  or  boundary  layer  mass  in¬ 
jection  in  general.  No  such  effort  is  presently  under  contract. 
Work,  however,  is  proceeding  on  means  for  connective,  or  internal 
cooling  systems.  These  thennal  protection  systems  involve  the 
Chance  Vou^t  theimosorb  concept  and  the  Bell  double  wall  approach. 
Both  integrate  cooling  into  basic  vehicle  structure.  Both  con¬ 
cepts  are  being  studied  for  possible  application  in  several  of 
our  programs  where  cooling  provides  weight  savings  for  the  total 
structural  system. 


TUNGSTEN/TANTALUM  FRONTAL  SECTIONS 


A  recent  \tovk  effort  calls  for  the  design,  fabrication,  pro¬ 
tection  and  testing  of  efficient  structvires  for  the  frontal  section 
of  super-orbital,  lifting  re-entry  vehicles.  Tungsten  and  tan¬ 
talum  alloy  materials  are  to  be  utilized  in  the  design,  calling 
for  operation  to  surface  temperatures  of  4500OF  or  greater.  This 
present  task  will  require  significant  extensions  to  the  present 
state-of-the-arl  in  materials,  design,  fabrication  and  testing  at 
elevated  temper'^tures.  The  program  is  intended  to  provide  a 
working  capability  in  design  and  fabrication  of  a  successful  h3qper- 
sonic  structural  section  of  the  broadest  possible  application. 


The  components  will  consist  of  structural  members  supporting 
a  refractory  facing.  The  structural  members  will  be  of  tungsten, 
tantalum,  or  their  alloys.  The  refractory  facing  will  be  rein¬ 
forced  by  tungsten  or  tantalum  in  the  form  of  a  spun  cone,  open 
face  honeycomb,  corrugated  mesh  or  other  reinforcing  techniques. 
It  is  expected  that  the  most  efficient  design  will  be  evolved 
during  the  early  phases  of  the  program. 


Several  design  approaches  to  the  structure  can  be  categorized 
as  either  ablative,  cooled,  heat-resistant  or  composite.  'Ae 
ablative  structure  is  represented  typically  throu^  the  use  of 
structural  plastics,  quartz  or  pyrolytic  graphite,  though  the  latter 
material  is  consumed  through  oxidation  and  erosion  processes  as 
v/ell  as  sublimation.  The  cooled  structure,  typified  by  the  use  of 
transpiration  of  fluids  at  the  stagnation  region,  has  proved 
valuable  in  rocket  nozzle  applications,  though  the  time  of  opera¬ 
tion  there  is  quite  short.  The  use  of  lithium  as  a  coolant  is 
theoretically  of  great  advantage  because  of  its  high  total  heat 
capacity  and  low  density.  The  heat-resistant  structure  depends 
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on  the  use  of  refractory  materials  which  have  sufficient  struc¬ 
tural  strength  at  temperature,  and  which  either  by  themselves  or 
in  combination  with  coatings,  can  resist  the  design  environments 
imposed  along  with  hi^  tenperature.  The  use  of  tungsten,  zir- 
conia,  thoria,  or  composites  of  this  class  of  materials  is  re¬ 
quired  in  such  an  approach. 

Additional  screening  of  materials  and  processes  for  inte¬ 
grated  systems  v;ill  be  conducted  during  the  early  jhases  of  the 
program.  Capabilities  of  several  alloys  of  tungsten  and  tantalxun 
will  be  follov/ed  as  they  advance  in  their  present  state  of  re¬ 
search  development.  The  properties  and  adaptability  of  several 
thermal  protection  systems  will  also  be  investigated  if  current 
research  effort  discloses  desirable  characteristics  within 
acceptable  time  limits. 


INFLATABLE  STRUCTURES 

The  problem  of  providing  a  reliable  structure  for  re-entry 
vehicles  is  primarily  associated  with  the  load-temperature- time 
history,  as  discussed  earlier.  The  inflatable,  li^t-wei^t 
structures  approach  attempts  to  avoid  or  minimize  several  thermo- 
structural  problems  encountered  in  the  more  conventional  rigid 
re-entry  structural  concepts.  Use  of  this  concept  allows  the  de¬ 
sign  of  a  low  wing  loading  glide  vehicle  of  coated  metal  fabric 
that  is  capable  of  1500"^  to  2000°F  surface  temperatures.  This 
light  weight,  pressure  stabilized  structure  with  large  leading 
edge  radii  results  in  lower  decelerations  (being  initiated  at  higher 
altitudes)  thereby  reducing  heating  problems  and  aeroelastic  loads. 
Figure  13  presents  a  plot  of  the  volumetric  efficiency  parameters 
versus  increased  wei^t  for  the  rigid  and  non-rigid  structural  con¬ 
cepts.  The  outstanding  potential  for  the  expandable  concept  is 
readily  apparent,  A  substantial  volume  could  be  placed  in  orbit 
at  a  very  small  weight  increase  in  the  vehicle  weight.  Because  of 
the  packaged  configuration  during  boost,  the  increased  weight  for 
the  total  system  is  likewise  very  small. 

There  are  many  existing  problem  areas  associated  with  in¬ 
flatable  structures.  Materials  investigations  have  been  conducted; 
however,  no  detailed  structural  evaluation  programs  have  been  per¬ 
formed,  Preliminary  design  studies  indicate  that  the  inflatable 
structural  approach  is  feasible  but  further  material  and  structural 
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Figure  13.  Plot  of  Volumetric  Efficiency  Versus  Increased  Weight 
for  Rigid  and  Non-Rigid  Structural  Concepts 


Vehicle  Net  Structure  Wt. 


studies  must  be  conducted  to  evaluate  the  concept.  Actual  fli^t 
test  demonstrations  are  required  to  prove  feasibility#  Areas  of 
investigation  that  would  apply  to  a  re-entry  vehicle  are:  boost 
loads,  packaging  capability,  inflating  characteristics,  environ¬ 
mental  effects,  structural  strength  and  materials  compatability. 
Correlation  of  theoretical  analyses  -  experimental  data  appears 
to  be  the  critical  area  that  must  be  investigated. 
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ABSTRACT 


This  paper  discusses  the  application  of  matrix  struc¬ 
tural  analysis  methods  to  the  solution  of  the  deformational 
response  problems  of  heated  airframes.  Emphasis  is 
placed  on  the  analysis  of  built-up,  low  aspect  ratio  lifting 
surfaces.  Both  the  force  and  displacement  approaches  are 
considered  and,  for  each,  the  analysis  process  leading 
from  basic  data  to  the  various  facets  of  structural  response 
is  provided  in  outline.  Based  on  a  review  of  recorded  ap¬ 
plications,  topics  in  need  of  further  development,  as  well  as 
new  applications,  are  delineated. 
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MATRIX  STRUCTURAL  ANALYSIS 
OF  HEATED  AIRFRAMES 


INTRODUCTION 


All  major  airframe  structures  departments  are  today  aware  of 
the  extremely  powerful  analysis  tools  available  in  techniques  of  matrix 
structural  analysis.  After  a  rapid  period  of  development  beginning  in 
the  early  1950's,  coincident  with  the  appearance  of  the  high  speed  dig¬ 
ital  computer  (the  device  necessary  for  success  in  their  use),  these 
techniques  have  progressed  to  a  point  where  they  now  appear  in  most 
design  offices  in  the  form  of  automatic  computational  programs  for  the 
analysis  of  linear,  unheated  structural  systems.  The  objective  of  the 
present  paper  is  t-''  review  and  establish  the  status  of  matrix  structural 
analysis  techniques  with  respect  to  the  problems  of  heated  structures, 
which  are  prone  to  experience  nonlinear  behavior,  and  to  describe 
topics  in  need  of  further  study  as  a  direct  result  of  elevated  tempera¬ 
ture  conditions.  Problems  occasior^l  by  future  vehicle  structural  re¬ 
quirements,  independent  of  the  temperature  environment,  are  also  cited. 

Methods  of  matrix  structural  analysis  have  developed  predomi¬ 
nantly  along  two  lines.  One  of  these  is  the  "Method  of  Forces",  or 
"Flexibility"  approach.  The  former  title  derives  from  the  fact  that  the 
governing  equations  are  stated  as  a  direct  relationship  between  the  ap¬ 
plied  loads  and  certain  internal  forces.  The  second  approach  is  "Dis¬ 
placement"  or  "Stiffness"  method,  wherein  relationships  between  the 
applied  loads  and  the  displacements  of  specified  points  are  formed  and 
solved.  Both  definitions,  in  the  context  of  this  paper,  are  further  quali¬ 
fied  by  the  proviso  that  the  governing  equations  be  based  on  an  analyti¬ 
cal  model  composed  of  discrete  structural  elements -plate  segments, 
bars,  etc.  Thus,  methods  which  result  in  a  matrix  statement  of  the 
problem  but  are  based  on  assumptions  of  the  unknown  forces  or  dis¬ 
placements  as  continuous  functions  with  undetermined  coefficients  are 
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not  considered.  To  the  extent  possible,  however,  note  will  be  taken  of 
applications  formulated  specifically  for  analog  as  well  as  digital  com¬ 
puters. 

The  force  and  displacement  approaches  have  been  presented  by 
some  authors  (see  References  1  and  2)  as  exact  counterparts  of  each 
other.  These  authors  demonstrated  an  analogy  or  "duality”  extending 
from  basic  physical  principles  through  the  process  of  structural  ideal¬ 
ization  to  equivalent  formulations  of  the  matrix  equations.  This  duality 
will  be  recognized,  but  not  stressed,  in  subsequent  sections. 

To  be  sure,  the  force  and  displacement  techniques  are  not  the 
only  possible  forms  for  matrix  structural  analysis.  "Mixed”  methods, 
involving  the  direct  solution  for  both  forces  and  displacements,  have 
been  proposed  (References  3  through  5).  The  only  complete  exposition 
of  such  concepts  has  been  given  by  Klein  (Reference  3)  who  has  run  the 
complete  gamut  of  problems  touched  upon  in  this  paper.  The  technique 
of  Reference  3  can  be  contracted  to  a  displacement  formulation  of  the 
problem;  the  contraction  to  a  force  approach  formulation  would  appear 
to  be  possible  but  has  yet  to  be  demonstrated. 

Taking  note,  at  this  point,  of  the  contribution  of  reference  3  to 
the  suoject  topics,  the  attention  of  this  paper  will  be  limited  to  conven¬ 
tional  formulations  of  the  force  and  displacement  approaches.  The 
sections  of  this  paper,  with  the  exception  of  the  concluding  section, 
have  subheadings  which  independently  treat  the  direct  solution  for 
foices  and  displacements.  To  lend  clarity  to  subsequent  sections  a 
brief  review  of  a  representative  formulation  of  each  is  given  in  the 
first  section.  The  practice  at  Bell  Aerosystems^and  at  other  airframe 
organizations  as  well,  is  to  employ  a  given  approach  to  matrix  struc¬ 
tural  analysis  as  a  means  of  obtaining  the  complete  solution  for  the 
"response"  of  a  structure,  i.e.,  for  stresses,  displacements,  stiffness, 
and  flexibility.  To  emphasize  this  point  the  brief  review  of  each 
approach  encompasses  a  sequence  of  operations  leading  from  basic 
data  to  the  complete  solution  for  structural  response. 

The  review  of  formulations  for  linear,  unheated  structures  is 
follower  by  a  discussion  of  the  problems  introduced  into  structural 
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analysis  by  aerodynamic  heating.  With  these  in  mind,  the  published 
applications  of  matrix  structural  analysis  to  such  problems  are  de¬ 
scribed.  Knowledge  of  recorded  applications  not  only  indicates  where 
theory  and  practical  experience  is  yet  lacking,  but  also  demonstrates 
the  types  of  analytical  idealizations  required  for  an  acceptable  level  of 
accuracy. 

In  assessing  topics  for  future  work  it  has  been  found  more  con¬ 
venient  to  subdivide  the  headings  into  linear  elastic,  nonlinear  elastic, 
and  inelastic  problems  rather  than  into  the  categories  of  force  and  dis¬ 
placement  approaches.  This  is  because  the  state  of  the  art  in  both 
approaches  is  generally  deficient  with  respect  to  identical  topics  in 
heated  structure  analysis. 


SECTION  I:  REVIEW  OF  BASIC  CONCEPTS 


A.  FORCE  METHODS 

Matrix  force  analysis  techniques  have  been  presented  in  a  re¬ 
markably  large  number  of  references.  Argyris  (Reference  6),  in  an 
excellent  historical  review  of  methods  of  matrix  structural  analysis, 
traced  the  development  of  the  force  approach  from  the  beginnings  of  the 
concepts  upon  which  it  is  based  (attributed  to  Maxwell,  Mohr  and 
Mueller- Breslau)  through  to  the  initial  development  of  the  basic  princi¬ 
ples  of  the  matrix  force  method  and  thence  to  the  publication  date  of  his 
paper  (1958).  A  number  of  references  were  mentioned  for  the  latter 
period.  Many  more  have  accumulated  since  the  appearance  of  Argyris’ 
survey.  In  aggregate,  these  papers  represent  a  wide  divergence  of 
viewpoints  on  the  treatment  of  special  conditions,  e.g.,  wing  cutouts, 
means  for  the  formation  of  input  data,  and  the  relationship  between  the 
technique  and  the  idealization  of  the  structure.  Numerous  questions  re¬ 
lated  to  these  viewpoints  are  yet  to  be  resolved. 
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Nevertheless,  the  majority  of  recent  papers  as  well  as  a  pre¬ 
dominance  of  industry  computational  programs  conform  to  the  same 
approximate  outline  when  the  analysis  of  unheated  structures  for  linear 
behavior  is  involved.  A  simple  formulation,  in  conformity  with  this 
outline,  can  be  obtained  by  analogy  with  the  rudimentary  analysis  prob¬ 
lem  illustrated  in  Figure  1.  The  rigid  frame  shown  is  indeterminate  to 
the  first  degree.  The  solution  for  the  state  of  displacement  and  for  the 
internal  forces  can  be  conveniently  obtained  by  first  cutting  the  struc¬ 
ture  so  as  to  reduce  one  of  the  internal  or  reactive  forces  to  zero,  ren¬ 
dering  the  structure  statically  determinate. 

Let  this  force,  the  "redundant"  X,  be  the  horizontal  reaction  at 
Point  B.  Then,  the  elementary  application  of  any  one  of  a  number  of 
procedures  for  displacement  determinations  (Castigliano's  Theorem, 
Virtual  Work)  permits  the  calculation  of  the  displacement  at  the  Cut  B 
due  to  the  applied  load  P.  Designating  S3p  as  the  displacement  at 

B  due  to  a  unit  value  of  the  applied  load,  the  total  displacement  result¬ 
ing  from  P  is  given  by  Ssp^xP.  Similarly,  if  Sbj  displacement 

at  B  due  to  a  unit  value  of  X,  the  redundant  causes  a  displacement  8b| 

Since  there  is  no  displacement  at  B  in  the  actual  structure,  one  can 
write: 

Sepx  P'<-Sb|X  =  0  (j, 


and,  solving  for  X: 

X  =  -  Sb,  Sgp  P 


(2) 


Furthermore,  if  a  stress  in  the  cut  structure  is  expressed  as  SqP 

and  the  stress  at  the  same  point  in  the  cut  structure  is  related  to  the 
redundant  by  the  term  S  x  ,  then  the  stress  S  in  the  actual  structure 
is  given  by: 

(sq-SxSb,"  Sbp)p  (3) 
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a.  ACTUAL  STRUCTURE 


b.  "cut"  structure 


J 


Figure  1.  Indeterminate  Frame 


i 
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Corresponding  formulas  for  a  complex  indeterminate  structure 
can  be  constructed  if  the  matrices  [S|p]  and  [Sm]  are  defined  as 
sets  of  influence  coefficients  for  relative  displacements  at  the  cuts  due 
to  the  applied  loads 


[-“I 


and  the  redundant  forces 


{X} 


Then  [S|p]  {P}+  [S,|]  {x}  '  0 


and  {x}=-[S||]‘'  [Sip]  {p} 


(4) 


(5) 


In  a  system  of  reasonable  complexity  it  is  not  possible  to  directly  con¬ 
struct  the  matrices  [S|p]  and  [S|  ij  as  easily  as  was  done  with  the 

terms  Sbp  ^•nd  89 1  .  Hence,  these  matrices  are  further  subdivided 
by  constructing  one  matrix  denoted  here  by  [<^ij]  >  and  the  two  matrices 
[gim]  andj^girj  .  [o^ij]  is  the  matrix  of  "flexibilities"  or  dis¬ 
placement  characteristics  of  the  discrete  elements  of  the  system  with 
respect  to  certain  stresses  (or  generalized  forces)  acting  upon  them. 
The  matrices  j^gjm]  ^^*^[gir]  I'^late  the  applied  loads  and  redundants, 

respectively,  to  the  stresses  (or  generalized  forces)  of  the  elements. 

It  is  then  shown,  in  standard  developments  (Reference  7)  of  the  matrix 
force  method,  that 

[Sip]  =  [gir]  [°ij]  [^im]  (6) 

[S|  1]  =  [gir]  [ciij]  [gir] 

(The  superscript  T  designates  the  transpose  of  the  indicated  matrix.) 

Relatively  complete  formulations  can  now  be  given.  The  solution 
for  the  redundancies  becomes: 


-I 


hrf  hiJhm]  {P}  (8) 


W  =-N^hi]k] 

The  total  state  of  internal  stress,  {sj-  ,  is  basically  given  by: 
{s}=  [gim]  {p}  +  [gir]  {x} 


(9) 
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Thus,  utilizing  Equation  (8),  but  with  the  definitions  of  Equations  (6) 
and  (7): 

[^im] -  [sir]  [^ll] 

To  establish  the  displacement  influence  coefficients  for  the  actual 
structure,  certain  subsidiary  sets  of  displacement  influence  coefficients 
must  first  be  defined.  Let  denote  the  influence  coefficients  for 

the  applied  load  points  in  the  ’’cut"  structure  with  respect  to  the  applied 
loads.  This  matrix  can  be  obtained  as: 

[Spp]  =  [gim]  [«ij]  [gim]  (11) 

The  matrix  of  displacement  influence  coefficients  [Spi]  for  the  applied 

pad  points  with  respect  to  the  redundants  proves  to  be  the  transpose  of 
S|p]  .It  follows,  from  direct  physical  reasoning,  that  the  displace¬ 
ment  influence  coefficients  [Spp]  for  the  actual  structure  are  given  by: 

[Spp]  =  [spp]  -  [Sip]  [8|i]  [S|p]  (12) 

In  summary,  it  is  seen  that  the  important  solution  quantities  are  re¬ 
presented  by  Equations  (10)  and  (‘2),  and  stem  from  three  basic  input 
data  matrices:  j^ajj  j,  [oim]  »  [gir]  •  1^  1®  useful  to  recognize,  in 

practical  applications,  that  the  matrix  [oim]  1*®  based  on  any  in¬ 
ternal  force  system  statically  equivalent  to  the  applied  loads.  It  is  also 
well  established  that  the  redundants  can  be  more  efficiently  defined  than  a 
as  pairs  of  forces  at  single  "cuts". 

The  above  treatment  of  matrix  force  method  concepts,  while 
superficial,  is  believed  sufficient  for  the  purposes  of  describing  ad¬ 
vances  made  in  the  direction  of  heated  structure  analysis.  The  most 
exhaustive  treatment  of  the  force  approach  may  be  found  in  the  work  of 
Argyris  (Reference  1).  Other,  recent,  expositions  of  the  matrix  force 
approach  are  given  in  References  8  and  9. 
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B.  DISPLACEMENT  METHODS 


The  first  complete  formulations  of  the  matrix  displacement  ap¬ 
proach  were  due  to  Turner,  Clough,  Martin  and  Topp  (Reference  10), 
and  to  Argyris  (Reference  1).  The  term  "complete  formulations"  is  in¬ 
tended  to  convey  the  meaning  that  the  associated  analysis  procedure, 
starting  with  the  definition  of  load,  geometric,  and  material  property 
data,  consists  entirely  of  a  sequence  of  matrix  operations.  Earlier  re¬ 
ferences  (e.g.  11  and  12)  had  contributed  to  the  fundamental  theory  of 
the  discrete  element  analysis  of  complex  systems  with  displacements 
as  unknowns,  but  dealt  with  only  one  matrix  -  the  stiffness  matrix  for 
the  entire  structure  -  in  the  solution  process. 

The  differences  between  References  1  and  10,  in  terms  of  the  se¬ 
quence  of  operations  leading  to  a  solution,  lie  mainly  in  the  technique 
for  assembling  the  individual  elements  to  form  the  complete  structure. 
Differences  of  a  more  fundamental  sort  exist  in  the  means  employed  to 
derive  the  force  -  displacement  properties  of  the  individual  elements 
and  in  the  deformational  behavior  represented  by  these  properties.  The 
following  review  is  patterned  after  Reference  10;  comments  are  ap¬ 
pended  concerning  the  technique  of  Reference  1. 

The  discrete  elements  in  a  displacement  analysis  are  commonly 
defined  by  specified  boundary  points,  sufficient  in  number  to  establish 
an  assumed  stress  and  deformational  behavior.  For  such  elements,  it 
is  first  necessary  to  derive  relationships  between  the  displacements  of 
the  boundary  or  "node"  points  and  forces  acting  at  these  points.  The 
node  point  forces  are  either  actual  concentrated  forces  or  are  equiva¬ 
lent  to  stresses  acting  on  the  area  subtended  by  the  point.  General  ex¬ 
pressions  can  be  written,  based  on  assumptions  as  to  stress  and/or 
deformational  behavior,  relating  these  forces  (  {  F  j-  )  and  displace¬ 
ments  ( |Aj-).  Expressed  in  matrix  form,  the  relationships  are 

{f}  =  [k]  {A}  (13) 

Where  [k]  is  the  "element  stiffness  matrix".  An  example  of  the  devel¬ 
opment  of  the  stiffness  matrix  for  the  simplest  type  of  element,  the 


887 


two-force  member,  is  illustrated  in  Figure  2. 


The  elements  are  assembled  to  form  the  complete  analytical 
model  of  the  structure  by  joining  all  elements  at  their  respective  junc¬ 
ture  points,  applying  in  the  process  the  requirements  of  juncture  point 
equilibrium  and  compatibility.  Thus,  the  components  of  internal  loads 
I  F  I  and  external  loads  ■[  P  ]■  at  each  point  are  related  by  equilibrium 
requirements,  i.e.,  E  Fx  ^  >  ®tc.  The  respective  coordinate  dis¬ 

placements  of  the  corner  points  of  all  elements  meeting  at  a  point  are 
equal,  a  requirement  that  satisfies  compatibility.  If  follows  that  the 
stiffness  matrix  ([k])  for  the  complete  structure  can  be  assembled  by 
merely  adding  element  stiffness  coefficients  having  identical  sub¬ 
scripts.  This  results  in  a  set  of  equations: 

{p}=[k]{A}  (14) 

Force  and  displacement  boundary  conditions  can  be  readily,  imposed  by 
assigning  the  pertinent  P's  and  A' s  their  known  values.  [kJ  will  be 
altered  in  the  process,  and  taking  note  of  this  fact  without  a  change  in 
symbolism,  the  solution  to  the  altered  Equation  (14)  becomes: 

{A}=  [k]-'  {P}  =  [Spp]  {P}  (15) 

Where,  as  in  the  force  approach,  [Spp]  represents  the  set  of  displace¬ 
ment  influence  coefficients. 


The  solution  for  element  internal  forces  (  {  F  ]•  )  can  be  effected 
by  multiplying  the  element  stiffness  matrices  by  the  now- known  values 
of  displacement  (|A|  ).  For  the  sake  of  providing  an  expression  for 
this  operation  let  ^  f  |  symbolize  a  column  of  all  specified  internal 
forces  and  [  k  ]  a  properly  constructed  array  of  all  the  element  stiff¬ 
ness  coefficients.  Then 
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1.  STIFFNESS  EQUATIONS  FOR  UNHEATED  CONDITIONS 


du  *J2  — U| 

dx  ^  L 

or  =  Ee 

F2  =  A  O’ 

-r 

F,  =  -Fg  =  -^  (U.-Uj) 

2.  IN  MATRIX  form: 

"AE  -AE‘ 

{r}  =  ©.[K]=g  5j.{u}  {“4 

3.  FOR  UNIFORM  TEMPERATURE  CHANGE  T: 

Fp®  =  -  AE  a  T 
F  I  °  =  -  Fg®  =  A  E  a  T 


Figure  2.  Two-Force  Member 


the  corner  forces  and  displacements  into  components  consistent  with 
the  coordinate  directions  of  the  structure  as  a  whole  prior  to  con¬ 
structing  Equation  (14).  The  procedure  described  in  Reference  1  re¬ 
places  the  application  of  transformations  to  the  individual  element 
stiffness  matrices.  Let  [a]  simify  a  matrix  relating  the  applied  loads 
and  the  internal  forces  and  j^k  e]  an  array  of  the  element  stiffnesses 

consistent  with  the  arrangement  of  fa]  .  Then,  analogous  to  Equation 

(7): 

[k]  =  [o]^  M  [o]  (17) 

where  [k]  is  identical  to  the  matrix  defined  in  connection  with  Equation 
(14).  Argyris  (Reference  1),  on  the  basis  of  the  unit  load  and  displace¬ 
ments  theorems,  has  established  a  complete  duality  for  the  force  and 
displacement  formulations. 


SECTION  II:  PROBLEM  AREAS 


There  is  ample  evidence  to  show  that  matrix  methods  of  struc¬ 
tural  analysis  can  be  efficiently  applied  to  yield  accurate  predictions 
of  the  linear  stress  and  deflectional  behavior  of  highly  complicated  con¬ 
figurations  for  unheated  conditions.  How,  then,  do  conditions  of  aero¬ 
dynamic  heating  and  configuration  trends  affect  this  assessment? 

Excluding,  momentarily,  questions  of  configuration,  the  principal 
effects  of  aerodynamic  heating  occur  as  a  result  of  (a)  influences  on 
the  material  properties  and  (b)  nonlinear  temperature  distributions. 
The  elevated  temperature  effects  on  material  properties  not  only  re¬ 
duce  stiffness  by  elastic  modulus  deterioration  but  also  intensify  the 
likelihood  of  inelastic  deformations  being  experienced  by  a  reduction 
in  the  range  of  elastic  behavior.  A  review  of  the  effects  of  nonuniform 
temperature  requires  a  knowledge  of  the  configuration.  Figure  3,  which 
represents  an  outline  of  a  wing  and  fuselage,  has  been  drawn  to 
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FIGURE  3  CONCEPTS  IN  HYPERSONIC  VEHICLE  STRUCTURAL  DESIGN 


illustrate  some  features  of  advanced  configurations  studied  at  Bell  Aero- 
systems.  Occasional  xfcierence  will  be  made  to  these  in  the  following 
discussion. 

Consider  first  the  lifting  surface.  It  is  clear  that  no  single 
geometric  form  is  representative  of  all  advanced  designs.  The  aspect 
ratio  and  leading  edge  sweep  angle  may  be  large  or  small.  The  wing 
cross-section  may  be  nearly  solid  or  built-up  v/ith  thin  skins.  No  new 
structural  analysis  problems  are  introduced  by  such  factors,  however. 
The  related  problems  motivated  the  original  development  of  matrix 
structural  analysis  techniques  and  have  been  successfully  resolved. 

The  new  problems  arise  in  connection  with  severe  elevated  tem¬ 
perature  environments.  Leading  edge  temperatures  will  be  relatively 
high  but  taper  off  rapidly  in  the  direction  normal  to  the  edge  line.  This 
factor,  together  with  temperature  discontinuities  at  the  fuselage  junc¬ 
ture,  produces  the  major  nonuniformities  in  the  chordwise  and  span- 
wise  temperature  profile.  At  finite  angles  of  attack  the  upper  and  lower 
surface  temperatures  will  differ,  and  this  depthwise  temperature  pro¬ 
file  will  be  implemented  in  the  case  of  built-up  constructions  by  the 
complexity  of  heat  transfer  conditions  between  the  skins  and  internal 
members.  The  latter  has  the  effect  of  producing  localized  irregulari¬ 
ties  in  the  skin  temperature  distribution  and  a  significant  difference 
in  temperature  between  the  skin  and  internal  members. 

Thus,  in  the  least,  the  analyst  must  be  prepared  to  assign  a  dif¬ 
ferent  "characteristic"  temperature  and  the  associated  material  pro¬ 
perties  to  each  discrete  element  of  the  idealization.  Then,  the  com¬ 
putational  program  must  be  equipped  to  determine  the  displacements 
and  stresses  due  to  nonuniform  temperature  gradients.  The  most  sig¬ 
nificant  displacements  are  those  which  deform,  or  "warp",  the  wing  out 
of  its  plane.  The  thermal  stresses  introduce  loadings  generally  absent 
in  unheatpd  applications  -  net  chordwise  and  spanwise  compressive  and 
tensile  stresses.  The  effects  on  stiffness  with  respect  to  lateral  load¬ 
ing  will  generally  be  adverse.  For  beamlike  wings  the  effect  has  been 
simply  described  as  a  loss  in  torsional  stiffness.  In  terms  of  complex 
structure  analysis,  it  is  analogous  to  a  compressed  plate  action.  These 
phenomena  must  be  accounted  for  in  the  governing  formulations. 


Nonlinear  behavior  may  also  appear.  One  effect  of  the  above- 
cited  stiffness  reductions  can  be  deflections  that  are  many  times 
greater  than  the  wing  thickness.  This  results  in  a  large  deflection 
stress  system  in  the  wing  midplane  having  the  same  type  of  effect  on 
deflectional  stiffness  as  a  midplane  thermal  stress  system.  The  large 
deflection  stress  system  is  nonlinearly  related  to  the  deflections,  how¬ 
ever,  and  the  entire  problem  becomes  nonlinear.  Under  such  condi¬ 
tions,  the  initial  shape  of  the  wing  has  a  bearing  on  stiffness.  Here, 
not  only  must  the  governing  formulations  be  modified,  but  provision  must 
also  be  made  for  a  greatly  extended  computational  effort  since  iter¬ 
ative  or  step-by-step  solution  techniques  are  dictated. 

Another  form  of  nonlinear  behavior  may  be  present  in  the  form  of 
inelastic  deformations.  Inelastic  deformations  are  commonly  assumed 
to  be  the  result  of  two  mechanisms:  time-independent  plastic  flow  and 
creep.  The  resulting  state  of  deformation  is  a  function  of  the  load  and 
temperature  history.  Solutions  therefore  require  the  same  order  of 
computational  complexity  as  for  geometrically  nonlinear  problems  plus 
an  extremely  detailed  knowledge  of  material  inelastic  response. 

The  details  of  wing  construction  are  subject  to  the  same  qualifi¬ 
cation  as  the  wing  configuration  as  a  whole,  i.e.,  no  constructional 
form  is  representative  of  all  advanced  designs.  Corrugated  spar  and 
rib  webs  have  been  proposed  to  improve  skin  compressive  strength  and 
alleviate  thermal  stress.  The  latter  purpose  may  also  be  served  by 
truss-type  webs.  It  has  not  been  demonstrated  that  the  behavior  of 
these  unconventional  elements  can  be  accurately  represented  by  re¬ 
lationships  derived  for  flat  plate  and  beamlike  internal  members. 

"Isolated"  components,  for  example  the  heat-sustaining  leading 
edge  and  the  outer- wall  panel  featured  with  insulated  constructions,  may 
now  prove  critical  to  the  structural  integrity  of  the  entire  lifting  sur¬ 
face  design.  The  two  components  cited  represent  entirely  different 
stress  analysis  problems.  The  heat- sustaining  leading  edge  will  likely 
be  composed  of  a  brittle  material  and  have  the  form  of  a  short,  open, 
shell  (see  Figure  3)  or  even  a  three-dimensional  solid.  Applied  load¬ 
ings  will  be  light  but  the  temperatures  will  vary  radically  in  each 
direction.  Due  to  geometric  complexity  and  "end  effects"  the  complete 


thermal  stress  picture  cannot  be  calculated  to  any  degree  of  accuracy 
by  use  of  existing  approximate^  formulations.  There  is  a  need  for  rapid, 
accurate  solutions. 

The  maximum  stresses  in  outer-wall  panels  will  not  necessarily 
result  from  nonuniform  temperatures  gradients.  If  the  panel  is  "ther- 
mally-thin"  the  temperature  will  be  essentially  imiform  and  the 
stresses  will  be  due  to  normal  air  loadings.  When  temperature  gradi¬ 
ents  do  occur  they  will  be  across  the  thickness  of  the  panel,  producing 
a  tendency  to  warp  out-of-plane.  The  governing  differential  equations 
are  well-known  but  hand- computed  solutions  for  specific  support  con¬ 
ditions  can  only  be  achieved  at  the  expense  of  considerable  time  and 
effort.  Here  again  it  would  be  advantageous  to  draw  upon  the  capa¬ 
bilities  of  high-speed  computing  devices. 

Consider  next  the  fuselage.  A  typical  fuselage,  has,  in  the  past, 
taken  the  form  of  a  curved  sheet  cylinder  stiffened  at  various  intervals 
in  the  axial  direction  by  rings  and  at  intervals  in  the  circumferential 
direction  by  stringers  and  longerons.  Now,  it  may  prove  efficient  in 
the  interests  of  thermal  stress  alleviation  to  provide  a  statically 
determinate  trusswork  as  the  supporting  frame  for  a  surface  composed 
of  individual  panels.  Also,  there  is  the  possible  desirability  of  employ¬ 
ing  pure  shell  forms:  conics,  cylinders,  spheres.  Singly  and  in  com¬ 
bination  these  shells  may  serve  the  function  of  pressurized  propellant 
containers  as  an  integral  part  of  the  fuselage  structures. 


The  built-up  forms  of  fuselage  construction  present  analysis  pro¬ 
blems  that  are,  in  some  respects,  different  from  those  of  built-up  wing 
constructions.  The  fuselage  is  three-dimensional  with  a  sharply  curved 
cross-section.  Hence,  many  more  node  points  than  for  a  wing  analysis 
are  generally  required  and  it  is  not  clear  to  what  extent  the  curvature 


can  be  repxaced  in  the  idealization  by  a  polygonized  representation, 
the  other  hand,  it  has  not  yet  been  demonstrated  that  critical  stiffness 
loss  and  geometrically  nonlinear  behaviors  are  of  significant  concern. 


r\^ 
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The  analysis  of  a  three-dimensional  trusswork  should  present  no 
difficulty.  The  problems  of  shell  constructions  are  almost  limitless, 
however,  and  have  engaged  the  interests  of  the  most  outstanding 
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theoreticians  in  applied  mechanics.  Formulas  and  solution  techniques 
have  been  devised  for  many  of  the  simple  geometric  forms  and  load¬ 
ing  conditions,  but,  even  for  these,  a  number  of  phenomena  remain  ana¬ 
lytically  inpredictable.  A  notable  example  is  cylindrical  shell  stability 
under  axial  compression.  The  need  for  versatile  numerical  analysis 
tools  for  shell  structures  is  considerable. 

The  next  question  to  be  considered  is,  therefore:  to  what  extent 
has  the  state-of-the-art  of  matrix  structural  analysis  advanced  over 
basic  principles  to  provide  a  means  for  solving  the  problems  and  satis¬ 
fying  the  needs  described  above?  The  following  section  is  attempt  to 
provide  an  answer  to  this  question  within  the  scope  of  the  writer's 
knowledge  of  recent  developments. 


SECTION  ni;  STATE-OF-THE-ART  FOR 
HEATED  AND  NONLINEAR  CONDITIONS 


A.  FORCE  METHODS 

Few  contributions  to  the  literature  have  been  specifically  con¬ 
cerned  with  the  use  of  matrix  structural  analysis  techniques  in  the  pre¬ 
diction  of  the  behavior  of  heated  airframes.  These  have  been  almost 
entirely  concerned  with  problems  of  planar  configurations,  i.e.,  lifting 
surfaces. 

It  cannot  be  said  that  the  solution  for  elastic,  linear  thermal 
stresses  in  a  nonuniformly  heated  structure  represents  an  advance  in 
basic  theory.  Although  devoid  of  illustrative  examples,  early  refer- 
ences(land  13)  on  the  matrix  force  method  provide  sufficient  detail  for 
such  determinations.  A  simple  description  of  the  concept  is  as  follows. 
Let  the  "cut"  structure  deform  in  consequence  of  not  only  applied  loads 
but  also  the  thermal  expansions.  The  relative  displacements  at  the  cuts 
due  to  thermal  expansion  can  be  denoted  as  (Ajj  •  Then,  the  total 
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relative  displacements  are  [  S  |  p]  {  P  }  +  { A  t  }  and  by  the  same  rea¬ 
soning  employed  with  Equations  (4)  and  (5), 

{x}  =  -[Sii]  '  |[S|p]  {p}  +  (18) 

hence,  from  Equations  (9)  and  (10) 

{s}  =  [tim]  “[oir]  [S|l]  [^ip]]  {p}  “  [^ll]  (19) 

the  displacement  influence  coefficients  [Spp]  are  not  affected  and  are 
therefore  calculable  from  Equation  (12). 

Grzedzielski  (Reference  14)  has  taken  a  somewhat  different 
approach  to  force  method  thermal  stress  analysis  and  illustrated  its  use 
by  solving  for  the  thermal  stresses  in  a  swept  multiweb  wing.  The 
merits  of  alternative  techniques  in  force  method  thermal  stress  anal¬ 
ysis  were  debated  by  Grzedzielski  (Reference  15)jand  Argyris  and 
Kelsey  (Reference  16)  in  a  series  of  articles  in  thejournal  of  the  Royal 
Aeronautical  Society. 

The  most  comprehensive  treatment  published  to-date  on  the  sub¬ 
ject  of  force  method  analyses  for  the  thermally-induced  stiffness  re¬ 
ductions  and  large  deflectional  behavior  of  lifting  surfaces  was  pre¬ 
sented  by  Lansing,  Jones  and  Ratner  (Reference  17).  The  governing 
equations  were  formulated  so  as  to  permit  the  straightforward  exten¬ 
sion  of  existing  computational  programs.  It  is  therefore  of  general  in¬ 
terest  to  briefly  review  this  development. 

Reference  17  makes  a  distinction  between  the  equations  to  be 
solved  for  behavior  symmetrical  and  antisymm.etrical  about  the  wing 
midplane.  The  latter  behavior  corresponds  to  the  response  of  the  wing 
to  airloadings;  the  former  relates  to  force  systems  whose  values  are 
constant  across  the  depth  of  the  wing.  The  symmetric,  or  ' 'midplane” 
force  systems  stem  from  chordwise  and  spanwise  temperature  varia¬ 
tions  and  from  large  displacements  normal  to  the  wing  midplane. 
Accepting,  momentarily,  the  contention  that  these  forces  are  calcula¬ 
ble,  it  can  be  seen  from  the  idealization  of  Figure  4  that  they  contribute 
a  net  force  normal  to  the  midplane  at  each  nodal  point. 
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ELEMENT  a  |  ELEMENT  b 

a)  UNDEFLECTED  STATE 


Figure  4.  Midplane  Force  System 
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-  Let  the  column  matrix  of  all  such  net  normal  forces  be  designated 
■  Pz/  •  Since  they  result  from  the  product  of  the  midplane  forces  and 
the  slopes  of  the  elements  upon  which  they  act,  and  the  slopes  can  be 
expressed  in  terms  of  the  difference  between  nodal  point  displacements, 
the  following  set  of  equations  can  be  formed: 

{Pz}  =  [n]  {w}  (20) 

The  nodal  point  displacements  are  listed  in  {wl-  ,  the  terms  of  [n  ]  con- 
sist  of  the  midplane  force  values  and  whatever  geometric  properties 
are  necessary  to  transform  the  displacements  into  slopes.  Now,  ex¬ 
cluding  for  simplicity  in  this  review  the  displacements  due  to  temper¬ 
ature  gradients  across  the  depth  of  the  wing,  the  node  point  displace¬ 
ments  |wj-can  be  expressed  as  fimctions  of  the  applied  loads  |PzJand 
the  net  normal  loads  {^z}  =  -[wj-vath  use  of  the  usual  displace¬ 
ment  influence  coefficients  j^gppj  ,  i.e. 

■[w  }•  =  [Sppj  |Pz]-  4-  [Spp]  [n  ]  {w}  (21) 

solving  for  fwl  : 

{w}  =  _[  I  ]  -  [Spp]  [n)  [Spp]{p}=  [8pp]p  {p}  (22) 

Hence,  the  usual  set  of  displacement  influence  coefficients  takes 
the  revised  form  j^Sppj^  where 


ppp]p  =  [  I  ]  -  [Spp]  [n  ]  [8pp] 


If  the  midplane  stress  system  is  due  to  temperature  gradients 
alone  all  equations  are  linear.  The  determination  of  the  midplane  ther¬ 
mal  stress  system  is  achieved  using  the  procedure  indicated  above  by 
Equations  (18)  and  (19);  the  procedure  is  demon.strated  in  Reference  17, 
Hence,  a  given  midplane  temperature  distribution  leads  to  a  specific  set 
of  values  [n]  ,  which  modify  deflectional  stiffness.  The  situation  is 

illustrated  in  Figure  5.  The  solid  line  represents  the  relationship  be¬ 
tween  a  normal  load  applied  at  a  specific  poin.  and  the  displacement  at 
a  given  point  consistent  with  the  appropriate  term  in  the  basic  flexibility 
matrix  [Spp]  .  The  dotted  line  shows  the  same  relationship  modified 
by  the  influence  of  the  midplane  force  system,  i.e.  consistent  with  the 
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appropriate  term  in  the  flexibility  matrix  [Sppjp  .  Although  the 

modification  is  shown  as  a  reduction  in  stiffness,  certain  individual 
stiffness  coefficients  many  increase. 


Reference  17  also  demonstrates  means  for  determining  how 
severe  the  midplane  stress  system  must  be  to  cause  buckling.  Assume 
all  midplane  forces  increase  proportionally  so  that  the  matrix  indica¬ 
tive  of  the  effects  of  che  midplane  forces  can  now  be  expressed  as  X  [NJ, 
where  X  is  the  eigenvalue  for  buckling.  For  buckling  conditions  the 
applied  loadings  taken  as  zero  and  Equation  (21)  becomes: 


{w}  =  X[Spp]  [n]{w} 

(24) 

or. 

|{w}=  [Spp][n]{w} 

(25) 

Standard  iterative  techniques  can  be  applied  to  yield  the  eigenvalues 
and  eigenvectors  from  Equation  (25).  Reference  17  shows  that  excel¬ 
lent  agreement  with  standard  plate  buckling  solutions  can  be  obtained 
with  use  of  the  matrix  force  method. 


If  the  deflections  are  large,  the  midplane  forces  are  a  function  of 
the  squares  and  products  of  the  node  point  deflections,  and  the  complete 
set  of  equations,  including  those  associated  with  the  midplane  force  de¬ 
terminations,  are  nonlinear.  The  dotted  line  of  Figure  5  illustrates  a 
nonlinear  force- displacement  behavior  existing  when  deflectional  stiff¬ 
ness  is  also  modified  by  midplane  thermal  stresses.  An  objective  of 


the  solution  will  be  to  evaluate  the  stiffness 


for  incremental  dis¬ 


placements  about  the  load  level  of  interest,  *  Reference  17  pre¬ 


sents  a  procedure  for  accomplishing  this  objective.  The  techniques  for 
nonlinear  analysis  are  illustrated  by  a  solution  for  an  unheated,  square, 
flat  plate. 
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A  development  dealing  with  the  above  phenomena,  but  with  empha¬ 
sis  on  force  method  solutions  for  inelasticity,  was  set  forth  by  Denke 
(Reference  18)  in  1956.  He  provided  modified  statements  of  the  govern¬ 
ing  force  method  equations  and  exemplified  their  use  by  solving  for  the 
inelastic  stresses  and  displacements  of  a  single  cell,  three-rib_,  swept 
wing.  The  solution  was  based  on  a  Ramberg- Osgood  Stress -Strain  Law. 

Application  of  the  matrix  force  approach  to  problems  in  inelas¬ 
ticity  has  also  been  discussed  in  References  1,  8,  19,  and  20.  Argyris 
and  Kelsey  (Reference  1)  described  the  formulation  of  inelastic  com¬ 
plex  structure  problems  for  a  monotonically  increasing  stress-strain 
law.  Both  creep  and  plastic  flow  were  incorporated  by  Kron  (Reference 
19)  in  his  tensorial  approach  Imown  as  the  "Method  of  Tearing".  This 
approach  is  unfamiliar  to  the  writer, who  is  therefore  unable  to  assess 
the  scope  of  the  work  in  Reference  19  with  respect  to  the  matrix  force 
method  as  it  is  discussed  herein.  Reference  20  presented  the  analysis 
of  an  inplane- loaded  axial  force  member-shear  panel  idealization  for 
two  approximate  representations  of  material  stress-strain  response. 
Analyses  were  also  performed  to  indicate  the  errors  resulting  from 
superposition  of  nonlinear  solutions;  for  the  conditions  treated  the 
errors  proved  to  be  less  than  ten  percent.  The  concepts  of  these  anal¬ 
yses  stemmed  from  the  work  of  Reference  18. 

The  ASD-sponsored  study  described  in  Reference  20  had  for  an 
overall  objective  the  evaluation  of  the  state-of-the-art  of  thermo¬ 
mechanical  analysis  of  flight  structures.  While  some  further  results 
will  be  mentioned  in  subsequent  sections,  the  complete  report  was  not 
available  at  the  time  this  paper  was  prepared.  Note  should  therefore  be 
taken  of  the  existence  of  Reference  20  as,  among  other  things,  a  source 
of  information  on  subject  topics  absent  from  this  paper. 

B.  DISPLACEMENT  METHODS 

Probably  the  earliest  application  of  discrete  element  concepts 
to  the  thermal  stress  analysis  of  a  complex,  built-up  wing  structure 
can  be  found  in  the  NACA  Report  by  Heldenfels  (Reference  21).  With 
use  of  an  axial  force  member-shear  panel  idealization  and  the  dis¬ 
placements  of  spar- rib  intersection  points  as  unknowns,  a  stiffness 
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matrix  formulation  was  constructed.  The  problem  required  the  solu¬ 
tion  of  24  simultaneous  equations.  This  work  predated  the  appear¬ 
ance  of  off-the-shelf,  high  speed,  large  capacity,  computing  equip¬ 
ment. 


As  in  the  case  of  the  force  approach,  the  solution  to  linear  ther¬ 
mal  stress  problems  requires  no  significant  extension  of  elementary 
displacemfc'^t  analysis  techniques.  Consequently,  although  the  aspects 
of  the  solution  process  under  conditions  of  nOnuniform  temperature 
have  been  detailed  (C.F.,  Reference  1)  illustrative  applications  have 
been  scarce.  This  situation  has  no  doubt  been  influenced  by  a  lack  of 
both  realistic  problems  and  test  data  for  comparison  purposes. 


Matrix  displacement  analyses  for  linear  thermal  stress  con¬ 
ditions  can  be  accomplished  by  use  of  the  following  concepts.  General 
expressions  are  first  derived  for  the  node  point  forces  (|f  required 
to  fully  restrain  the  heated  discrete  elements,  resulting  in  the  following 
form  of  the  element  force-displacement  equations  (see  Equation  (13)): 

{f}  =  [k  ]  {A}  +  {f“}  (26) 

Figure  2  includes  the  determination  of  the  element  thermal  forces  |f®| 
for  a  uniformly  heated  two -force  member. 


The  assembly  of  the  element  equations  to  form  the  set  of  equations 
for  the  complete  structure  yields: 


{p}.  [K]{A}t-{p“} 


(27) 


where  the  {pa}  terms  are  the  net  values  of  the  pertinent  }  terms. 
Solving, 


Again,  the  elastic  characteristics  of  the  structure  embodied  in  [  ^  pp] 
are  affected  only  to  the  extent  that  the  temperatures  effect  the  elastic 
moduli. 


f> 
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Matrix  displacement  analyses  for  linear  thermal  stresses  have 
recently  appeared  (References  22  to  24)  as  adjuncts  to  solutions  for 
the  stiffness  loss  of  lifting  surfaces  due  to  midplane  thermal  stress 
systems.  The  usefulness  of  the  matrix  displacement  approach  was  also 
recently  demonstrated  (Reference  25)  for  the  linear  thermoelastic  anal¬ 
ysis  of  structural  components  usually  dealt  with  by  means  of  conven¬ 
tional  elasticity  theory  solution  approaches.  Stiffness  equations  were 
derived  for  a  three-dimensional  solid  element  (a  tetrahedron)  and  an 
analysis  was  provided  of  a  well-known  plane  stress  problem  for  which 
both  experimental  and  alternais  theoretical  results  had  been  reported 
(Reference  26). 

The  thermally-induced  wing  stiffness  loss  problem  was  first 
given  attention  by  complex  structure  analysis  practitioners  in  Refer¬ 
ence  22.  There,  the  equivalent  plate  idealization  was  applied  in  a  form 
suitable  for  analog  computation.  The  formulations  for  inplane  deforma- 
tional  analysis  were  solved  to  yield  the  inplane  thermal  stresses,  which 
were  then  treated  as  knowns  in  the  evaluations  of  the  deflections  of  the 
equivalent  plate.  The  authors  illustrated  their  development  v.dth  an 
analysis  of  a  hypothetical  multiweb  wing.  Similar  work,  including  both 
analog  and  digital  applications,  has  been  reported  by  Harder,  et.  al. 
(Reference  23). 

Another  approach  to  the  problem  of  wing  stiffness  loss  analysis 
was  taken  in  Reference  24,  where  element  stiffness  matrix  concepts 
and  a  flexural  element-torsion  cell  idealization  for  deflectional  behav¬ 
ior  were  adopted.  The  idealization  for  midplane  thermal  force  analysis 
was  the  axial  force  member-shear  panel  scheme.  In  applying  the  known 
values  of  the  midplane  thermal  forces  to  the  deflectional  analysis  their 
effect  was  represented  as  that  of  end  axial  forces  on  the  flexural  ele¬ 
ments.  Hence,  the  flexural  elements  were  provided  with  beam- column 
stiffness  matrices.  No  examples  were  given,  but  Reference  24  in¬ 
cluded  heated  multiweb  wing  test  results .  An  extension  of  the  analytical 
method  and  comparisons  with  the  test  results  were  contained  in  a  sub¬ 
sequent  report,  discussed  below. 

Chronologically,  the  next  contribution  was  made  by  Turner,  Dill, 
Martin  and  Melosh  (Reference  27).  These  authors  provided  an  im¬ 
portant  theoretical  development  of  stiffness  analysis  procedures  into 


the  range  of  large  displacements.  Dealing  primarily  with  questions  of 
incremental  stiffness,  they  derived  extended  force-displacement  equa¬ 
tions  for  the  axial  force  member  and  triangular  plate  element  in  plane 
stress,  and  outlined  promising  solution  processes.  No  numerical  solu¬ 
tions  were  effected,  however. 

Work  originating  in  Reference  24  was  extended  in  Reference  29. 
Explicit  relationships  were  derived  for  the  stiffness  analysis  of  high- 
solidity  heated  wings  on  the  basis  of  the  equivalent  plate  idealization. 

The  flexural  element-torsion  cell  approach  of  Reference  24  was  simpli¬ 
fied  by  representing  the  effects  of  midplane  forces  on  deflectional 
stiffness  in  terms  of  components  normal  to  the  midplane  at  the  node 
points.  The  relationships  for  both  idealizations  included  midplane  ther¬ 
mal  stress,  large  deflection,  and  initial  displacement  effects. 

The  detailed  developments  of  Reference  29  permitted  the  formu¬ 
lation  of  matrix  displacement  statements  for  the  analysis  of  wings  ir¬ 
respective  of  the  specific  idealization.  Thus,  as  in  the  case  of  the 
force-method  formulations  of  Reference  17,  straightforward  extensions 
to  existing  computational  programs  were  indicated.  The  work  of  Refer¬ 
ence  29,  summarized  in  Reference  30,  can  be  reviewed  with  use  of 
Figure  4  and  the  same  assumptions  outlined  in  the  previous  descrip¬ 
tion  of  the  corresponding  extension  to  force  methods.  The  stiffness 
equations  for  displacements  normal  to  the  plane  take  the  form: 

{Pz}  =  [k]  {w}-[n]  {w}  (29) 

The  matrix  [im]  has  the  identical  physical  meaning  as  in  Equation  (20). 
Although  certain  idealizations  require  deflectional  analysis  formulations 
involving  angular  or  inplane  loadings  and  displacements,  they  can,  in 
general,  be  operated  upon  to  yield  the  same  form  as  Equation  (29). 

Assuming,  for  the  present,  that  the  midplane  forces  are  known, 
the  solution  to  Equation  (29)  is: 

-I 


The  revised  flexibility  coefficients  are  therefore  [Spp]r=  [k]  +  [n] 
The  solution  for  buckling  again  requires  the  replacement  of  [n]  by 
X|^N  j  and  setting  -[Pzj-  =  0  •  The  resulting  equation  then  takes  the 

identical  form  as  Equation  (25),  i.e. 

tI"}  =  [Spp]  M  W  (25) 


The  stiffness  formulations  for  inplane  analysis,  too  extensive  to  de¬ 
scribe  here,  may  be  found  in  References  29  and  30.  These  references 
also  present  analyses  of  the  multiweb  wing  test  results  (Reference  24) 
and  apply  the  equivalent  plate  idealization  to  the  prediction  of  the  heated 
plate  test  data  of  Reference  30.  Excellent  agreement  was  obtained  with 
the  latter;  extreme  difficulties  were  encountered,  however,  in  attempting 
to  effect  convergent  solutions. 


Apart  from  References  25,  29,  31  and  32,  the  writer  is  not  cogni¬ 
zant  of  contributions  to  the  extension  of  matrix  displacement  methods  to 
permit  inelastic  analysis.  Reference  32  is  of  limited  scope,  being  a 
treatment  of  plane- framework  structures  for  monotonically  increasing 
loads  into  the  time- independent  plastic  flow  range.  Reference  31,  on  the 
other  hand,  presented  techniques  for  all  classes  of  structures  and  plas¬ 
ticity  phenomena.  Emphasis  was  placed  on  conditions  of  time- dependent 
loadings  and  temperatures^with  inelastic  deformations  accruing  from 
both  time- independent  plastic  flow  and  creep.  Stiffness  matrices  for  the 
axial  force  member  and  the  triangular  plate  element  in  plane  stress  were 
extended  to  include  consideration  of  inelastic  displacements. 


The  developments  of  Reference  31  were  illustrated  by  the  solu¬ 
tion  for  the  stresses  and  displacements  of  a  plate  with  a  centrally- 
located  hole  under  cyclically-varying  applied  loads  and  temperatures. 
The  results  were  employed  in  the  prediction  of  the  failure  of  a  test 
specimen.  Further  applications  of  the  concepts  of  Reference  31  are 
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analysis  of  built-up  wings,  while  Reference  29  provides  inelastic  terms 
for  the  tetrahedronal  element  force-displacement  equations.  Neither 
reference  presents  a  numerical  solution,  however. 
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Section  II  directed  attention  to  two  areas  in  which  the  advantages 
of  matrix  structural  analysis  techniques,  if  brought  to  bear,  could 
prove  of  immense  value.  These  were  in  the  solution  of  plate  problems, 
e.g.,  outer  wall  panels,  and  problems  relating  to  all  classes  of  shell 
structures.  Beginnings  have  been  recorded  in  both  areas.  Reference 
32  derived  a  possible  stiffness  matrix  for  a  rectangular  plate  element 
in  bending.  The  use  of  these  elements  in  the  analyses  of  structures  of 
nonrectangular  planform  via  the  familiar  device  of  forming  a  saw¬ 
toothed  representation  of  the  boundaries  was  suggested.  Reference  33 
contained  illustrations  of  the  application  of  triangular  plate  element 
stiffness  matrices  for  plane  stress  behavior  to  the  solution  of  some 
membrane  shell  problems  possessing  known  closed-form  solutions. 

An  acceptable  level  of  agreement  was  attained.  A  problem  involving 
bending  deformations  was  also  solved  and  provided  results  in  agree¬ 
ment  with  those  obtained  by  other  means.  No  explicit  statement  of  stiff¬ 
nesses  for  plate  elements  in  bending  was  given.  The  plate  element 
bending  stiffnesses  of  Reference  32  would  appear  useful  in  shell  analy¬ 
ses  within  the  limitations  of  the  rectangular  form. 


SECTION  IV:  FUTURE  WORK 

A.  ELxASTIC  SYSTEMS- LINEAR 

The  theories  of  matrix  structural  analysis  are  complete  enough 
for  the  solution  of  all  types  of  linear  elastic  systems.  Deficiencies  are 
apparent,  however,  in  (1)  the  detailed  relationslups  for  specific  ideal¬ 
isations,  (2)  experience  in  application  to  practical  problems,  and  (3) 
ti*e  area  of  computational  efficiency. 

Now  that  many  questions  connected  with  the  procedural  frame¬ 
works  of  the  possible  approaches  to  matrix  structural  analysis  have 
been  resolved,  greater  attention  is  being  given  to  problems  of  forming 
realistic  structural  idealizations.  These  problems  have  a  definite  con¬ 
nection  with  computational  efficiency.  For  example,  discrete  element 
force-displacement  equations  violate,  in  general,  conditions  of 


equilibrium  and/or  compatibility  either  within  the  elements  or  along 
their  juncture  with  the  other  elements  in  the  assembled  model.  Since 
these  shortcomings  cannot  be  rectified,  the  practicing  analyst  must  be 
made  aware  of  techniques  for  minimizing  the  resulting  errors  in  the 
most  efficient  manner. 

The  errors  inherent  in  idealizations  for  multiweb  wing  analysis 
were  investigated  in  Reference  34.  The  entire  question  of  analysis 
error  was  attacked  in  an  orderly  manner  in  Reference  20.  Both  refer¬ 
ences  concluded  that  much  work  remains  in  the  direction  of  clarifying 
detailed  questions  in  structural  idealization.  Those  which  existed  at 
the  start  of  the  studies  of  References  20  and  34  could  only  be  partially 
answered  within  the  scope  of  these  investigations;  some  new  questions 
were  posed  by  the  results. 

Comparing  the  specific  new  problems  described  in  Section  n  and 
the  state-of-the-art  of  matrix  structural  analysis  recounted  in  the  pre¬ 
ceding  section,  it  can  be  said  that  there  is  a  need  for  the  development 
and  evaluation  of  simple  element  relationships  for  plate  bending.  As 
previously  noted,  one  such  set  of  relationships  has  been  proposed 
(Reference  32)  for  the  unheated  rectangular  plate  element.  There  are 
other  possible  formulations  for  this  geometric  form  as  well  as  an  in¬ 
dicated  need  for  less  regular  geometries.  Temperature  gradients 
across  the  thickness  of  the  element  should  also  be  accounted  for.  When 
plate  bending  stiffnesses  and  flexibilities  are  well-established^efficient 
solutions  for  the  stresses  and  displacements  of  high-solidity  wings, 
outer-wall  panels,  and  shell-type  heat  sustaining  leading  edge  compo¬ 
nents  will  follow  directly. 

The  field  of  discrete  element  thin  shell  analysis  is  largely  un¬ 
explored.  Reference  33  has  provided  a  valuable  beginning.  This  work 
should  be  continued  into  the  area  of  instability  problems.  Plate  ele¬ 
ments  also  play  an  important  part  here,  being  the  necessary  ingredient 
for  solutions  more  accurate  than  those  provided  by  membrane  behavior 
idealizations. 

Two  future  requirements  in  matrix  structural  analysis  transcend 
the  category  of  elastic,  linear  systems  and  have  equal  or  greater  sig¬ 
nificance  in  categories  discussed  in  succeeding  sections.  These  are  the 
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needs  for  (1)  extended  computer  capacity  and  (2)  experimental  data 
for  comparison  purposes.  With  respect  to  the  present  topic, the  term 
"extended  computer  capacity"  is  intended  to  mean  the  capability  of 
being  able  to  solve  extremely  large  systems  efficiently  and  with  con¬ 
fidence  in  the  results.  An  ultimate  objective  of  the  structural  analyst 
can  be  considered  the  discrete  element  solution  for  the  elastic  re¬ 
sponse  of  the  complete  airframe-wing,  fuselage,  tail,  etc.  -  in  free 
flight.  This  will  require,  in  terms  representing  an  order  of  magnitude, 
1000 unknowns.  Some  investigators  are  known  to  have  favored  the  use  of 
a  stiffness  matrix  of  1200  th  order  in  the  analysis  of  a  wing  alone.  The 
solution  for  a  shell  of  no  particular  complexity  may  demand  in  excess 
of  1000  unknowns. 

The  development  of  experimental  data,  proceeding  in  cognizance 
of  the  nature  of  the  analysis  techniques,  will  necessarily  be  expensive. 
Single- valued  results,  e.g.,  failure  loads,  are  no  longer  sufficient.  In 
the  least,  displacement  influence  coefficients  for  numerous  points  con¬ 
stitute  valid  comparison  parameters.  Available  test  data  is  most  in¬ 
adequate  in  the  case  of  elevated  temperature  conditions. 

B.  ELASTIC  SYSTEMS  -  NONLINEAR 


The  matter  of  computational  capacity  can  immediately  be  brought 
to  mind  in  connection  with  the  analysis  of  geometrically  nonlinear  con¬ 
ditions.  Because  of  the  iterative  or  step-by-step  nature  of  the  solution 
process, nonlinear  problems  may  overtax  existing  facilities  when  con¬ 
cerned  with  structures  that  are  solvable  well  within  program  capacity 
when  their  behavior  is  linear.  Short  of  requiring  a  machine  of  greater 
capacity,  the  critical  need  is  to  determine  which  of  the  possible  solution 
techniques  is  most  efficient  under  a  given  set  of  conditions. 


Unfamiliar  difficulties  have  been  encountered  (References  28and  29) 
in  effecting  a  convergent  solution  to  the  large  defl'^ction  problem  of  a 
heated  plate.  Few  accounts  of  numerical  solutions  to  large  deflection 
problems  are  to  be  found  in  the  literature  and  none  parallel  the  experi¬ 


ences  of  References  28  and  29.  It  is  felt  that  the  difficulties  of  solution 


were  characteristic  of  the  displacement  formulation  for  discrete  ele¬ 
ment  systems.  Thus,  if  the  discrete  element  approach  is  to  hold  the 
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promise  for  nonlinear  solutions  that  it  has  had  in  the  linear  range, 
means  for  circumventing  convergence  problems  must  be  well-defined 
and  criteria  for  convergence  must  be  established. 

In  addition  to  the  difficulties  of  nonlinear  analysis  of  the  struc¬ 
ture  per  se,  there  remain  questions  as  to  the  integration  of  the  re¬ 
sulting  elastic  response  characteristics  into  aeroelastic  equations  and 
the  eventual  solution  for  either  vibrational  behavior  or  flexible  stability 
and  control  derivatives.  With  respect  to  the  latter,  the  aerodynamic 
and  elastic  characteristics  may  appear  in  any  combination  of  linear  and 
nonlinear  behaviors.  The  nature  of  these  situations  introduces  a  de¬ 
mand  for  test  data  in  the  presence  of  aerodynamic  phenomena. 

C.  INELASTIC  PROBLEMS 

The  capabilities  of  matrix  structural  analysis  techniques  in 
handling  inelastic  problems  are  hampered  by  a  striking  lack  of  funda¬ 
mental  knowledge  of  material  behavior  under  conditions  of  varying 
stress  and  temperature.  Since  inelastic  analysis  procedures  in  the 
framework  of  the  subject  techniques  have  been  established  (References 
18  and  31)  it  is  clear  that  these  material  properties  and  the  associated 
"rules”  represent  a  principal  area  for  needed  future  work.  As  a  result 
of  studies  at  Bell  Aerosystems,  two  specific  recommendations  for 
future  work  can  be  offered.  These  are: 

(1)  Existing  time- independent  plastic  strain  and  creep  laws 
should  be  evaluated  and  extended.  Many  basic  tests  for 
varying  temperature  and  stress  (including  biaxial  and  tri- 
axial  stress)  conditions  are  needed  for  comparison 
purposes. 

(2)  A  general  mathematical  representation  of  the  inelastic  re¬ 
sponse  of  a  strain  hardenable  material  subjected  to  varying 
tension  and  compression  triaxial  stresses  should  be 
formulated. 

Solutions  to  certain  inelastic  problems  of  practical  importance 
have  been  solved  with  the  use  of  available  material  property  data. 

These  solutions  pertain  to  simple  geometries  and  loadings.  The  new 


909 


procedures  of  matrix  structural  analysis  should  now  be  applied  to  the 
same  classes  of  problems  but  for  more  complex,  realistic  conditions. 

A  case  in  point  is  the  creep  buckling  of  stiffened  panels,  for  which  a 
valid  analysis  procedure  has  yet  to  be  demonstrated  although  satisfac¬ 
tory  predictions  have  been  made  for  the  same  phenomena  in  prismatic 
members.  Another  potentially  useful  area  is  the  analysis  of  crack  pro¬ 
pagation  under  fatigue  loading;  the  geometric  form  of  a  fatigue  crack  is 
easily  represented  by  discrete  elements. 

In  a  general  sense,  a  great  deal  of  practical  experience  in  in¬ 
elastic  matrix  structural  analysis  remains  to  be  accumulated  and  re¬ 
ported  upon.  As  with  geometrically  nonlinear  problems  there  is  an 
acute  need  to  clarify  matters  of  computational  efficiency  in  consequence 
of  the  repetition  of  large-order  numerical  operations. 


SECTION  V:  CONCLUDING  REMARKS 


This  review  of  matrix  structural  analysis  techniques  and  their 
relationship  to  the  solution  of  elevated  temperature  problems  has  been 
heavily  influenced  by  the  belief  that  both  force  and  displacement  ap¬ 
proaches  will  continue  to  be  advanced  with  vigor  by  approximately 
equal  numbers  of  practical  analysts.  This  belief  is  fostered,  if  for  no 
other  reason,  by  the  fact  that  programs  in  existence  at  various  organi¬ 
zations  have  in  each  case  emerged  from  a  costly  developmental  pro¬ 
cess.  Users  are  only  now  in  the  process  of  amortizing  their  investment. 

By  way  of  a  capsule  assessment  of  the  relative  status  of  the  al¬ 
ternate  approaches  to  matrix  structural  analysis  in  the  domain  of  ad¬ 
vanced  structures  problems^ it  appears  to  the  writer  that  displacement 
techniques  are  at  present  further  advanced  in  terms  of  the  classes  of 
structures  for  which  solutions  have  been  demonstrated.  Stiffness 
matrices  for  tetrahedrons  and  similar  geometric  forms  have  been  de¬ 
rived  and  applied  to  three-dimensional  solids.  Plate  elements  in 
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bending  and  plaiie  stress  have  been  used  to  effect  stiffness  solutions 
for  shell  structures.  Elemental  stiffness  relationships  have,  in  gener¬ 
al,  conformed  more  closely  to  theory  of  elasticity  concepts.  No  funda¬ 
mental  theoretical  disability  precludes  the  derivation  of  corresponding 
flexibility  matrices,  however,  and  notable  advances  have  recently  been 
recorded  (References  20  and  36)in  promoting  the  force  approach  be¬ 
yond  the  confines  of  the  familiar  axial  force  member  -  shear  field 
idealization. 

Displacement  techniques  would  also  appear  to  have  reached  a 
more  advanced  state  of  development  with  regard  to  automatic  features 
in  the  computational  process.  The  procedure  desciibcd  in  Reference 
10,  for  example,  provides  information  sufficient  to  write  a  program 
that  requires  an  input  of  only  geometric  load  and  material  property 
data  in  forming  a  solution.  On  the  other  hand,  the  authors  of  the  survey 
of  matrix  structural  analysis  reported  in  Reference  20  could  not  re¬ 
port  a  corresponding  degree  of  automation  in  established  force  method 
programs.  Here  again,  advances  are  being  recorded  (Reference  36) 
and  the  question  ulUmately  should  not  represent  any  real  advantage  of 
one  technique  over  the  other.  Indeed,  with  the  continued  growth  of 
computational  capacity,  mixed  force- displacement  procedures  may 
ultimately  demonstrate  advantages  not  apparent  at  the  present  time. 

As  a  final  comment  a  step  is  proposed  which,  in  the  belief  of  the 
writer,  contains  the  maximum  possibility  for  rapid  advancement  of 
matrix  structural  analysis  techniques  towards  the  solution  of  future 
problems.  This  is  the  organized  exchange  of  information  by  industry 
groups.  None  exists  at  present.  The  primary  objective  would  be  to 
free  the  structures  research  engineer  from  a  task  that  is  unpi^'-ductive 
of  advances  in  theory,  and  to  improve  the  tools  he  has  available  to 
effect  progress.  The  same  proposal  has  been  discussed  in  detail  else¬ 
where  (Reference  37).  Thoughtful  objections  to  it  have  been  raised; 
these  include  the  proprietary  status  of  most,  if  not  all,  worthwhile  pro¬ 
gram  information,  a  lack  of  program  documentation,  and  difficulties  in 
the  interchangeability  of  coded  instructions.  Furthermore,  numerous  in¬ 
formation  exchange  groups  already  exist  in  the  technical  community  as 
a  whole. 


None  of  these  objections  or  shortcomings  represents  an  insur¬ 
mountable  difficulty.  In  particular,  the  relative  uniformity  of  the  type 
of  computing  machine  in  use^and  the  scale  of  the  operations  performed^ 
dictates  having  a  committee  limitec  in  scope  to  matrix  structural  anal¬ 
ysis  techniques.  A  study  (Reference  38)  of  these  matters  has  concluded 
that  among  such  a  conformity  of  interests  is  precisely  where  cooper¬ 
ative  activity  should  be  greatest.  It  is  important  to  note,  however,  that 
benefits  could  be  realized  even  without  the  intention  of  actually  exchang¬ 
ing  coded  programs. 

Necessarily,  other  adverse  factors  cited  above  can  be  resolved 
only  after  an  attempt  has  been  made  to  organize  a  group.  It  is  clearly 
outside  the  province  of  a  single  industry  member  to  undertake  this 
arrangement.  What  is  necessary  is  that  the  prospective  members  be 
brought  togeUier  by  an  agency  possessing  only  the  broadest  interests. 
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TRANSIENT  STRUCTURAL  PERFORMANCE  UNDER  AN 
INTERMITTENT  LOAD- TEMPERATURE -TIME  ENVIRONMENT 
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ABSTRACT 


This  paper  presents  the  analytical  methods  and 
computer  solutions  for  various  types  of  structural  ele¬ 
ments  under  the  applications  of  load  and  temperature, 
which  may  vary  intermittently  with  time. 

The  time-dependent  structural  parameters  such 
as  stress,  the  corresponding  deformation  components, 
etc. ,  can  be  calculated  with  the  inclusion  of  tempera¬ 
ture-dependent  nonlinear  mechanical  properties  of  the 
material. 

Results  of  an  extensive  experimental  correlation 
program  are  also  shown  for  a  long  flat  plate  of  alumi¬ 
num  subjected  to  intermittent  axial  and  bending  loads 
at  continually  varying  elevated  temperatures. 

The  correlation  test  was  run  at  high  temperatures 
for  this  material  to  yield  approximately  1%  strain 
with  34  hoiirs. 


The  maximum  difference  between  theoretical 
and  experimental  deflection  data  was  found  to  be  within 


TRANSIENT  STRUCTURAL  PERFORMANCE  UNDER  AN 
INTERMITTENT  LOAD- TEMPERATURE -TIME  ENVIRONMENT 


INTRODUCTION 


In  the  presence  of  thermal  stress,  residual  stress,  creep  and 
material  deterioration,  each  aero-space  vehicle  responds  differently 
in  thermal  flight.  To  design  a  vehicle  which  can  withstand  such  vary¬ 
ing  load  and  temperature  exposures,  the  time  parameter  must  be 
considered  in  the  analysis.  The  prime  factor  is  the  instability  of 
material  property  at  elevated  temperature  environments,  a  para¬ 
meter  which  complicates  the  static  design  procedure.  This  procedure 
may  be  subdivided  into  the  following  three  major  phases: 

(1)  The  environmental  inputs  (concerned  with  the  establish¬ 
ment  of  input  step  functions). 

(2)  Methods  of  analysis  (concerned  with  the  selection  of 
proper  time-dependent  analytical  procedures  for  calcula¬ 
tion  of  structural  responses). 

(3)  Design  allowables  (concerned  with  the  determination  of 
allowable  stresses,  design  criteria,  etc.). 

In  addition,  other  significant  areas,  i.e.,  thermal  fatigue,  creep 
fatigue,  theory  of  strengths,  etc.,  must  also  be  considered  in  the  de¬ 
sign  (Ref.  1).  In  this  paper,  however,  only  item  (2)  will  be  concerned. 

For  any  pair  of  inout  functions  (load  and  temperature)  time-de- 
pendent  responses  of  stress  and  strain  can  be  expected  throughout  the 
anticipated  life  span  of  the  vehicle.  These  time-dependent  structural 
responses  are  greatly  influenced  by  the  residual  strains  and  stresses 
which  may  have  values  of  the  same  order  of  magnitude  as  the  struc¬ 
tural  responses  (Refs.  2,  3,  4  and  5).  These  residuals,  which  not 
only  directly  affect  the  stress  distribution  but  also  may  cause  prema¬ 
ture  failure  of  the  structure,  can  be  traced  to: 

(1)  Material  plasticity.  When  an  intermittent  load  is  applied 
to  the  structure,  permanent  residual  strains  will  be  pro¬ 
duced  after  the  intermittent  load  is  removed.  A  set  of 
self-equilibrating  permanent  stresses  may  result  from  the 
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presence  of  the  residual  strain.  It  should  be  noted  that 
residual  stress  may  be  continual  fluctuation  while  the 
residual  strains  increase  steadily. 

(2)  Material  creep.  When  the  fibers  are  creeping  at  different 
rates,  even  at  elastic  stress  levels,  residuals  would  also 
be  produced  due  to  negligible  creep  recovery. 

These  residuals  would  cause  premature  buckling  of  compression 
members,  decrease  structural  rigidity  (Refs.  4,  6  and  7)  and  affect 
the  mechanical  properties  of  the  material.  The  latter  should  be  in¬ 
corporated  into  a  structural  analysis. 

Incomplete  technical  knowledge  prevents  the  incorporation  of  this 
change  of  mechanical  properties  into  a  solution  at  this  time;  however, 
this  variance  seems  to  be  slight  as  compared  to  that  of  other  high 
temperature  factors.  It  can  be  seen  in  experimental  work  performed 
in  Martin  laboratories  (Refs.  2  and  3)  that  satisfactory  correlations 
were  obtained  for  a  time -dependent  bending-axial  analysis  where  the 
variation  of  mechanical  property  due  to  residuals  was  neglected  in 
the  solution. 

Since  creep  constitutes  an  important  part  in  a  time -dependent 
analysis  (Refs.  8,  9  and  10),  many  creep  formulas  can  be  found  for 
constant  load  and  temperature  environments  (Refs.  8,  11  and  12). 

For  a  varying  load  and  temperature  condition,  these  formulas  must 
be  supplemented  by  other  rules,  i.e.,  the  time -hardening  rule,  the 
strain -hardening  rule  or  the  life -fraction  rule,  to  account  for  the 
changing  levels  in  stress  and/or  temperature  (Refs.  2  and  8).  These 
rules  depend  upon  the  total  time  or  the  total  accumulated  residual 
strain  and  the  instantaneous  stress;  therefore,  a  time -interval  pro¬ 
cedure  appears  most  feasible,  using  a  high  speed  digital  computer, 
since  the  proper  creep  properties  can  be  inserted  at  time  intervals 
based  on  the  results  from  previous  calculations. 

The  other  major  obstacles  in  a  creep  analysis  are  the  prior 
creep  effects  on  material  properties  and  the  creep  flov/  conditions 
under  multidimensional  stress  space.  The  permanent  creep  strain 
is  known  to  reduce  the  ductility  of  the  material,  to  decrease  strain¬ 
hardening  effects,  to  lower  ultimate  strengths  and  to  raise  slightly 
the  modulus  of  elasticity  (Ref,  13).  However,  the  scope  of  influence 
and  the  method  of  handling  such  data  are  not  yet  available.  At  pres¬ 
ent,  the  creep  flow  conditions  under  multidimensional  stress  space 
are  handled  in  a  manner  similar  to  their  counterparts  in  plastic  flow 
conditions  (Ref.  8).  The  rules  in  the  theory  of  plastic  flow  and  the 
Hencky-Mises  yield  condition  have  been  adapted  for  determining  the 
creep  flow.  Although  the  basic  flow  characteristics  may  be  quite 


920 


different,  this  adaptation  seems  to  be  justified  due  to  their  similarity 
in  macroflow  phenomena  whereby  the  flow  rules  have  been  derived 
(Ref.  14).  Further  studies  in  these  areas,  especially  under  varying 
temperature  conditions,  will  improve  the  time-dependent  analyses. 

When  a  column  is  subjected  to  a  load  less  than  its  Euler  load,  at  an 
elevated  temperature  a  gradual  bowing  with  time  occurs  due  to  creep¬ 
ing  of  the  fibers  until  rupture  suddenly  occurs.  This  is  generally 
known  as  creep  buckling  (Refs.  21,  22,  23,  24,  25  and  26).  Owing  to 
the  continuous  deformation  of  the  column,  the  extreme  fiber  on  the 
concave  side  of  the  column  may  be  crushed  before  buckling  occurs . 

Therefore,  in  considering  the  creep  buckling  of  columns,  tlie 
following  items  should  be  noted: 

(1)  The  time-dependent  Euler  load. 

(2)  The  maximum  stress  in  a  column. 

(3)  The  time  taken  to  reach  any  specified  deflection. 

(4)  The  time  taken  to  reach  imminent  failure. 

The  time-dependent  Euler  load  fluctuates  with  the  value  of  the 
flexural  rigidity,  El,  of  the  column  which  is  affected  continuously  by 
the  temperature  and  the  inelastic  strains  in  the  structure.  The  deflec¬ 
tions  of  a  column  are  originated  by  applying  load  to  the  slightly  imper¬ 
fect  column;  then,  additional  deflections  due  to  creep  continue.  This 
imperfection  is  the  result  of  tolerance  of  workmanship.  1+  must  be 
carefully  controlled  since  a  column  would  creep  faster  with  a  large 
initial  imperfection,  and  the  subsequent  maximum  stress  and  creep 
life  would  likewise  be  affected.  The  tolerance  of  straightness  of  a 
compression  member  thus  becomes  a  very  important  parameter  in  the 
tim.e-dependent  analysis. 

Numerous  papers  have  been  written  concerning  structural  analy¬ 
ses  in  the  presence  of  creep.  However,  not  one  considers  the  impor¬ 
tant  aspects  of  time-dependent  loading  and/or  temperature  conditions. 
The  primary  subjects  for  investigation,  where  cases  of  nonuniform 
stress  occur,  are  beams  and  columns.  The  typical  approach  is  the 
formulation  of  the  problen'  in  terms  of  a  selected  creep  law,  with  the 
ensuing  solution  in  terms  cf  the  material  constants  of  the  creep  law. 

The  works  by  Libove,  Kempner  and  Patel  on  the  creep  buckling  of 
columns  (Refs.  22,  35,  36,  d7  and  38)  are  of  this  type.  Hu  and  Triner 
(Ref.  39)  studied  bending  creep  and  its  application  to  beam  columns  in 
this  manner  also.  Time  incren.  ent  procedures  using  the  concept  of 
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creeping  for  an  interval  at  constant  stress  followed  by  an  instantane¬ 
ous  redistribution  of  stress  have  been  used  by  Lin  in  studying  col¬ 
umns  (Ref.  21)  and  beam  columns  (Ref.  40),  and  also  by  Poritsl^  and 
Fend  (Ref.  41)  in  studying  the  relief  of  thermal  stresses  through 
creeping. 


A  method  of  solution  of  creep  problems  known  as  the  elastic 
analog  was  first  proposed  by  Hoff  (Ref.  9).  It  has  been  applied  to 
the  analysis  of  many  types  of  problems  by  investigators  associated 
with  the  Polytechnic  Institute  of  Brooklyn  (Refs.  10,  24,  42,  43,  44, 
45  and  46).  This  procedure  relates  the  state  of  stress  in  a  body 
under  creep  to  that  of  a  nonlinear  elastic  body  through  similarity  of 
strain  rate  and  stress-strain  relationships.  Experimental  investi¬ 
gations  have  been  included  in  the  work  performed  at  the  Battelle 
Memorial  Institute  on  creep  buckling  of  columns.  A  summary  of  this 
work  by  Carlson  and  Manning  (Ref.  25)  advocates  an  approximate 
method  of  solution  based  on  the  use  of  creep  data  in  the  form  of  isoch' 
ronous  stress-strain  curves.  This  is  an  extension  of  the  isotangent- 
modulus  method  presented  by  Shanley  (Ref.  26).  Further  work  by 
Carlson,  Briendel  and  Manning  (Ref.  32)  validates  the  basic  sound¬ 
ness  of  the  formulation  of  Hoff  and  deVeubeke  (Refs.  33  and  34)  for 
the  coltnnn  creep-buckling  problem. 


Thermal  stress  will  be  produced  when  the  thermal  expansion  of 
a  fiber  is  prevented  either  by  external  constraints  or  by  continuity  of 
the  medium.  Since  the  compatibility  equations  of  a  continuous  body 
are  differential  equations  of  second  order,  a  nonlinear  thermal  ex¬ 
pansion  will  produce  thermal  stresses  in  the  body  with  unrestrained 
boundaries  (Refs.  15,  16,  17  and  18).  Due  to  the  relaxation  ability 
in  the  plastic  flow,  the  existence  of  thermal  stress  does  not  affect 
the  ultimate  strength  of  a  stabilized  structure.  However,  compres¬ 
sive  stress  components  in  unfavorable  locations  would  greatly  reduce 
the  stability  criteria  and  stiffness  of  the  element  (Refs.  6  and  19).  It 
can  be  shown  that  a  tent-type  temperature  distribution  causes  pre¬ 
mature  buckling  of  a  rectangular  plate  and  a  rise  in  lateral  deflections 
after  buckling.  A  recessed-type  temperature  distribution  reduces  the 
lateral  deflections,  but  yields  a  much  higher  maximum  compressive 
stress  which  is  responsible  for  a  sudden  rupture  failure.  This  indi- 
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stresses  in  a  plate  element,  regardless  of  their  shapes,  is  always 
unfavorable  to  the  structure  in  the  postbuckling  stage  and  the  working 
load  should  be  kept  below  the  critical  buckling  value  with  a  proper 
margin  of  safety  at  all  times  (Ref.  20). 


Other  details  such  as  rivet  and  bolt  joints,  welds  and  bonds,  etc., 
also  are  affected  by  the  intermittent  load  and  temperature  functions. 

An  exact  analysis  for  a  joint,  in  the  present  state  of  art,  is  very 
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complicated  (Refs.  27,  28,  29  and  30).  Even  at  room  temperature 
environment,  a  design  of  the  joint  usually  resorts  to  the  more  sim¬ 
plified  and  rational  concept  of  limit  design.  Thermal  stresses  and 
residual  stresses,  as  discussed  above,  do  not  affect  the  tensile 
ultimatf  load  of  a  structure.  The  compression  ultimate  usually  is 
governed  by  the  structure  itself  which  is  less  stiff  than  a  joint.  It  is 
believed  that  the  design  of  joints  under  such  environments  would  be 
more  elaborate  than  that  for  room  temperature.  However,  the  pro¬ 
cedure  is  believed  to  be  semiempirical  in  nature,  and  experimental 
work  should  be  performed  to  determine  the  inherent  problems  in  a 
joint  under  such  environments  before  more  rigorous  theoretical  work 
should  be  attempted. 

A  time-dependent  stress  analysis  calculates  the  structural  re¬ 
sponses,  i.e.,  stress,  strain,  etc.,  of  a  vehicle  for  a  certain  mission, 
which  are  significant  parameters  in  determining  the  allowable  stresses 
and  the  margins  of  safety  for  the  vehicle.  Since  the  material  re¬ 
sponses  are  dependent  upon  the  prior  history  of  input  functions,  the 
ultimate  strengths  (expressed  in  terms  of  applied  loads)  vary  with  the 
input  step-functions  and  take  fluctuating  values  along  the  life  span. 
Further,  they  must  be  evaluated  individually,  owing  to  the  dependence 
of  the  ultimate  load  on  the  configuration  of  the  vehicle.  Once  the 
strength  criteria,  e.g.,  maximum  stress  theory,  maximum  strain 
theory,  etc.  (Ref.  14)  are  adopted,  the  ultimate  can  be  obtained  by 
finding  the  smallest  failing  load  under  all  possible  combinations  of 
load-temperature  inputs.  For  compression  members,  the  lowest  en¬ 
vironmental  critical  buckling  load  under  all  conditions  can  be  taken  as 
the  compressive  ultimate.  The  deformation  criteria  also  should  be 
investigated  in  the  design  of  heated  structures  since  the  time-depend¬ 
ent  behavior  of  displacement,  thermal  distortion,  etc.,  must  be  con¬ 
trolled  for  the  performance  of  the  vehicle. 


I.  DE\T}LOP?,IENT  OF  AiMALYTICAL  METHODS 


A.  MATERIAL  BEHAVIOR  AT  ELEVATED  TEMPERATURE 


In  order  to  predict  the  performance  of  a  structural  component 
subjected  to  eleva"  ,’d  temperature,  a  time-dependent  analytical  method 
must  be  utilized.  Such  a  method  could  be  developed  by  replacing 
Hooke' s  law  with  time  and  temperature-dependent  materi^  properties 
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and  formulating  the  field  equations  for  a  particular  structure  with  the 
aid  of  equations  of  equilibrium  and  compatibility.  However,  the  vari¬ 
ation  of  material  properties  with  time  and  temperature  is  very  com¬ 
plicated  and  is  difficult  to  express  in  applicable  form.  In  add  ition, 
the  solution  of  such  a  problem  would  be  so  difficult  that  it  probably 
would  be  limited  to  simplified  instances.  A  more  flexible  time-in¬ 
terval  procedure  is  better  suited  for  such  an  analysis.  In  this  ap¬ 
proach,  analyses  are  made  at  various  time  intervals  that  constitute 
the  complete  life  span.  At  each  time  interval,  the  corresponding 
material  properties  are  employed  in  the  analyses,  thus  eliminating 
the  formulation  of  material  behavior  equations. 

Material  behavior  under  an  elevated  temperature  environment 
has  been  described  briefly.  For  the  formulation  of  structural  behav¬ 
ior,  it  is  convenient  to  consider  three  significant  phenomena  independ¬ 
ently  although  they  occur  simultaneously.  They  are: 

(1)  A  change  of  material  properties. 

(2)  Effects  due  to  thermal  expansion. 

(3)  Creep  of  the  material. 

Little  practical  work  has  been  done  on  the  evaluation  of  material 
behavior  under  complicated  environments.  Considering  the  status  of 
current  material  research,  any  such  complicated  structural  analysis 
must  utilize  some  assumptions  to  account  for  the  certain  materisd  be¬ 
havior  in  addition  to  the  available  data.  In  these  analyses,  the  follow¬ 
ing  main  features  pertaining  to  material  properties  are  employed: 

(1)  All  elastic  strain  is  recoverable. 

(2)  Inelastic  strain  associated  with  stress  decreases  linearly 
according  to  the  inverse  of  the  modulus  of  elasticity  dur¬ 
ing  unloading.  Upon  reapplication  of  load,  stress  in¬ 
creases  linearly  according  to  modulus  until  the  stress 
reaches  the  magnitude  of  the  original  stress-strain  curve. 
At  this  point,  further  plastic  straining  follows  tr.*^'  original 
stress-strain  curve. 

(3)  No  loss  of  accumulated  creep  strain  under  decreasing 
load  or  due  to  a  sudden  drop  of  load  is  assumed. 

(4)  The  material  responds  instantaneously  to  any  sudden 
change  of  load  and  /  or  temperature . 


(5)  Creep  recovery,  i.e.,  recoverable  creep  strain  after  re¬ 
moved  of  applied  loads,  is  not  accounted  for. 

(6)  The  creep  behavior  of  material  is  assumed  to  follow  either 
the  time-hardening  or  strain-hardening  rule. 

In  a  solution,  all  the  creep,  as  well  as  plastic  strain,  is  being 
accumulated  continuously.  This  total  inelastic  strain  at  any  instant 
represents  the  past  history  of  loading  and  temperature  prior  to  that 
point,  and  the  residual  stresses  can  be  readily  calculated  by  removing 
all  the  acting  loads  and  temperature  by  virtue  of  the  postulation  of 
item  (2). 


B.  TIME-DEPENDENT  STRUCTURAL  ANALYSIS 

In  developing  a  method  of  stress  analysis  for  a  structure  under  a 
varying  elevated  temperature  environment,  the  requirements  are  not 
only  to  obtain  stress  and  strain  distributions  at  a  particular  time, 
but,  more  important,  to  yield  a  stress-strain  history  for  hie  life  of 
the  structure .  It  is  also  important  to  be  able  to  obtain  total  ultimate 
load  data  utHizing  the  relieving  effect  of  plastic  strain  on  highly 
stressed  portions. 

The  effects  of  elevated  temperature  on  material  behavior  in  such 
a  structural  analysis  can  be  conveniently  included  when  the  total  strain 
is  considered  in  three  separate  parts:  (1)  strain  associated  with 
stress,  (2)  free  thermal  expansion  and  (3)  accumulated  creep  strain. 
Each  of  the  three  phenomena  described  previously  then  shows  its  ef¬ 
fect  independently.  When  the  equations  which  describe  the  behavior  of 
a  particular  structure  are  formulated  in  this  manner,  the  solution  is 
very  adaptable  to  analysis  by  a  time -increment  procedure.  This  ap¬ 
proach  also  fulfills  the  requirements  for  a  useful  time-dependent 
analysis  and  is  especially  adapted  to  varying  environmental  input. 

Under  a  time-increment  procedure,  the  first  solution  is  performed 
as  a  short  time  analysis  so  that  no  creep  strain  is  present.  The  stress 
distribution  is  found  using  the  applicable  instantaneous  stress-strain 
curves  for  the  various  temperatures  oceurring,  such  that  conditions  of 
equilibrium  and  compatibility  of  total  strain  are  satisfied.  The  creep 
strain  which  occurs  during  the  first  increment  is  then  found,  assuming 
that  the  stress  distribution  remains  steady.  This  creep  strain  distri¬ 
bution  is  then  added  to  the  existing  total  strain  and  a  new  stress  distri¬ 
bution  is  found.  This  sequence  is  then  repeated  for  each  time  step  us¬ 
ing  a  particular  rule  for  determining  creep  rate  under  varying  stress. 
Changes  in  load  or  temperature  are  made  by  considering  time  incre¬ 
ments  of  zero  length  so  that  no  additional  creep  strain  increments 
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oct-ur.  Tim^  effects  on  stress -strain  relationships  due  to  "soaking" 
can  be  accounted  for  by  including  a  time -dependent  correction  to  the 
stress-strain  curves  used. 

Because  of  the  laborious  calculations  involved  in  making  a  long 
series  of  analyses  to  cover  the  lifetime  of  a  structural  element,  use 
of  a  high  speed  computer  is  essential. 


C.  EQUATIONS  FOR  ELEVATED-TEMPERATURE 
STRUCTURAL  ANALYSIS 

The  derivations  of  equations  and  ensuing  procedures  for  their 
solution  are  presented  in  Ref,  2  for  tension  and  bending  members, 
and  in  Ref.  31  for  columns,  plates  and  torsional  members.  The 
derivations  are  based  on  the  principles  set  forth  previously  and  re¬ 
sult  in  the  basic  equations  now  presented. 


Tension  and  Bending  Members 


When  a  member  whose  longitudinal  axis  is  parallel  to  the  Z-axis 
is  subjected  to  an  axial  load  P,  and  bending  moments  M  about  the 

X-axis  and  M  about  the  Y-axis,  a  cross  section  rotates  about  some 

n-£ixis  and  remains  plane.  The  strain  at  any  point  is  given  by 

€  n  “  4*  y^^  ”  +  C!rAT  +  6*^ 

where 


€  =  the  strain  at  the  axis  of  rotation 

n 

4>  =  the  angle  of  rotation 

6  *  =  the  strain  associated  with  stress 

O'  AT  =  the  free  thermal  expansion 
e  =  the  accumulated  creep  strain. 


The  s+ress  at  any  point  is  given  by 

CT  =  Eg€  *  =  k  Ej^  e  ’ 

where 


Eg  =  the  secant  modulus 

Epj^  =  the  modulus  of  elasticity  at  the  base  temperature 
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k  =  Eg/Ep^,an  effectivity  factor. 

The  angle  of  rotation  of  the  cross  section,  (j),  is  found  by  either 
M  +E„Q' 

y  R  Tc 

"  -E„  (!'  cos  /ii  -  I'  sin  fi}' 

R  X  y,> 


M-x  -  Er 

_ c _ 

E„  (!'  cos  jS  -  I'  sin  /3) 
R  X  ^  X  y 

C  0*^0 


where 


=  the  net  moment  about  the  X-centroidal  axis 
=  the  net  moment  about  the  Y-centroidal  axis 


\  k  (c^AT  +  6^)  y  dA 
J  A  C 


k(aAT  +  e'')x  dA 
c 


X  y 

C'^C 


=  the  product  of  inertia  of  the  effective  area  with 
respect  to  the  X-  and  Y-centroidal  axes 


=  the  moment  of  inertia  of  the  effective  area  about 
the  X-axis 

=  the  moment  of  inertia  of  the  effective  area  about 
the  Y-axis 


=  the  angle  between  the  X-axis  and  the  n-axis. 


The  strain  is  found  by 
P  +E„  O' 


where 


Q'  =  \  k  {aAT  +  dA 

-'a 

A'  =  the  effective  area. 

2.  Columns 

If  a  column  has  a  small  initial  crookedness,  lateral  deflection 
will  occur  when  the  load  is  applied.  For  a  column  whose  axis  is 
parallel  to  the  X-axis  and  which  has  an  axis  of  symmetry  along  the 
Z-axis,  each  cross  section  will  rotate  about  a  centroidal  axis  parallel 
to  the  Y-axis  when  the  loading  is  in  the  plane  of  symmetry.  The 
strain  at  any  point  is  given  by 

€  -  4*  z  =  e  '  +  aAT  + 

c  c 

where 

e  =  the  strain  at  the  centroidal  axis 

c 

4>  =  the  angle  of  rotation 

z  =  the  distance  from  the  centroidal  axis 

c 

e '  =  strain  associated  with  stress 

aAT  =  the  free  thermal  expansion 

e  =  the  accumulated  creep  strain. 

The  stress,  a,  is  given  by 

a=Eg€.  =kEj,e. 

where 

Eg  -  Ihe  secant  modulus 

=  the  modulus  of  elasticity  at  the  base  temperature 
k  =  Eg/Ej^,  an  effectivity  factor. 

For  a  compressive  load  P,  the  strain  is  given  by 


928 


-P  +E^  Q' 


where 


Q'  =  f 

A. 


k  (aAT  +  ^  )  dA 


k  d  A,  the  effective  area. 


If  the  initial  crookedness  can  be  represented  by  6^  sin  -j— 
where  6q  is  the  maximum  crookedness  measured  at  the  midlength  and 
L  is  the  total  length,  the  angle  of  rotation  is  given  by 

P  (6q  sin  ^  +  w)  +  M  +  Ej^ 

4,  - - - - 


where 


w  =  the  deflection 

M  =  the  applied  end  moment  about  the  centroidal  axis 


^  r  k  z 

Ja  C 


(aAT  +  €°)  dA 


I'  =  the  moment  of  inertia  of  the  effective  area  about 

^c  the  centroidal  axis. 

The  deflection  w  is  determined  from  the  solution  of  the  differen¬ 
tial  equation 


d*"  w  ,  P  w 
^  2  E„  I' 

d  X  R  y 


T3  ^  o  j  ^  ^  4.  iv/r  4.  n  I  ■p 
.  -0  L  ■  ■  '^c  “R 


E  I ' 

R  y. 


3.  Plates 

The  behavior  of  a  plate  is  given  by  two  differential  equations  in 
terms  of  the  deflection,  w,  and  a  stress  function,  For  a  plate  of 
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where 
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1  -  V 


\  (€  +  V€  )  zdz 

.)  y  x' 


zdz 

xy 


8x  9x  9y  9y 

8^  ^  82 
8x^  9y^ 

=  creep  strain  in  X-direction 


£  =  creep  strain  in  Y  -direction 

y 

=  shear  creep  strain, 
xy 

These  equations  are  solved  in  conjunction  with  proper  boundary 
conditions  for  edge  support  and  applied  end  load. 


from 


After  solution  of  these  equations,  the  stresses  can  be  obtained 


”x  rr5x+''®)l  o  0 

"■x  °  IT  h 


^2  n2 

9  w  ,  9  Wi 

- fj-  +  V - ir) 

9x 


N  kE„  /q  +  vO  \ 


2  2 

/  c  ,  Ck  /9  w  ,  9  w% 

(e„  +  V£„)  -  Z( - rr  +  V — tt) 


4.  Circular  Torsion  Members 


When  a  circular  torsion  member  of  uniform  temperature  whose 
^is  is  along  the  Z-axis  is  subjected  to  a  torque,  T,  the  strain  associ¬ 
ated  with  stress,  y'  q  at  a  given  radius,  r,  is  given  by 


where 


=  '■'I'  - 


i|i  =  the  angle  of  twist  per  unit  length 

=  the  accumulated  shear  creep  strain. 

The  twist  angle  is  found  from  equation 
T  +  T 
E  p 


where 


Tc  =  2v  \  kr^  dr 


Gg  =  modulus  of  elasticity  in  shear 


kr^  dr 


'  .  sec 

K  '*  — ^ -  ,  ciicu  ti.  V  ii.j'  ici.v.i,Oi 


For  a  hollow  shaft,  r.  is  the  inner  radius  and  r  is  the  outer 

1  o 

radius:  for  a  solid  shaft,  r.  is  taken  as  zero. 

1 
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The  stress  at  any  point  is  given  by 


'^zQ  ~  ''^z0  ' 


D.  DIGITAL  COMPUTER  PROGRAM  • 

A  great  many  calculations  are  involved  in  the  use  of  time- 
increment  procedures;  however,  the  arrangement  is  suitable  for  auto-  ; 

matic  computation,  and  the  problems  described  have  been  programmed 
for  the  IBM -7090  digital  computer.  Basically,  the  development  of  the  -I 

program  is  as  follows.  On  the  first  step, no  creep  is  existent.  As-  • 

suming  elastic  relationships,  a  strain  distribution  is  obtained  by  use  of 
the  equations  of  structural  behavior.  The  comparable  stress  distri¬ 
bution,  based  on  the  actual  complete  stress -strain  curve  for  the  ma¬ 
terial  at  that  temperature,  is  found  and  the  resultant  internal  loads 
are  computed  and  compared  to  the  external  loads.  If  inelastic  effects 
create  an  imbalance,  the  strain  and  then  the  stress  distribution  are  • 

corrected  until  the  equilibrium  conditions  are  satisfied.  With  the  cor¬ 
rect  stress  distribution  thus  obtained,  it  is  assumed  that  this  remains 
constant  for  a  time  increment,  and  the  creep  strain  due  to  this  stress 
is  obtained.  This  creep  is  then  added  to  the  total  strain  which  must 
again  satisfy  ihe  structural  equations,  and  the  correct  stress  distri¬ 
bution  is  found  by  the  iterative  process.  Assuming  that  this  new  stress  • 

distribution  will  remain  constant  for  the  next  time  increment,  the 
creep  strain  is  found,  based  on  one  of  the  creep  rules.  The  analysis 
is  continued  in  this  manner  for  the  life  of  the  structure.  Changes  in 
load  and  temperature  are  handled  by  removal  of  the  previous  load  in  .* 

the  manner  described  in  the  assumptions  followed  by  application  of 
the  new  environmental  inpu+  A  numerical  example  will  be  given  for  .• 

each  program  as  follows. 

1.  Beams 


The  first  example  is  based  on  the  verification  program  run  for 
the  tension  and  bending  analysis,  full  details  of  which  are  reported  in  .• 

Martin  Report  RR-16,  Part  II.  The  specimen  of  2024T-4  aluminum 
alloy  was  essentially  a  large  tension  coupon  with  a  test  section  66 
inches  long,  14  inches  wide  and  l/4  inch  thick.  Various  axial  loads, 
moments  and  transverse  temperature  gradients  were  continuously 
applied  in  a  random  order  and  strain  data  were  recorded.  Figure  1 
shows  the  environmental  input,  divided  into  block  functions  of  load,  _• 

and  temperature  gradient  as  designated  by  edge  temperature  and 
center -line  temperature.  Changes  in  load  or  temperatui'e  were  ac¬ 
complished  in  a  short  time  which  should  be  inciaental  in  the  overall 
long-time  analysis.  The  total  time  of  testing  is  slightly  over  34  hours, 
with  two  intermediate  shutdown  periods  provided.  Figure  2  shows  the 
experimental  total  strain  as  read  by  a  pair  of  back-to-back  strain  • 
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Comparison  of  Results 


gages  located  2.5  inches  from  the  longitudinal  center  line,  compared 
with  the  theoretical  strain  at  that  point  as  computed  by  the  strain - 
hardening  rule  and  the  time -hardening  rule.  The  changes  in  load  and 
temperature  are  recordtd  as  vertical  lines,  with  the  residual  strains 
for  shutdown  periods  also  indicated.  Primary  creep  is  noticed  in  the 
early  portions  (evidenced  by  a  decreasing  rate)  and  various  creep 
rates  appear  after  that,  with  various  combinations  of  load  and  tem¬ 
perature.  While  the  data  are  generally  in  good  agreement,  the  over¬ 
all  experimental  data  tend  to  increase  at  a  greater  rate  than  the  theo- 
reticad,  a  development  which  could  be  caused  by  an  accumulation  of 
errors.  It  is  interesting  to  note  that  the  correlation  is  quite  close 
for  the  time  -hardening  rule  for  the  first  portion  and  close  to  the 
strain -hardening  rule  for  the  second  portion.  Although  it  is  not  ad¬ 
visable  to  draw  conclusions  from  an  isolated  piece  of  experimenta¬ 
tion  such  as  this,  perhaps  this  does  indicate  that  initially  the  time  of 
applied  load  shows  a  greater  effect  than  the  accumulated  strain, 
whereas  when  more  strj  i  is  accumulated,  this  has  a  m.ore  pro¬ 
nounced  effect.  Needless  to  say,  other  conjectures  can  be  made;  how¬ 
ever,  the  main  conclusion  remains  that  the  theoretical  analysis  does 
a  reasonable  job  of  predicting  the  time -dependent  behavior  of  this 
structure. 

2 .  Columns 

The  column  has  a  cross  section  1  inch  by  1-1/2  inches  and  a 
length  of  16  Inches  w'ith  an  initial  crookedness  of  1/20  inch.  The 
cross  section  is  divided  into  eight  elements,  1-1/2  inches  by  1/8 
inch.  The  time -dependent  load  and  temperature  distribution,  which 
varies  in  the  Z- direction,  applied  to  column  is  shown  in  Fig.  3. 

Results  are  summarized  in  Fig.  4  (showing  the  deflection  of  the 
midlength  of  the  column  with  time)  and  Fig.  5  (showing  the  maximum 
and  minimum  stresses  which  occur  as  a  function  of  time). 

3.  Plates 

The  plate  is  10  inches  by  15  inches  with  a  thickness  of  0.  2  inch 
and  initial  deflection  of  0.002  inch  at  the  center.  The  time-depend- 
eiiL  iuad  and  temperature  distribution,  which  varies  in  the  Y-direc- 
tion,  applied  to  the  plate  is  shown  in  Fig.  6. 


Results  are  summarized  in  Fig.  7  (showing  the  deflection  of  the 
center  with  time)  and  Fig.  8  (showing  the  maximum  and  minimum 
principal  stresses  which  occur  in  the  plate  as  a  function  oi  time). 
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and  Temperature 


Fig.  5.  Sample  Column  Creep  Analysis  Problem,  Maximum 
and  Minimum  Stresses  at  Midlength  Versus  Time 


Sample  Plate  Creep  Analysis  Problem,  Displacement  of 
Middle  of  Plate 


Time  (hr) 


NOTE;  Maximum  or  minimum  stresses 
do  not  always  occur  at  the  same 
point. 


Fig.  8.  Sample  Plate  Creep  Analysis  Problem,  Maximum  and 
Minimum  Principal  Stresses 


/  / 


4.  Torsion  Members 


A  solid  shaft  3,0  inches  in  diameter  is  used.  The  time- dependent 
torque  and  temperature  applied  to  the  member  are  shown  in  Fig.  9. 

Results  are  summarized  in  Fig.  10  (showing  the  angle  of  twist  per 
unit  length  and  the  maximum  stress  as  a  function  of  time). 


II.  A  LIMITED  STUDY  ON  SEQUENTIAL  EFFECTS 
OF  LOAD- TEMPERATURE  ENVIRONMENTS 


The  sequential  effects  of  load  and  temperature  on  a  particular 
structure  will  be  investigated  by  means  of  this  IBM-'/090  program. 

Since  a  structure  responds  singularly  under  a  specific  load-tempera¬ 
ture  environment,  the  order  of  application  of  a  group  of  loads  and/or 
temperature  will  definitely  influence  the  performance  of  the  structure. 

It  can  be  evaluated  by  the  time- dependent  stress  distribution  and  de¬ 
formation.  In  the  problem,  a  group  of  tensile  loads  of  120,000,  90,000 
and  60,000  pounds  is  employed  to  cover  both  elastic  and  plastic  ranges. 
This  group  of  loads  will  be  applied  slightly  eccentrically  to  a  long  flat 
plate  with  approximate  dimensions  of  1/4  x  14  inches  in  cross  section. 
Temperature  distributions  over  the  cross  section  comprise  three  main 
types:  namely,  a  peaked  type,  T  ,  which  has  300°  F  along  the  top  and 

bottom  edge  and  450°  F  at  the  center  line  of  the  plate;  a  recessed  type, 
Tj^,  which  has  a  400°  F  along  the  top  and  bottom  edges  and  300°  F  along 

the  center  line;  and  a  uniform  type,  T  ,  which  has  400°  F  over  the  cross 
section. 

The  analysis  is  divided  into  two  parts.  In  the  first  part,  or  "P" 
series,  six  load  functions  are  used  under  a  fixed  temperature  function 
(shown  in  Fig.  11). 

Keeping  the  temperature  tunct  on  fixed,  the  effects  of  load  sequence 
on  the  plate  may  be  det^  rmined. 

A  variation  of  temperature  sequence  will  be  treated  likewise  under 
a  fixed  load  function.  There  are  also  six  temperature  functions  in  the 
second  part,  T-series,  as  shown  in  Fig.  12. 

To  measure  the  behavior  of  a  structure,  stress  and  strain  or  th( 
deformation^  which  indicate  the  strength  and  the  performance  of  the 
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structure,  will  be  adopted  as  criteria.  Strain  is  further  subdivided  into 
two  types,  creep  strain  and  total  strain.  Total  strain,  of  course,  is  a 
parameter  for  structural  performance.  The  creep  strain  will  serve  as 
a  milestone  to  determine  the  expended  life  of  the  structure. 

First,  the  degree  of  severity  of  the  individual  input  elements  must 
be  established.  Based  on  simple  computations,  the  temperature  pat¬ 
terns  can  be  placed  in  the  following  order  for  both  thermal  expansion 
and  creep: 

Tu  >  Tp  >  T^. 

Also,  it  is  obvious  for  the  load  functions  to  have  an  order  of 
^120  ^  ^90  ^  ^60 


in  both  static  deformation  and  creep.  The  creep  strains  of  both  series 
are  plotted  with  strain  versus  time  (shown  in  Figs.  13  and  14). 

Upper  and  lower  bounds  are  provided  by  the  P-1  and  P-6  sequences, 
respectively.  Similar  bounds  for  the  T- series  are  also  obtained  by  T-1 
and  T-6. 


At  the  end  of  5  hours,  P-1  gives  a  value  of  0.0005736  inch/inch 
which  is  224%  higher  than  that  of  P-6.  Similarly,  T-1  gives  0.00083 
inch /inch  and  is  221%  over  that  of  T-6.  This  wide  area  between  the 
bounds  indicates  the  serious  effect  of  load  and/or  temperature  se¬ 
quences  on  the  creep  performance  of  the  structure.  The  upper  bound, 
of  course,  produces  the  most  critical  case  while  the  lower  bound  gives 
the  most  optimum.  P- 1  and  T-T  (both  yield  the  upper  bound)  have  a 
common  character  in  their  sequences.  They  a 'e  led  off  by  P2^20 

T^,  the  most  critical  elements,  and  the  remainders  of  the  sequences 


follow  in  descending  order.  On  the  other  hand,  P-6  and  T-6,  which 
yield  the  lower  bound,  have  an  ascending  sequence.  Thus,  in  this  in¬ 


vestigation, a  stepping- down  sequence  should  be  considered  as  most 


critical,  creep-wise,  and  used  as  a  design  criteria  while  a  stepping- 
up  function  is  a  most  optimum  sequence  which  may  be  followed  to 
restrict  the  flight  procedure  in  favor  of  a  prolonged  service  life  of 
the  aircraft. 


The  total  deformation  curves  (Figs.  15  through  18)  show  no  limits 
bound  by  any  single  sequence  for  the  whole  time  span.  However,  by 
comparing  the  deflections  at  any  instant,  the  values  seem  to  follov/  the 
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Fig.  17.  Total  Strain  Curves  (T-1,  T-3,  T-6) 


degree  of  severity  in  practically  all  cases.  It  suggests  that  an  upper 
limit  can  be  constructed  by  superimposing  the  static  deflections  of  the 
most  critical  function  on  the  upper  bound  of  accumulated  creep  curve. 
This  resulting  curve  should  provide  valuable  information  for  design 
purposes.  The  values  yielded  by  this  combined  curve  are  always  con¬ 
servative.  Its  degree  of  accuracy  may  be  estimated  approximately  by 
the  two  creep  bounds  in  some  manner. 

The  stress  distribution  always  consists  of  two  par+s  (Fig.  19),  the 
primary  and  the  residual  stress  systems.  The  primary  stress  depends 
upon  the  acting  loads  and  temperature  distribution  at  that  moment;  the 
residual  stress  relies  on  the  input  function  prior  to  that  point.  Thus, 
it  is  obvious  that  the  residual  stress  system  must  be  self- equilibrating 
and  changing  in  form  continuously.  The  self- equilibrating  stress  sys¬ 
tem  does  not  affect  the  ultimate  strength  of  the  structure  since  it  tends 
to  diminish  at  large  plastic  strain.  However,  its  actual  distribution 
sometimes  can  be  important  in  stability  analyses  and  should  be  deter¬ 
mined. 
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METHODS  AND  ANALYSIS  OF  HEAT  TRANSFER 


Peter  E,  Grafton 
The  Boeing  Company 


ABSTRACT 

The  purpose  of  this  paper  is  to  review  the 
significant  modes  of  heat  transfer  and  practical 
methods  for  their  analysis  to  determine  the 
thermal  environment  of  structures  for  advanced 
flight  vehicles.  Emphasis  is  placed  on  maximum 
use  of  simplified  analysis  concepts  and  the 
range  of  their  validity.  Of  particular  interest 
is  the  strong  damping  of  short  period  transient 
thermal  inputs,  resulting  in  a  partial  decoupling 
of  the  dynamic  aerothermoelastlc  problem. 


METHODS  AND  ANALYSIS  OF  HEAT  TRANSFER 


INTRODUCTION 

The  thermal  analysis  of  structures  for  very  high  speed 
flight  vehicles  Involves  all  the  known  modes  of  heat  transfer. 
Forced  convection  from  the  surrounding  alrstream  has  received 
wide  attention  as  the  usually  predominant  source  of  heat  In¬ 
put  to  the  vehicle,  and  as  flight  speeds  approach  and  exceed 
orbital  velocity,  hot  gas  radiation  to  the  vehicle  from  the 
sxirroundlng  shock  layer  becomes  significant.  Surface  radlA- 
tlon  plays  an  important  role  in  rejecting  heat  received  by 
the  vehicle  as  well  as  contributing  to  internal  transfer  of 
heat.  Conductibn  Is  usually  always  present,  and  both  forced 
and  free  convection  may  be  Involved  In  the  operation  of 
cooling  systems  and  transfer  of  heat  to  fuel  or  propellants. 
Heat  storage  plays  an  Important  part  In  transient  problems, 
and  phase  change  may  be  an  integral  part  of  temper at\n’e  con¬ 
trol  systems.  The  engineer  is  faced  with  quite  a  number  of 
challenging  problems  in  attempting  to  identify  the  signifi¬ 
cant  modes  of  heat  transfer  in  a  given  case,  give  quantita¬ 
tive  expression  to  them,  and  include  them  within  the  frame¬ 
work  of  a  mathematical  model  which  can  be  used  to  predict 
temperature  response  with  a  satisfactory  accuracy. 

In  view  of  Tihe  scope  indicated  above,  it  would  be  im¬ 
practical  if  not  Impossible  to  present  a  detailed  review  of 
all  aspects  of  the  flight  vehicle  thermal  analysis  problem. 
Instead,  it  is  the  purpose  of  this  paper  to  cover  some  of 
the  more  significant  features  of  thermal  behavior  in  flight 
structures,  and  the  techniques  which  have  been  used  success¬ 
fully  in  their  analysis.  To  accomplish  this,  the  sources 
of  heat  input  are  reviewed  briefly,  followed  by  a  survey  of 
the  more  important  modes  of  heat  transfer  within  flight 
vehicles.  Techniques  which  can  be  used  to  formulate  the 
thermal  response  problem  are  then  discussed,  and  the  avail¬ 
able  tools  for  solution  of  the  resulting  equations  are  con¬ 
sidered.  Some  simple  examples  are  presented  to  illustrate 
the  techniques  and  some  of  the  more  significant  features  of 
thermal  response. 

The  literature  of  heat  transfer  is  quite  extensive  and 
has  been  growing  rapidly  in  recent  years.  A  large  portion 


of  it  is  applicable  in  some  degree  to  the  flight  vehicle 
thermal  response  problem.  However,  due  to  the  press  of  time 
in  preparing  this  paper,  it  has  not  been  possible  to  give 
references  as  completely  as  might  be  desired,  and  the  indul¬ 
gence  of  the  reader  in  this  regard  is  requested.  The  ex¬ 
perience  of  the  author  and  his  associates  in  the  practical 
thermal  analysis  of  flight  vehicle  structures  over  the  past 
few  years  has  been  used  as  a  guide  in  selecting  the  topics 
covered. 

Some  preliminary  remarks  on  the  accuracy  of  thermal 
analyses  are  in  order.  Due  to  the  significance  of  tempera¬ 
ture  in  the  behavior  of  flight  structures,  particularly 
when  the  structural  materials  are  being  used  towards  the 
upper  limit  of  their  temperature  capability,  the  desired 
objective  of  thermal  analysis  would  be  to  predict  struc¬ 
tural  temperatures  with  a  high  accuracy  of  say  +20°F.  This 
sort  of  accuracy  is  not  attainable  today  and  is  not  likely 
to  be  achieved  in  the  near  future.  The  principal  problems 
in  achieving  accuracy  are  the  errors  Inherent  in  determining 
heating  input  rates,  and  the  errors  associated  with  the  ex¬ 
perimentally  determined  thermophysical  properties  which  in¬ 
fluence  thermal  response.  Under  the  best  of  conditions, 
convective  heat  flux  input  can  be  predicted  with  an  error 
of  ±20^  for  high  speed  flight,  and  the  accuracy  of  estimated 
heat  fluxes  from  radiating  hot  gases  is  considerably  poorer. 
For  thermo physical  properties,  ±10^  accuracy  at  the  tempera¬ 
tures  of  Interest  is  good  by  present  standards.  In  view  of 
this,  attempts  to  achieve  high  accuracy  by  "exact”  thermal 
response  analyses  cannot  be  justified,  and  simplified  approx¬ 
imate  techniques  are  satisfactory  for  engineering  purposes. 


SECTION  I;  SOURCES  OF  HEAT  IN. ’IT 

By  far  the  most  predominant  source  of  heat  input  to 
high  speed  flight  vehicles  is  the  exterior  alrstream.  Since 
the  major  portion  of  the  previous  session  was  devoted  to 
this  subject  of  aerodynamic  heating,  consideration  here 
will  be  limited  to  points  pertinent  to  the  thermal  analysis 
problem. 


Forced  convection  is  the  predominant  mode  of  aerodynamic 


heating  for  most  of  the  flight  regime  of  present  interest. 
Figure  1  presents  some  approximate  values  of  the  heat  fluxes 
encountered,  based  on  data  contained  in  reference  1,  to  il¬ 
lustrate  the  order  of  magnitude  involved.  By  nature,  forced 
convection  is  a  boundary  layer  phenomenon,  controlled  by  the 
fluid  mechanics  of  both  the  boundary  layer  and  the  flow  ex¬ 
ternal  to  it  around  the  vehicle.  Techniques  for  predicting 
convective  heating  rates,  experimentally,  theoretically,  or 
by  a  combination  of  both,  will  remain  a  fruitful  area  of  re¬ 
search  for  some  time.  As  mentioned  previously,  present 
techniques  cannot  provide  estimates  with  a  satisfactory  de¬ 
gree  of  accuracy.  It  has  been  found  useful  to  compile  con¬ 
vective  heating  data  in  handbook  form,  such  as  ref,  1,  ap¬ 
plicable  to  simple  shapes  for  preliminary  estimates.  For 
design  values  on  practical  configurations,  the  combination 
of  extensive  experimental  measurements  with  theorcctlcal 
analyses  to  account  for  incomplete  simulation  of  flight  con¬ 
ditions  appears  to  be  the  most  satisfactory  solution  at  the 
present  time. 

One  aspect  of  forced  convection  aerodynamic  heating  de¬ 
serves  special  mention.  Conventional  practice  is  to  express 
heating  rates  as  the  product  of  a  heat  transfer  coefficient 
and  the  difference  between  recovery  and  surface  temperatures 
(or  enthalpies): 

^  ^  C'T'h-ls)  “  H(c/-“ls) 

For  low  speed  flows  and  small  to  moderate  temperature  (or 
enthalpy)  differences,  the  heat  transfer  coefficient  is 
practically  Independent  of  surface  temperature  and  Eq,  1  can 
be  properly  interpreted  as  expressing  a  linear  dependence  of 
heat  flux  on  surface  temperature.  Under  the  conditions  of 
high  speed  flight,  the  variation  of  the  heat  transfer  coef¬ 
ficient  with  surface  temperature  is  of  the  same  order  as  the 
variation  of  the  temperature  (or  enthalpy)  difference.  This 
is  illustrated  in  figure  2  for  a  typical  case.  In  most  ther¬ 
mal  analyses,  the  total  variation  of  convective  heat  flux 
with  suri'ace  temperature  Is  small  enougii  to  bs  neglected 
entirely,  and  the  heat  fl\ix  can  be  evaluated  at  the  start  of 
a  therma’  analysis,  based  on  a  crude  estimate  (to  within  a 
few  hundred  degrees)  of  the  surface  temperature.  This  sort 
of  treatment  is  used  in  the  balance  of  this  paper.  If  the 
heat  flux  variation  with  surface  temperature  is  found  to  be 
significant,  it  can  be  properly  included  in  most  analyses  by 


965 


10,000] 


1,000 


Convective  Heat 
Flux  -  BTU/ft^sec 


Hemlaph€  Tical 
Stagnation  Point 

R=1  ft 


Tg=  aioo^F 


Altitude 
lOOC  ft 


10  20  30 
Flight  Velocity  -  1000  ft/sec 


Figure  1(a) 

Aerodynamic  Heating  by  Forced  Convection  -  Stagnation  Point 


Flat  Pla'ie  / 

xi=10  ft  / 
o<=  50  / 

Tg=  1000' W 

Turbulen/  Flow 


Convective  Heat 
Flux  -  BTU/ft'^sec 


10  20 
Flight  Velocity 


'Altr.tude 
1000  ft 


-  1000  ft/sec 


I 


Figure  1(b) 
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Figure  2 

Surface  Temperature  Effect  on  Aerodynamic  Forced  Convection 


approximating  it  with  the  linearized  form: 


Aerodynamic  heat  input  by  thermal  radiation  from  hot 
gases  in  the  shock  layer  surrounding  the  vehicle  can  become 
significant  when  flight  velocities  approach  orbital  speed 
and  higher.  Figure  3  Illustrates  the  order  of  magnitude  of 
heating  rates  from  this  source  for  a  stagnation  region,  and 
can  be  compared  to  the  convective  heat  rates  of  figure  1(a). 
Heating  from  this  source  is  generally  limited  to  the  stag¬ 
nation  region  and  strongly  windward  facing  surfaces  of  the 
vehicle,  where  the  shock  layer  temperatures  reach  the  very 
high  values  required  to  produce  significant  radiant  emission, 
^he  accuracy  of  predicted  radiation  heating  is  considerably 
poorer  than  that  associated  with  convective  heating  rates. 
This  is  due  to  the  considerable  uncertainty  in  the  emission 
and  absorption  characteristics  of  high  temperature  air,  and 
the  difficulties  in  determining  actual  gas  temperatures  in 
the  shock  layer.  An  agressive  program  of  both  experimental 
and  theorectical  research  will  be  required  to  improve  this 
situation. 


While  aerodynamic  heating  is  the  predominant  source  of 
heat  input  for  flight  vehicles  operating  within  the  atmos¬ 
phere,  there  are  cases  where  other  sources  must  be  included 
in  realistically  evaluating  the  thermal  response  of  the 
structure.  These  generally  arise  when  considerable  thermal 
protection  has  been  provided  to  Isolate  interior  structure 
from  the  effects  of  aerodynamic  heating.  The  hot  gases  flow¬ 
ing  in  a  conventional  propulsion  system  are  a  prime  source 
of  heating  to  adjacent  surfaces  and  structure.  Both  forced 
convection  and  hot  gas  radiation  are  again  involved,  with 
radiation  having  greater  significance  due  to  the  higher 
emission  rates  of  many  combustion  products,  as  compared  to 
cir.  Fortunately,  the  engineer  usually  has  access  to  valid 
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teat  measurements  of  propulsion  systeti  heating  to  assist  him 
in  estimating  design  heat  inputs  from  this  source.  An  ex¬ 
ception  is  the  case  of  heating  from  the  expanding  exhaust 
plum*=*,  involving  an  interaction  with  the  exterior  aerodynamics 
in  the  region  of  the  exhaust  nozzles.  Vehicle  equipment  is 
a  potential  source  of  interior  heating,  hut  is  generally 
negligible  since  those  items  generating  a  significant  heat 
load  usually  have  cooling  systems  to  control  the  equipment 
operating  environment.  !!:>  lar  and  terrestial  radiation  is 
generally  insignificant  compared  to  aerodynamic  heating  and 
can  be  neglected  for  high  speed  vehicles  in  the  atmosphere. 
Enemy  weapons  can  provide  a  source  of  heat  pulses  of  high 
magnitude  and  short  duration  which  must  be  considered  for 
military  vehicles.  Each  of  these  potential  sources  must  be 
evaluated,  and  if  significant,  the  heating  input  rates  to 
the  structure  determined,  generally  as  a  function  of  both 
spatial  location  and  time. 


SECTIuH  I I;  MODES  OF  HEAT  TRANSFER 

Of  all  the  modes  of  heat  transfer,  thermal  radiation 
from  surfaces,  both  exterior  and  interior,  is  most  univers¬ 
ally  present  and  significant  in  the  analysis  of  thermal  re¬ 
sponse  for  structures  of  high  speed  vehicles.  When  the  ex¬ 
terior  surfaces  reach  a  moderate  to  high  temperature,  this 
provides  an  extremely  important  mechanism  of  heat  rejection 
from  the  vehicle.  When  moderate  interior  temperatures  are 
reached,  it  also  becomes  a  significant  mechanism  of  trans¬ 
fer  of  heat  energy  from  one  portion  of  the  vehicle  to  others 
at  lower  temperature. 

Most  materials  are  opaque  to  the  transmission  throu*^ 
them  of  radiation  of  the  wavelengths  associated  with  thermal 
energy,  and  their  surfaces  generally  approximate  grey  body 
behaviour  to  a  degree  that  makes  this  a  satisfactory  assump¬ 
tion  for  engineering  purposes.  Under  these  conditions,  the 
heat  flux  emitted  per  unit  surface  area  by  radiation  is  ex¬ 
pressed  by  the  Stefan-Boltzmann  Law; 

cj,  =  £(rT'’  (5) 

where  T  is  the  absolute  surface  temperature,  (T  is  the  Stefan- 
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Boltzmann  Constant,  and  ^  is  the  total  hemispherical  emis- 
sivity.  This  emissivity  can  vary  over  the  range  from  zero 
to  \mity,  depending  on  the  material  and  surface  condition. 
For  most  materials  considered  for  hi^  temperature  applica¬ 
tions,  the  variations  is  from  approximately  0.5  to  near 
unity.  Figure  4  shows  how  this  emitted  heat  flux  varies 
with  surface  temperatxare  over  the  range  of  interest. 

For  exterior  surfaces,  Eq.  5  expresses  radiation  heat 
transfer  adequately.  In  interior  heat  transfer  by  radiation 
the  combination  of  emission,  absorption,  and  reflection  of 
radiant  energy  flux  must  be  considered,  and  the  relative 
geometry  of  surface  areas  becomes  an  important  factor.  With 
the  notation  of  figure  5*  the  radiative  flux  arriving  at  a 
unit  area  dA2  from  the  area  dA^,  for  diffuse  emission  and 
reflection,  can  be  expressed  as: 

“^(^6 1  COS  02(  (6) 

where  and  are  the  emitted  and  reflected  fluxes  per 
unit  area  from  surface  dA-.  For  gray  body  surfaces,  a 
fraction  e of  the  incident  flux  is  absorbed,  and  a  fraction 
Cl- 6)  is  reflected.  Generalizing  to  an  enclosure  with  a 
large  number  of  surface  area  elements  dA^^,  the  heat  flux  per 
unit  area  absorbed  by  the  ith  element  can  be  expressed  in 
terms  of  the  temperatures  and  absorbed  heat  fluxes  of  the 
other  elements*. 


Unfortunately,  this  represents  a  system  of  simultaneous 
equations  for  the  absorbed  heat  fluxes  which  must  be  solved 
in  order  to  find  energy  transfer  rates  between  elements.  In 
matrix  notation,  Eq,  7  becomes; 
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The  solution  can  then  he  represented  by; 


(9) 


The  inversion  of  a  large  order  matrix  may  be  involved,  but 
it  is  facilitated  by  the  small  size  of  all  terms  not  on  the 
principal  diagonal.  When  this  absorbed  heat  flux  is  combined 
with  the  emitted  heat  flux,  the  net  heat  flux  away  from  the 
ith  element,  per  unit  area,  is  found  to  be; 

a- (10) 

^  j  j 

If  the  space  is  completely  enclosed,  consideration  of  thermal 
equilibrium  under  uniform  temperatiire  conditions  lead  to  the 
requirement  that; 

(11) 

And  the  last  terra  of  Eq,  10  dissappears.  For  the  special 
cases  of  radiant  heat  transfer  between  two  infinite  parallel 
planes,  each  at  uniform  temperature,  the  results  simplify 
to; 


This  is  a  useful  approximation  in  many  practical  problems 
when  radiation  taltcs  place  between  surfaces  that  are  closely 
spaced  relative  to  the  distances  over  which  significant 
temperature  changes  occur  laterally. 

Thermal  conduction  through  solid  materials  and  the 
accompanying  relation  expressing  heat  flux  as  the  product 
of  the  temperattire  gradient  and  a  thermal  conductivity  are 
perhaps  the  best  recognized  of  heat  transfer  modes.  There 
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are  a  few  points  of  particular  interest  in  the  analysis  of 
flight  vehicle  structures.  Thermal  conductivity  is  usually 
always  an  experimentally  determined  quantity,  and  for  many 
materials  is  found  to  vary  significantly  with  temperature. 

For  porous  materials,  such  as  many  insulations,  the  measured 
apparent  conductivity  Includes  the  effects  of  radiative 
transfer  and  gas  conduction  across  the  voids.  This  data  can 
be  used  without  difficulty  in  thermal  analyses,  provided  it 
was  determined  under  experimental  conditions  that  duplicate 
operating  conditions  in  regard  to  temperatures  and  ambient 
pressures.  The  Inclusion  of  temperature  variation  of  thermal 
conductivity  in  analyses  may  present  severe  practical  problems 
due  to  the  increased  volume  of  computations  required. 

It  is  conventional  to  assume  that  the  magnitude  of  the 
thermal  conductivity  is  independent  of  the  direction  of  the 
temperature  gradient  vector.  While  not  strictly  true  for 
many  materials,  this  assumption  of  isotropic  behaviour  is  a 
reasonable  approximation  for  most  of  them.  For  some,  such 
as  pyrolytic  graphite,  conductivities  can  differ  by  one  to 
two  orders  of  magnitude  depending  on  the  direction  of  the 
heat  flux.  This  effect  must  be  considered  in  a  valid  anal¬ 
ysis,  and  can  be  readily  included  without  complications  if 
the  coordinate  system  used  in  analysis  coincides  with  the 
principal  directions  for  orthotropic  behaviours 

,13) 


If  this  is  not  the  case,  considerable  analytical  complexity 
develops . 

Internal  heat  transfer  by  convection  is  generally  of 
secondary  importance  and  limited  to  special  cases,  such  as 
the  use  of  fluid  coolants.  There  is  a  considerable  body  of 
data  available  on  heat  transfer  in  channel  flow,  and  heat 
transfer  rates  for  forced  convection  can  be  expressed  in  the 
usual  form; 


q  =  h(Tg  -  T,^) 


(14) 


where  T  is  the  local  temperature  of  the  charnel  surface  and 
Tf  is  the  average  temperature  of  the  fluid.  Evaluation  of 


the  heat  transfer  coefficient  requires  a  knowledge  of  the 
fluid  flow  rates,  channel  geometry,  and  fluid  properties, 

A  simultaneous  thermal  analysis  of  the  fluid  flow  system  is 
often  required  to  establish  fluid  temperatures  along  the 
length  of  the  channel. 

Boiling  heat  transfer  may  be  significant  at  the  surfaces 
of  propellant  tanks,  particularly  when  cryogenic  fuels  or 
oxidizers  are  Involved.  Here  again,  a  non-linear  dependence 
of  heat  transfer  rates  on  temperature  is  encountered.  In 
the  nucleate  boiling  range: 

q  Aj  (Tg  -  (15  ) 

where  Ta  is  the  surface  temperature,  is  the  saturation 
temperature  of  the  fluid,  and  the  exponent  n  ranges  from 
1.25  to  l.?3«  In  many  practical  apolicatione,  large  heat 
fluxes  can  be  transferred  to  the  fluid  with  very  small  tem¬ 
perature  differences,  so  that  the  surface  temperature  can 
be  assumed  equal  to  the  fluid  saturation  temperature. 

When  temperatures  are  changing  with  time,  heat  storage 
within  the  thermal  system  is  as  Important  as  heat  transfer 
from  one  part  of  the  system  to  another.  The  time  rate  of 
energy  storage  in  a  volume  element  dV  is  given  by: 


dQ^'pcTdV  (16) 


where  p  is  the  density  and  c  is  the  specific  heat  of  the 
material.  The  specific  heat  usually  shows  some  dependence 
on  the  temperature,  which  may  require  inclusion  in  the 
analysis . 


SECTION  III:  METHODS  OF  PROBLEM  FORMULATION 

Once  the  heat  input  rates  have  been  established  and  the 
type  of  thermal  system  (structure  plus  thermal  protection 
plus  significant  thermal  masses  of  equipment,  etc.)  is  known. 
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the  analyst  is  faced  with  the  problem  of  establishins  a 
mathematical  model  for  analysis.  This  is  usually  done  on 
the  physical  basis  of  conservation  of  energy  fluxes  in  the 
elements  of  the  system,  considering  the  significant  modes 
of  heat  transfer  and  storage.  This  should  be  as  simple  as 
possible  consistent  with  providing  resultant  temperature 
histories  of  reasonable  accuracy,  recognizing  the  inherent 
accuracy  of  the  input  data. 

A  significant  feature  of  the  thermal  analysis  of  flight 
vehicles  is  that  the  great  bulk  of  the  available  "classical" 
solutions  for  thermal  response  are  of  little  or  no  use.  The 
combination  of  a  generally  heterogeneous  thermal  system  with 
multiple  modes  of  heat  transfer  occurring  simultaneously,  and 
a  heating  input  history  which  cannot  b"*  represented  analy¬ 
tically,  lead  to  an  early  consideration  of  numerical  methods. 
In  this  respect,  the  situation  is  similiar  to  the  relation¬ 
ship  between  the  classical  theory  of  elasticity  smd  the 
practical  analysis  of  structures. 

Early  in  formulating  the  model,  it  must  be  decided 
whether  the  problem  can  be  treated  as  essentially  one  dimen¬ 
sional  heat  flow,  or  if  a  more  complete  two  or  three  dimen¬ 
sional  system  must  be  considered.  Fortunately  there  are 
many  cases  in  which  a  one  dimensional  solution  provides  ade¬ 
quate  temperature  predictions.  The  primary  requirement  is 
that  the  magnitude  of  the  lateral  heat  fluxes,  by  any  mode 
of  significance,  be  small  in  comparison  v;lth  the  heat  fluxes 
in  the  primary  direction.  As  examples,  the  major  portion  of 
a  thin  wing  could  be  adequately  represented  by  a  one  dimen¬ 
sional  model  since  lateral  temperature  gradients  are  small 
compared  to  gradients  through  the  thickness.  The  leading 
edge  region,  however,  may  have  significant  lateral  conduc¬ 
tion  and  internal  radiation  which  must  be  included  in  the 
analysis  for  realistic  results. 


Another  problem  is  the  substitution  of  a  finite  number 
of  point  or  average  local  values  of  temperature  for  the  more 
or  less  continuous  terapefature  distribution  occurring  in  the 
physical  system.  This  is  generally  required  to  formulate 
the  thermal  response  in  terms  of  a  set  of  first  order  simul¬ 
taneous  equations  in  the  time  derivatives  of  temuerature. 

The  lower  limit  on  the  number  of  elements  is  established  by 
the  requirements  of  accuracy  in  representation,  while  an 
upper  limit  is  generally  set  by  the  computational  capability 
that  is  available. 
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There  are  several  approaches  to  this  problem,  each  with 
their  particular  advantages  and  deficiencies.  Perhaps  the 
simplest  and  most  widely  used  technique  has  been  the  direct 
formulation  in  terms  of  a  lumped  parameter  system.  Based  on 
consideration  of  the  geometry  of  the  thermal  system  and  the 
expected  nature  of  the  temperature  distribution  and  gradients, 
the  distributed  thermal  capacity  of  the  system  is  replaced 
by  "equivalent"  lumped  thermal  masses.  Heat  flows  between 
the  masses,  by  the  various  significant  mechanisms,  are  ex¬ 
pressed  in  terras  of  the  average  temperatures  of  the  masses, 
the  geometry  of  the  system,  and  the  applicable  thermal  pro¬ 
perties.  This  is  a  straightforward  formulation  which  can  be 
readily  accomplished  by  anyone  familiar  with  the  basic  prin¬ 
ciples  of  heat  transfer.  The  primary  disadvantage  is  in  the 
interpretation  of  the  resulting  "average"  temperatures  of 
the  elements,  and  what  point  within  the  lumped  area  on  the 
original  structure  is  at  the  average  temperature.  Errors 
also  arise  since  convection  and  radiation  depend  on  surface 
temperatures  rather  than  average  temperatures.  These  diffi¬ 
culties  could  be  overcome  by  making  each  element  small  enough 
so  that  the  temperature  is  essentially  constant  over  it,  but 
this  is  impractical  in  many  problems. 

A  somewhat  different  approach  is  to  take  the  tempera¬ 
tures  at  a  set  of  specified  points  in  the  system  as  the  de¬ 
pendent  variables.  The  terms  in  the  response  equations  are 
then  evaluated  using  finite  difference  approximations  for 
space  derivatives  (occurring  for  conduction)  and  nrunerical 
integration  approximations  for  space  integrals  (occurring  for 
internal  radiation).  Tfiaile  somewhat  more  difficult  to  for¬ 
mulate,  this  technique  has  the  advantage  of  identifying  tem¬ 
peratures  at  specific  points  in  the  thermal  system.  It  is 
still  subject  to  errors  in  regions  of  large  temperature 
gradients  unless  a  large  number  of  closely  spaced  points  are 
used. 


A  third  and  completely  different  approach  is  the  use  of 
variational  techniques  to  formulate  the  response  equations. 
An  excellent  exposition  of  the  basic  principles  and  tech¬ 
niques  for  application  are  contained  in  references  2  and  3. 
These  will  be  easily  recognized  by  those  familiar  with  the 
formulation  of  dynamic  response  problems,  involving  many  of 
the  same  concepts.  The  physical  basis  can  be  Interpreted 
as  a  minimization  of  the  errors  of  both  temperature  distri¬ 
bution  and  heat  transfer.  This  leads  to  a  general  set  of 
variational  equations  having  the  form; 
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(17) 


Here,  Pj^  are  the  unknown  functions  of  time  which  describe 
the  temperature  distribution  in  conjunction  with  ‘^n  assumed 
spatial  distribution,  K  is  the  thermal  conductance,  due  to 
convection  and/or  radiation  at  surfaces  between  adjacent 
portions  of  the  thermal  system,  or  at  external  surfaces. 

The  cemperature  and  heat  fliix  distributions  must  be  deriv¬ 
able  from  a  vector  field  function  using  space  and  time 
derivatives ; 


pcT  =  -\7-H 


(18) 


Application  to  one  dimensional  problems  is  straightforward, 
s^nce  assumed  temperature  distributions  can  be  space  inte¬ 
grated  and  time  differentiated  to  determine  heat  flux  distri¬ 
butions.  Two  and  three  dimensional  problems  pose  greater 
difficulty,  and  the  inclusion  of  Internal  radiation  in  such 
problems  is  not  possible  within  the  scope  of  present  theory. 
The  greatest  advantage  of  this  approach  is  that  maximum  ad¬ 
vantage  can  be  taken  of  any  knowledge  of  the  nature  of  the 
temperature  distribution  to  reduce  the  number  of  functions 
Pj  required  to  describe  adequately  the  thermal  response. 
Further  development  of  these  tecnniques  is  felt  to  be  a 
fruitful  area  of  research. 


SECTION  IV:  METHODS  OF  SOLUTION 

Once  the  thermal  response  problem  has  been  reduced  to 
a  set  of  simultaneous  first  order  differential  equations 
with  time  as  the  independent  variable  and  temperatures  as 
the  dependent  variables,  and  the  heat  input  forcing  functions 
have  been  determined,  the  remaining  task  is  to  Integrate 
the  equations  for  transient  response,  or  determine  steady 
state  solutions  for  relatively  static  conditions.  This  can 
be  a  formidable  task  when  a  large  number  of  temperatures  at 
different  points  are  coupled  by  the  effects  of  heat  transfer, 
and  computer  assistance  is  a  necessity. 


The  use  of  the  high  speed  digital  computer  to  carry  out 
numerically  the  required  integrations  is  quite  common  and 
both  special  purpose  and  general  capability  programs  have 
been  written  to  accomplish  this.  An  attractive  feature  is 
the  ease  with  which  the  non-linear  terms  arising  from  some 
modes  of  heat  transfer  are  handled.  There  is  a  problem  in 
choosing  the  time  Increment  for  nximerical  integration  so  that 
adverse  error  amplification  characteristics  do  not  develop, 
resulting  in  the  requirement  for  extremely  small  Intervals 
in  some  cases.  These  requirements  can  be  relaxed  by  the  use 
of  more  sophisticated  numerical  integration  procedures,  but 
this  does  not  necessarily  result  in  a  saving  in  the  time 
required  for  a  given  problem. 

Both  the  differential  analyzer  and  direct  simulation 
types  of  einalog  computers  have  also  been  used  to  solve  the 
thermal  response  equations  .  These  avoid  the  difficulties 
of  numerical  integration  at  the  cost  of  special  equipment 
for  input  function  generators  and  the  simulation  of  non¬ 
linear  heat  transfer  modes.  The  size  of  the  problem  that 
can  be  solved,  in  terms  of  the  nximber  of  temperature  respon¬ 
ses,  is  severely  limited  by  the  size  of  the  computer  instal¬ 
lation  in  most  cases.  The  usual  utility  of  the  analog  com¬ 
puter  in  allowing  rapid  parametric  variations  for  prelimi¬ 
nary  investigations  is  of  course  present,  but  this  can  also 
be  accomplished  by  multiple  runs  on  a  digital  computer. 

Reference  4  reports  a  study  made  to  assess  the  relative 
merits  of  various  methods  of  solving  the  thermal  response 
problem  to  determine  compartment  heat  loads  on  high  speed 
vehicles,  and  the  results  provide  a  useful  guide  in  hand¬ 
ling  the  structural  temperature  response  problem.  It  was 
found  that  a  general  purpose  digital  heat  transfer  program 
provided  the  best  accuracy  with  least  dollar  cost,  followed 
by  differential  analyzers,  direct  simulation  analog  com¬ 
puters,  and  hand  calculations  in  order  of  decreasing  merit. 

Steady  state  temperature  solutions  are  useful  when  the 
time  variation  of  input  heating  rates  is  very  slow,  but  when 
multiple  modes  of  heat  transfer,  some  of  which  are  non¬ 
linear,  are  present,  solving  for  steady  state  conditions  is 
more  difficult  than  determining  transient  response,  except 
in  the  simplest  of  systems.  The  obvious  solution  is  to  put 
a  steady  state  heat  input  into  a  transient  response  program 
and  let  it  run  until  temperature  changes  become  negligible, 
an  unsophisticated  but  practically  useful  technique. 


SECTION  V;  SOME  EXAMPLES 


Thin  Skin  Reanonse ;  Perhaps  the  simplest  example  of 
considerable  practical  importance  is  the  thermal  response  of 
"thin  skin"  surface  structure  thermally  isolated  from  the 
rest  of  the  vehicle,  and  not  subject  to  significant  lateral 
conduction  effects.  The  term  "thin  skin"  as  used  here  indi¬ 
cates  that  the  entire  thickness  of  the  skin  is  at  an  essen- 
tlallly  uniform  temperature.  The  thermal  response  is  then 
governed  by  the  differential  equation; 

(pcS)T +eq-T^-  q(t)  =  0  (19) 

The  terms  are  in  order,  the  heat  storage  by  the  skin,  the 
heat  rejected  by  radiation,  and  the  input  aerodynamic  heat 
flux  rate  (both  convection  and  radiation).  A  specified  in¬ 
itial  temperature  provides  the  required  bouindary  condition. 
The  coefficient  (  c  )  may  be  a  function  of  temperature  due 
to  the  variation  of  specific  heat,  but  will  be  assumed  con¬ 
stant  for  purposes  of  Illustration. 

When  the  first  term  is  small  in  comparison  with  the  re¬ 
maining  two,  the  radiation  equilibrium  temperature  solution 
la  valid; 


This  case  arises  when  either  the  skin  heat  capacity  is  very 
small,  or  the  rate  of  heat  influx  is  varying  slowly.  A 
graphical  representation  of  this  solution  is  given  by  figure 
4.  The  temperature  error  in  a3sx;miing  this  solution  valid 
can  be  expressed  to  a  first  approximation  in  terms  of  the 
equilibrium  temperature  and  Its  time  derivative  as; 

<21) 


Hence,  errors  are  greatest  for  low  equilibrium  temperatures 
and  high  rates  of  equilibrium  temperature  change. 

When  the  error  of  the  equilibrium  temperature  approxi¬ 
mation  becomes  excessive,  the  usual  recourse  is  to  numerical 
integration  of  Eq.  19.  If  a  time  interval  for  Integration 
is  chosen  small  enough  so  that  linear  variation  of  the  tem¬ 
perature  derivative  with  time  over  the  interval  is  a  good 
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approximation,  and  temperature  variation  is  small  enough  so 
that  the  radiation  term  can  be  approximated  by  the  linear 
form; 


€(rT*  =  €(rT/(4T-3T„') 


(22) 


then  the  temperature  T*  at  time  t’  t  t  is  given  in  terms 
of  the  temperature  T  at  time  t  and  the  two  heat  fluxes  by: 

'pcs')  ^ 
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In  this  case,  the  calculations  can  be  readily  carried  out  by 
hand  or  with  the  aid  of  a  small  digital  computer.  For  the 
case  of  zero  input  heat  flux,  an  analytic  solution  for  radia¬ 
tion  cooling  is  available; 


’■  n  fec-rAt-i'/s  '  ’ 

L  ^  (pcS)  3 

Comparison  of  the  two  indicates  that  the  time  interval  should 
be  limited  to; 


(pci) 


(25) 


To  limit  the  error  involved  in  the  radiation  linearization, 
the  time  interval  should  also  be  limited  to; 


At 


(26  ) 


These  are  not  absolute  limits  but  are  rather  intended  as  a 
guide  that  will  provide  reasonably  accurate  results. 

Typical  results  are  shown  in  figure  6  for  a  heat  flux 
history  that  might  be  representative  of  boost  conditions. 
Response  for  several  different  values  of  skin  heat  capacity 
is  shown.  For  the  lowest  value  (0.02  BTU/ft^°F) ,  eouilibrium 
temperatures  would  be  a  reasonable  approximation  for  most  of 
the  time,  while  for  the  highest  value  (0.5  BTU/ft^op),  the 
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Figure  6 


Thermal  Response  -  Isolated  Thin  Skin 


)K  -  iUP<u-c« 


effects  of  radiation  could  be  neglected 


A  final  item  of  interest  for  this  simple  response  model 
is  the  transient  response  to  small  changes  in  heat  input 
superimposed  on  steady  state  conditions.  These  might  occur 
due  to  sudden  maneuvers  or  dynamic  motion  of  the  vehicle. 
Representing  the  input  heat  flux  and  the  resulting  tempera¬ 
ture  byj 


The  governing  differential  equation  can  then  be  linearized 
to: 


Cpc6)Af  f  4e(rTE^  AT  -  =  o 


This  can  be  readily  solved  for  given  heat  fl\ix  variations 
and  initial  conditions.  For  a  sinusoidal  variation  in  the 
input  heat  flux: 


^  smcut 


The  temperature  response  Is  found  to  be: 

x-r-  ^  L  .  .... 


AT  = 


4€(rTE: 


The  interesting  result  here  is  the  small  amplitude  of  the 
temperatxire  variation  under  most  practical  conditions  for 
frequencies  likely  to  be  of  dynamic  interest.  Figure  7 
shows  numerical  results  for  a  typical  case,  and  from  this 
it  is  obvious  that  the  thermal  response  part  of  the  dynamic 
aerothermoelastlc  problem  is  essentially  decoupled.  Since 
the  Isolated  thin  skin  case  has  the  highest  amplitude  of 
transient  response  of  any  thermal  system,  this  result  can 
be  genera] ized  to  most  practical  flight  structures. 

The  validity  of  the  thin  skin  approximation  can  be 
tested  by  approximate  calculation  of  the  maximum  difference 
in  temperature  across  the  thickness  of  the  skin.  This  can 
be  expressed  in  terms  of  the  maximum  rate  of  mean  temperature 


Amplitude  of 
Temperature 
Variation  - 
(ATI  -  °F 


Phase  Lag  of 
Temperature 
Response  -  - 


Steady  State  Conditions :  Properties ; 

To  ^  1500  F  p  (pcS)=^0.13  BTU 

=  6.4  BTU/ft  sec  J  ft^F 

o  ^-0.9 

Transient:  ^Aq\^  =  1.28  BTU/ft'^sec 


Figure  7 

Thin  Skin  Transient  Response  to  Sinusoidal  Heat  Flux 
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change  v;ith  time  as*. 


(31 ) 


If  this  is  significantly  large,  the  thin  skin  apnroximation 
is  not  valid,  and  the  thick  skin  response  must  be  investigated. 


Thick  Skin  Response ;  This  example  retains  all  of  the 
assumptions  of  the  thin  skin  response  example,  except  that 
temperature  variation  through  the  thickness  is  considered. 
With  constant  thermal  conductivity,  the  thermal  response 
must  satisfy  the  partial  differential  equation; 


(32) 


Subject  to  the  boundary  conditions; 

Tcx,o)  =T<,Cx')  j  ^  =0  (34) 

The  presence  of  the  non-linear  radiation  term  in  the  boundary 
conditions  precludes  simple  analytic  solution.  Instead,  two 
methods  of  approximate  solution  will  be  outlined,  using  only 
three  temperatures  in  each  for  the  sake  of  simplicity. 

In  a  lumped  parameter  formulation,  the  total  thickness 
is  divided  into  three  elements;  a  central  element  of  width 
^/2;  and  two  surface  elements  of  width  5/4.  Assuming  that 
the  average  element  temperature  is  also  the  temperature  at 
the  midpoint  of  the  element,  heat  conduction  between  elements 
can  be  readily  expressed,  leading  to  the  following  set  of 
equations  expressing  the  thermal  balance  at  each  element; 

^  t  +6(r'r;''+|  5-(T;-Ti)  -<5  =  0 

(X-2Tz +13)  =  o  (35) 

2^X3  -fl-CX-TjVo 
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With  appropriate  initial  values  of  temperatures  and  a  given 
heat  flux  history,  ":h3se  equations  can  be  integrated  niimeri- 
cally  to  find  the  temperature  response. 

As  an  alternative,  finite  differences  can  be  used  to 
express  the  derivative  on  the  right  hand  side  of  Eq,  32. 

Using  the  simplest  possible  difference  expressions  for  points 
at  the  two  surfaces  and  at  the  midpoint,  and  expressing  the 
sxirface  first  derivatives  in  terms  of  the  boimdary  conditions, 
a  set  of  equations  Identical  to  Eqs.  35 »  except  that  the 
coefficient  8/3  becomes  2,  result.  Temperature  histories 
were  calculated  for  a  typical  example  using  both  formulations 
and  figure  8  shows  the  resulting  temperature  distributions 
at  one  point  in  time.  The  higher  temperatures  obtained  from 
the  lumped  parameter  formulation  are  due  to  the  error  assoc¬ 
iated  with  evaluation  the  surface  radiation  at  a  temperature 
which  actually  occurs  in  from  the  surface. 

Thin  WinfT  Response ;  As  a  final  example,  the  thermal 
response  of  a  thin  wing  structure  with  insulation  on  the 
highly  heated  side  is  considered.  This  model  is  shown  con¬ 
ceptually  in  figure  9.  One  dimensional  heatflow  is  assumed, 
by  conduction  through  the  insulation  and  by  Internal  radia¬ 
tion  between  the  two  structural  skins.  Thermally  thin  skins 
are  assumed,  so  the  thermal  response  equations  can  be  readily 
written  as  5 

tSirf+ICTi-Ts)  -  %  =  o 
+  Fa,  r(y<  -Ti"')  -  ^  (t;- V)  -  O  ( 36 ) 

The  steady  state  (constant  heat  flux)  equilibrium  solu¬ 
tion  for  this  and  other  configurations  has  been  given  in 
reference  5  and  can  be  conveniently  expressed  in  the  follow¬ 
ing  terms: 


988 


Temperature 


1200 

1000 

800 

Op 

600 

400 

200 


[_  Finite  Difference  Approx 

c  1.0  BTU/ft2°F 

k/  0.01  BTU/ft^°F 

0.9 

L  Tq  Ao'^f 

t  50  sec. (max.  q) 


0 1 _ I _ L _ L . 1 _ I  I  I  I 

0  0.2  0.4  0.6  0.8 

x/ 


Figure  8 

Thick  Skin  Transient  Response 


Figure  9 

Steady  State  Response  -  Insulated  Thin  Wing 


(37) 


e  =rr-f  actTe^  _  e^-O; 

^^3+F25  ^ 

Typical  results  are  sliown  graphically  in  figure  9>  for  se¬ 
lected  values  of  the  governing  parameters.  This  provides  a 
convenient  means  of  assessing  the  effectiveness  of  passive 
insulation  protection  for  lifting  surfaces  subject  to  heat¬ 
ing  predominantly  from  one  side. 

From  the  results  obtained  in  the  analysis  of  thin  skin 
response,  it  would  be  expected  that  serious  errors  could 
arise  from  neglect  of  the  heat  capacity  terms  in  determining 
the  transient  response.  However,  the  transient  equations 
can  be  readily  integrated  by  numerical  techniques.  Using 
the  same  approach  as  in  the  numerics.!  integration  of  the 
thin  skin  equation,  the  following  results  are  obtained! 


Hence,  three  simultaneous  equations  must  be  solved  for  each 
time  interval,  and  the  job  becomes  one  suited  for  a  small 
digital  computer. 
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Computations  were  carried  out  for  a  typical  thin  wing 
!  structure  and  a  heat  flux  history  typical  of  a  skip  entry 

r  for  a  lifting  vehicle.  The  resultant  temperature  histories 

^  are  shown  in  figure  10.  These  illustrate  the  drastic  depar- 

tures  from  steady  state  equilibrium  that  can  be  encountered 
r  in  practical  problems.  Of  particular  interest  is  the  large 

{  temperature  differences  occurring  between  the  two  structural 

!•  skins,  since  these  would  give  rise  either  to  large  thermal 

h  stresses  or  large  thermal  distortions. 
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ABSTRACT 


A  computer  program  was  written  to  obtain  the  temp¬ 
erature  distribution  for  a  leading  edge  of  arbitrary 
geometry.  The  program  included  the  following  mechanisms 
of  heat  transfer:  convective  aerodynamic  heating,  external 
radiation,  conduction,  and  internal  radiation.  An 
investigation  was  made  for  a  gliae  re-entry  vehicle  on 
the  effect  of  external  shape,  reflector  shape  and  orien¬ 
tation,  and  variation  of  material  properties.  The  analysis 
demonstrated  that  a  reduction  in  peak  temperature  of  about 
700OF  could  be  obtained.  The  variation  in  temperature  with 
angle  of  attack  at  critical  heating  equilibrium  glide  was 
also  investigated. 


WING  LEADING  EDGE  OPTB'IIZATION 
FOR  GLIDE  RE-ENTRY  VEHICLES 


INTRODUCTION 

The  topic  under  consideration  in  this  paper  is  the  optimization 
of  the  wing  leading  edge  geometry  of  hypersonic  glide  re-entry  vehicles. 
The  object  of  the  investigation  was  to  analyze  this  problem  and  attempt 
to  reduce  the  high  temperatures  encountered.  Figui’e  1  presents  a 
typical  highly  swept  delta  lifting  re-entry  vehicle  similar  to  the 
Dyna  Soar.  The  wing  is  shown,  in  profile,  at  an  angle  of  attack,  cC, 
with  respect  to  the  free  stream  velocity,  Vo).  The  plan  vievr  depicts 
the  high  degree  of  wing  sv/eep,  denoted  by  the  angle -A,  Section  A-A 
is  an  enlarged  view  of  the  area  under  consideration  in  this  study. 

This  leading  edge  heating  cap  is  considered  to  be  a  nonstructural 
member  attached  to  the  v/ing  for  the  purpose  of  shielding  the  wing 
structure  from  the  high  temperatures  of  atmospheric  re-entry.  The 
heating  cap  is  considered  to  be  thermallj’’  insulated  from  the  load 
carrying  structure  of  the  v/ing. 

Fast  temperature  prediction  techniques  have  been  conservative 
in  ignoring  conduction  and  internal  radiation  as  modes  of  heat  trans¬ 
fer.  All  energy  entering  the  wing  leading  edge,  under  steady-state 
conditions,  was  assumed  to  be  radiated  externally  to  the  atmosphere 
resulting  in  an  "equilibrium  temperature."  For  the  investigation 
conducted,  a  computer  program  was  developed  which  included  the  effects 
of  internal  radiation  and  conduction  for  an  arbitrary  two  dimension 
leading  edge. 

V/ith  this  program  available  the  optimization  of  a  leading  edge 
configuration  v;as  undertaken  (Ref  1).  The  variables  under  consideration 
were  exterior  and  reflector  geometry,  material  thickness,  conductivity, 
and  emissivity.  In  addition,  provisions  were  made  to  investigate  the 
effect  of  variable  flight  conditions  and  angle  of  attack. 


SECTION  I .  THEORY 

A  diagram  of  the  mathematical  model  used  in  the  analysis  is  shovm 
in  Figure  2.  The  leading  edge  was  an^^lyzed  as  a  tv/o -dimensional  body 
of  infinite  length  operating  under  steady-state,  laminar  flov/  conditions. 
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FIGURE  1 

i 


ORIENTATION  OF  THE  i>'ING  LEADING  EDGE 


LEADING  EDGE  MTHEMiVTICAL  MODEL 


Ihe  model  was  subdivided  into  71  elements  for  purposes  of  numerical 
solution.  The  method  of  analysis  was  to  write  a  steady-state  energy 
balance  equation  for  each  element,  solve  the  set  of  71  equations  by 
trial  and  error,  and  iterate  until  adequate  convergence  was  obtained^ 


Energy  Balance  Equation 

The  energy  balance  equation  for  the  *i*th  element  may  be  expressed 
as  follows  (Ref  2): 

ASi  (5i  -  €ext<rTi4)  -  2 =  0  (1) 

isl  '  “i.J  /  k«l 


where : 


=  external  area  of  element  'i" 

•  external  convective  heating  rate  of  element  "i" 

•  external  emissivity  of  element  "i" 

••  Stefan-Boltzmann  radiation  constant  ■  5 *3402  x  10' 

BTU _ 

in2-OR4-sec 

B  thermal  conductivity 


»  conductive  area  between  element  "i"  and  an  adjacent 
element  "j" 


Ti  e  unknown  temperature  of  element  "i" 

bi,j  ®  conductive  length,  center  to  center  between  element  "i" 
and  element  "j" 

■^i^,k  “  gray  body  view  factor  between  interior  elements,  *i" 
and  "k" ;  where  n  represents  the  number  of  elements 
adjacent  to  the  ''i''th  element  and  N  represents  the 
number  of  interior  elements  engaged  in  mutual  interior 
radiation  when  "i"  is  an  interior  element. 


Stated  in  vrords,  the  energy  balance  reflects  the  fact  that,  under 
steady  state  conditions,  all  energy  entering  an  elenent  minus  all  energy 
leaving  an  element,  by  any  mode,  must  equal  zero.  The  equation  was 
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vfritten  in  its  most  general  form,  and  it  should  be  noted  that  any  one 
element  does  not  encounter  all  three  modes  of  heat  transfer.  The 
equation  will  now  be  examined  in  detail. 


Convective  Heating 

The  first  of  the  three  expressions  of  Eq  (1)  is  for  external 
elements  of  areaASi  and  contains  the  external  convective  heating 
rate . 


A  detailed  study  of  current  procedures  for  estimating  the 
aerodynamic  convective  heating  to  a  blunt  nosed  hypersonic  vehicle 
has  been  conducted  by  the  Hypersonic  Flight  Section  of  the  Flight 
Dynamics  Laboratory,  j\SD,  Wright-Patterson  AFB  (Ref  2).  From  this 
study  it  was  determined  that  for  the  heating  rate  distribution  over 
the  surface  of  a  blunt,  two-dimensional  body,  an  equation  expressed 
by  Lees  (Refs  3  and  k)  would  be  most  applicable. 


Si 

ho 


o 


where 


El 

Po 


«=  ratio  of  local  static  to  stagnation  pressure 


ratio  of  the  velocity  at  the  edge  of  the  boundary  layer  to 
the  free  stream  velocity 


^0 


^  non-dimensional  stagnation  point  velocity  gradient 

Vet,  ds 


s  =  streamline  distance  from  the  stagnation  point  to  the  center 
of  the  "i^th  element 

q^  a  stagnation  point  heating  rate  =  q^  (Rq,  ^OO  » ) 

Rq  a  radius  at  stagnation  point 


External  Radiation 


Radiatioi.  of  external  elements  to  the  atmosphere  is  treated  by 
the  standard  radiation  equation: 


radiation  to 
atmosphere 


C.rTi't 


The  temperature  of  the  receiver  has  been  assumed  small  compared  to 
the  temperature  of  the  body  surface  and  is  therefore  neglected. 

Conduction 

The  second  of  the  three  expressions  of  Eq  (1)  represents  the 
heat  transfer  by  conduction  between  elements.  This  energy  transfer 
between  adjacent  elements  was  accounted  for  by  the  Fourier  heat- 
conduction  law: 


In  the  finite  difference  form  and  symbology  of  Eq  (1) 


fTi-Tj) 

^i.3 


(4) 

(5)  -• 


Internal  Radiation 

Tlie  last  expression  in  the  energy  balance  equation  represents 
radiation  exchange  between  the  25  interior  elements  shown  in  Figure  2. 
The  mathematical  model  used  for  this  energy  exchange  was  presented  by 
Hottel  (Ref  5)»  Th®  interior  enclosure  was  assumed  to  be  composed  of 
gray  body  elements  which  were  diffuse  reflecting  with  emissivity  values 
less  than  unity.  The  net  exchange  of  energy  between  any  two  interior 
elements  is  given  by 

«.  (Ti^-Tk^) 

=  A}^  (Ti^-Tk^) 

This  determination  of  the  gray  body  view  factors,  Ai^ikt  requires  a 
subroutine  before  the  set  of  Eq  (1)  can  be  solved.  This  subroutine 
consists  of  an  energy  balance  for  the  25  interior  elements  and  sub¬ 
sequent  solution  for  the  AjTik  factors.  The  method  includes  the 
simultaneous  solution  of  25  equations  for  each  Ai?ik  factor,  or,  the 
solution  of  6?5  equations; 


SECTION  II.  COMPUTER  PROGIUM 

The  major  criteria  under  which  the  program  was  v/ritten  v;ere 
simplicity  of  input  and  the  ability  to  solve  for  the  temperature 
distribution  of  an  arbitrary  shape. 
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Provisions  were  made  for  a  conductivity  of  the  reflector, 
different  from  the  main  body  conductivity,  il.  The  consideration  was 
for  the  possibility  of  a  different  material  in  the  back  plate  from 
that  in  the  main  body. 

The  convective  heating  rate  for  the  stagnation  point  was  intro¬ 
duced  into  the  problem  as  the  heating  rate  parameter  which  was 

a  function  of  attitude,  altitude  and  flight  speed. 

The  effective  angle  of  attack  of  the  heating  cap,oLei  obtained 
from  cross  flow  theory,  vas  included  as  a  part  of  the  computer  input 
(tan«te  ■  tanocsec^. 

One  of  the  major  areas  to  be  investigated  in  the  study  was 
thermal  radiation.  For  this  reason,  three  different  possible  values 
of  emissivity  were  included  as  con^juter  input:  external,  internal 
and  reflector  emissivity  values. 

Material  thickness  was  introduced  as  two  separate  quantities; 

T  for  the  main  body  andT^  for  the  back  plate  reflector.  The  main 
body  was  subdivided,  in  the  'X'  direction,  into  three  elements,  with 
the  outer  and  inner  elements  of  O.OOlTin  thickness  while  the  center 
elements  were  thick.  The  purpose  of  this  material  division 

was  to  give  more  accurate  skin  surface  ten^erature  values,  both 
exterior  and  interior,  for  radiation  exchange  of  energy. 

The  above  defined  variables  of  the  problem  list  the  physical 
properties  of  the  cap  in  question  as  well  as  the  flight  environment. 

A  geometrical  description  of  the  cap  is  now  required. 

The  leading  edge  configuration  was  approximated  by  five  tangent 
circular  arcs,  a  straight  afterbody,  and  a  3  segment  insulated 
reflector. 

To  summarize,  the  program  was  capable  of  calculating  steady- 
state  temperat\ires  for  any  two-dimensional  leading  edge  which  could 
be  approximated  by  five  tangent  circular  arcs,  a  straight  upper 
afterbody,  and  a  curved  insulated  reflector.  Provisions  v/ere 
available  for  variation  in  conductivity,  emissivity,  thickness, 
heating  rate,  and  angle  of  attack. 


III .  INVESTIGATICN 

With  the  problem  formulated  on  the  IBM  7O9O  digital  computer, 
the  investigation  of  shapes  v^as  nov;  possible. 
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Ihe  computer  program  contained  the  following'  list  of  variables : 
two  values  of  conductivity,  three  emissivities,  two  thicknesses,  a 
heating  rate  parameter,  the  angle  of  attack^  eight  lengths  and  eight 
angles.  It  was  proposed  to  first  study  the  geometric  quantities 
(eight  lengths  and  eight  angles)  while  constraining  the  other  para¬ 
meters  to  reasonable  design  values.  Cnee  an  optimum  geometry  was 
obtained  the  influence  of  the  material  properties  and  flight  conditions 
would  then  be  studied. 

Typical  refractory  metal  property  values  and  critical  heating 
flight  conditions  (Vo,  »  21  kilofeet/sec,  L/Pmn-r)  were  selected  for 
the  design  point.  A  value  of  45°  ^OT  the  effective  angle  of  attack 
was  taken  as  one  representative  for  high  sweep  angles. 

To  obtain  an  efficient  glide  vehicle,  the  upper  surface  aft  of 
the  leading  edge  must  be  unexposed  at  the  attitude  for 
Thus  the  upper  angle  (©u)  was  constrained  at  <e . 

The  design  point  for  the  physical  variables  is  shown  below: 

TABLE  I 


DESIGN  POINT  VALUE 

K  =  IQj  =  0.000833  Btu/sec-in-OR 

£  *i  0 .8 

s  0.10 

^  »  0.040  in. 

Tb  s  0.015  in. 

-  0,6944  Btu/in^'^^  -sec 

-‘e  =  45° 

©„  =  45° 

Exterior  Shape 


A  simple  cylindrical  shape  with  a  45°  upper  surface  was  selected 
for  the  standard  basis  of  coniparison.  First  a  computer  solution  was 
obtained  neglecting  conductivity  and  internal  radiation  to  ascertain 
the  simple  "equilibrium  temperature."  In  addition,  a  straight  back 
plate  reflector  was  taken  which  Closed  from  the  two  points  of  tangency 


of  the  cylinder  and  the  flat  surfaces  (Fig  3a).  The  results  of  the 
temperature  analysis,  in  which  a  maximum  temperature  of  3i4ll°F  was 
obtained,  is  shown  in  Figure  3» 

Next,  the  same  configuration  was  run  with  all  internal  emissivity 
values  at  zero,  while  conductivity  was  maintained  at  the  design  point 
value.  It  was  observed  that  internal  conduction  has  a  relatively  small 
effect  on  maximum  temperature  in  this  thickness  range  in  that  only  a 
I9OF  reduction  in  maximum  temperature  was  obtained  for  this  case  (Fig  3). 

A  run  was  then  made  to  include  both  internal  conduction  amd  internal 
cross  radiation.  A  reduction  in  temperature  of  182°F  was  observed  due  to 
internal  radiation  for  this  simple  cylindrical  shape.  Thus  it  is  apparent 
that  considerable  temperature  relief  is  available  through  internal 
radiation  (Fig  3). 

Optimum  Exterior  Shape 

In  searching  for  an  improved  exterior  configuration  that  would 
minimize  v;ith  temperature  without  increasing  frontal  area,  the  con¬ 
stant  heating  surface  was  examined.  For  a  given  quantity  of  heat  flux 
entering  a  surface,  the  peak  equilibrium  temperature  is  minimum  for 
a  constant  temperature  configuration.  For  this  reason  Lees  equation 
(Ea  2)  was  solved  for  constant  convective  heating  and  the  resultant 
shape  obtained  by  numerical  integration  (Ref  6). 

I 

^  -  f('j)i.Ri)  «  1 

It  was  found  that  a  constant  heating  rate  could  be  maintained  up  to 
but  not  past  about  38°  (near  the  sonic  point)  either  side  of  the 
stagnation  point.  Past  this  point,  the  heating  rate  diminishes 
rapidly  and  cannot  be  held  constant.  Figure  4  shows  the  derived 
optimum  shape  and  the  geometrical  approximation  of  the  optimum  shape 
that  v/as  used  for  the  computer  solution. 

This  near  optimum  was  then  used,  rather  than  the  cylinder,  to 
meet  the  constraints  of  the  investigation.  Figure  5  shows  the  effect 
of  this  constant  heating  rate  on  temperature  distribution  over  the  nose. 
The  exterior  surface  skin  temperature  distribution  for  the  cylinder 
and  optimum  shape  were  plotted  for  the  design  point.  Note  how  the 
optimum  shape  reduces  the  higher  peak  temperature  of  the  cylindrical 
shape  nose  into  a  generally  constant  temperature  distribution  on  either 
side  of  the  stagnation  point.  A  sizeable  reduction  in  peak  temperature 
of  184°F  was  obtained  with  this  configuration.  Also,  from  Figure  5. 
it  may  be  seen  that  the  variation  of  temperature  on  either  side  of  the 
staignation  point  for  the  optimum  is  small.  Because  of  the  finite 
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difference  method  of  solution  and  because  the  optimum  shape  must  be 
described  by  only  five  radii  and  five  angles  in  the  computer  program, 
this  small  variation  in  temperature  was  accepted  as  negligible  and  no 
attempt  was  made  to  further  refine  the  optimum  shape  to  a  more  constant 
temperature  distribution.  Thus,  the  constant  heating  shape  wets  con¬ 
sidered  to  be  a  practical  optimum  from  the  results  of  this  investigation, 
'v'ith  the  exterior  shape  defined,  the  investigation  was  extended  to 
examine  the  interior  configuration. 

Back  Plate  Reflector 

Straight  Reflector 

The  question  was  raised  as  to  v/hat  effect  rotation  of  the  reflector, 
about  the  origin,  would  have  on  the  peak  temperature. 

A  series  of  runs  for  several  angles  of  rotation  of  the  straight 
reflector  was  conducted.  A  plot  of  the  peak  temperature  against 
angular  rotation  of  the  back  plate  is  shown  in  Figure  6.  The  angle 
of  rotation  is  measured  counterclockwise  with  respect  to  a  vertical 
reflector  position.  The  change  in  temperature  as  a  function  of 
angular  rotation  is  seen  to  be  nearly  linear.  For  the  design  point, 

6.1°F  per  degree  of  rotation  may  be  taken  as  a  constant  within  one 
per  cent  accuracy,  ‘ihe  decrease  in  temperature  was  brought  about  by 
the  addition  of  radiative  area  to  the  upper  surface  where  the  convective 
heat  input  is  negligible.  However,  a  limit  exists  for  the  rotation  of 
the  reflector  due  to  structural  constraints,  and  therefore  a  vertical 
reflector  was  adopted  as  practical.  For  this  case,  a  temnerature 
reduction  of  226°F  was  evidenced  as  compared  with  the  case  in  which 
the  reflector  was  located  between  the  tangency  points.  One  of  the 
best  reflector  shapes  investigated  in  Reference  1,  produced  only  sin 
18°F  reduction  in  temperature. 

Curved  Reflector 

With  the  knov/ledge  thus  gained  of  the  effect  of  rotation  of  a 
straight  reflector,  an  investigation  of  the  effects  of  a  curved  reflector 
v;as  made. 

Several  systematic  variations  of  reflector  shape  with  fixed  end 
points  were  conducted  but  little  benefit  was  derived.  One  of  the 
best  reflector  shapes  which  possessed  a  15  per  cent  concavity  contri¬ 
buted  only  an  18°F  reduction  in  temperature  (Ref  1).  Thus,  it  appears 
that  little  temperature  reduction  is  possible  for  the  added  complexity 
of  curving  the  reflector. 

Physical  Variables 

Adopting  the  .ortical  straight  reflector  as  a  practical  optimum 
completes  the  investigation  of  configuration  geometry.  The  remainder 
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of  the  investigation  was  devoted  to  analyzing  the  effect  of  the 
physical  properties  on  the  peak  temperature.  An  investigation  of 
the  physical  variables  was  made  on  the  now  optimum  exterior  shape 
and  optimum  reflector  orientation.  The  method  used  for  the  investigation 
was  to  vary  one  variable  through  its  practical  range  about  its  design 
point  while  holding  all  other  variables  at  fixed  values.  The  following 
table  indicates  the  insensitivity  of  conductivity,  thickness  and 
reflector  emissivity. 


TABLE  II 


Variable  Change 
1/10  K 
10  K 
1/10 
10 

10  X 
10  Tb 

^b  =  1 

€b  -  0 

Angle  of  Attack  Variation 


Peak  Temperature  Change 

+  240F 

-160F 

lOp 

_  lOF 
I-3OF 
-  20F 
OOF 
lOj- 


For  a  leading  edge  configura.tion  to  be  a  valid  optimum,  it  must 
possess  sufficient  flexibility  to  operate  throughout  a  wide  angle  of 
attack  region  without  exceeding  the  critical  temperature.  For  this 
reason  a  study  was  undertaken  to  determine  the  peak  temperature  for 
equilibrium  glide  at  various  angles  of  attack. 


I'UX  t^C[UJ.XlUrj.UiU  oiio  o  xxC'Cvvxxx^  XCOU& 

following  proportionality  (Ref  2) : 


p  2  ^ 

l"3in^co3  tfC 

2  Ro3in^^,cosst 

where  Newtonian  lift  has  been  assumed  and  Rq  =  Eq(*Lq),  From  the 
above  enuation  it  is  apparent  that  higher  angles  of  attack  may  produce 
higher  stagnation  heating  rates,  since  the  radius  at  the  stagnation 
point  decreases  with  angle  of  attack  for  the  optimum  configuration. 


cio  «*• 


cos-^ 
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For  this  reason  several  angles  of  attack  were  investigated,  the 
results  of  which  are  shown  in  Figure  7*  For  over  a  25°  increase 
in  the  peak  temperature  variation  is  only  +  8°F.  The  variation 
in  "equilibrium  temperature"  neglecting  conduction  and  internsil 
radiation  was  250°F  however  (Fig  8).  Hence  the  temperature  invar¬ 
iance  is  due  to  the  improved  internal  "view"  counteracting  the 
increased  convective  heating  as  the  stagnation  point  rotates 
about  the  leading  edge.  This  effect  is  indeed  fortuitous  since 
no  attempt  was  made  to  incorporate  this  desirable  feature  in  the 
leading  edge  design.  It  is  this  feature  of  successful  operation 
throughout  a  wide  angle  of  attack  region  that  makes  this  config¬ 
uration  a  true  optimum. 


SECTION  IV.  CONCLUSIONS 

The  conclusions  reached  below  are  a  result  of  the  investigation 
conducted  in  this  study  on  a  representative  glide  re-entry  vehicle 
configuration.  The  nun.3rical  results  apply  to  leading  edges  operating 
in  the  3000°F  range. 

1.  An  analysis  for  the  peak  temperature  on  a  leading  edge 
cap  neglecting  internal  radiation  and  conduction  can  be  conservative 
by  about  200°F  when  compared  to  an  analysis  which  does  include  these 
mechanisms  of  heat  transfer. 

2.  About  a  200°F  reduction  in  peak  temperature  may  be  obtained 
by  tailoring  of  the  external  shape  to  a  constant  heating  rate  surface. 

3.  The  orientation  of  the  back  plate  reflector  will  havo  a 
large  influence  on  the  nose  temperature  (6°F  per  degree  of  angular 
rotation).  The  temperature  reduction  demonstrated  in  this  study 

v/as  a  result  of  the  improved  radiation  "view  factor"  and  the  addition 
of  top  area  for  radiative  cooling. 

Z)..  A  curved  reflector  will,  based  on  the  diffuse  reflection 
assumption,  have  a  minor  influence  on  the  magnitude  of  the  peak 
temperature  (approximately  20°F). 

5.  Of  the  three  emissivity  material  properties  involved, 
external  emissivity  is  the  main  variable  of  importance.  Internal 
emissivity  is  the  next  most  important  variable  while  variation  of 
back  plate  emissivity  has  no  effect  on  the  peak  temperature.  High 
values  of  internal  and  external  emissivities  are  desirable. 
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TEMPERATURE  DISTRIBUTIONS  FOR  V;\RIOUS  ANGLES  OF  ATTACK 
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FIGURE  8 

PEAK  TEMPERATURE  VARIATION  WITH  ANGLE  OF  ATTACK 
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6,  The  effects  of  conductivity  and  material  thickness  are 
negligible'  for  the  thin  refractory  metal  thickness  values  which 
are  dictated  by  weight  considerations. 

7*  By  including  internal  radiation  and  conduction  in  the 
analysis,  the  constant  heating  leading  edge  configuration  possesses 
the  capability  of  large  angle  of  attack  variation  without  exceeding 
a  prescribed  critical  temperature. 
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CLOSING  REMARKS 


Colonel  A.  L.  Wallace,  Jr. 
Deputy  for  Technology 
Aeronautical  Systems  Division 


Good  afternoon,  ladies  and  gentlemen.  We  are  surely  greatly 
pleased  with  the  group  assembled  here  and  the  presentations  by  all 
the  speakers.  I  am  sure  your  attendance  really  justifies  the  efforts 
we  put  into  organizing,  planning,  and  getting  this  symposium  under¬ 
way.  We  wish  to  thank  the  session  chairmen  and  our  speakers,  all  of 
whom  were  selected  because  of  their  outstanding  contributions  in  one 
or  several  of  the  technical  areas. 


You  who  are  involved  with  research  and  development  of  the  Air 
Force  weapon  systems  are  naturally  concerned  with  the  problems  of 
optimization,  safety,  and  reliability.  Answers  cannot  be  provided  with¬ 
out  an  accurate  definition  of  the  environment  for  new  designs- -an 
environment  including  heating.  Thus  an  accurate  means  must  be  avail¬ 
able  to  account  for  thermodynamic  as  well  as  aerodynamic  effects. 

We  must  avoid  or  live  with  the  detrimental  effects  of  severe  beating 
in  a  structurally  efficient  manner.  For  example,  we  have  to  design 
around  a  situation.  We  found  out  awhile  back  that  we  were  never  going 
to  be  able  to  produce  1400- degree  hydraulic  fluids,  so  we  decided  we 
had  better  have  some  kind  of  a  new  flight- control  system.  So  we 
designed  around  it  by  developing  a  hot-gas  flight- control  system.  Now 
we  might  be  involved  in  the  same  kind  of  solution  to  the  problem  here. 
We  must  design  around  it  and  solve  the  weapons  systems  problem. 

You  have  reviewed  with  us  the  state-of-the-art  and  have  seen  the 
additional  complexities  and  problems  introduced  by  this  kinetic  heat¬ 
ing.  The  severe  limitations  imposed  by  such  heating  on  vehicle  per¬ 
formance  due  to  material  and  structural  physical  properties  have  been 
described.  Clearly,  we  have  a  big  job  to  do.  There  is  no  question  about 
it,  gentlemen,  but  the  Government  plays  a  part  in  this  role  in  providing 
a  symposium  of  this  sort.  I  would  like  to  quote  from  a  speech  Dr.  Brown, 
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who  is  the  Director  of  R  &  D  in  EXDD,  made  a  couple  of  weeks  ago  to 
a  Naval  research  lab: 

“In-house  Government  research  establishments 
must  spearhead  efforts  to  investigate  the  changing 
fields  of  science  and  engineering  to  find  materials, 
techniques,  and  ideas  with  military  significance  and 
present  these  needs  to  the  technical  community  in 
scientific  terms.” 

Gentlemen,  we,  awhile  back  here,  had  a  symposium  in  this  same 
room  which  for  the  first  time  I  think  got  the  medical  scientists,  the 
physical  scientists,  and  the  mathematicians  together.  This  was  what  we 
call  “Bionics.”  And  so  I  think  we  have  to  play  a  part  here.  It  is  our 
role  and  we  must  give  you  some  feel  for  our  requirements.  You  have 
helped  us  in  developing  these  requirements.  You  have  helped  to  bring 
us  up  to  date  on  the  state-of-the-art  problems.  We  hope  that  you  will 
go  away  from  here  today  with  the  feeling  that  we  have  accomplished 
something.  If  you  have,  we  surely  feel  that  our  efforts  in  getting  this 
symposium  together,  with  your  help,  have  been  beneficial. 

I  would  like  to  recognize  some  of  the  people  from  ASD.  If  they  will 
just  stand- -they  are  supposed  to  be  in  the  front  row.  Will  you  please 
stand  up?  These  are  the  people  that  were  involved  in  getting  this  sym¬ 
posium  together.  Thank  you  very  much  for  a  job  well  done. 

We  surely  appreciate  your  attendance  these  last  three  days  and  as 
far  as  the  symposium  is  concerned,  it  is  now  adjourned. 
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